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ABSTRACT We have studied the Density Functional Theory (DFT) for Wigner crystal of 
electron gas in semiconducting cylindrical quantum wire (q-wire). The Wigner 
crystals are of single & double q-wire electron gas system. The electrons move 
freely in quasi one dimension as in semiconductor q-wire structure of infinite 
length in the direction of z-axis of cylinder. For lower density the solid-liquid phase 
transition is investigated in quasi one dimension and found Wigner transition at 
zero value temperature in crystalline phase and at critical densities if kinetic energy 
is lesser than Coulomb potential energy. The DFT of quantum-freezing for 
quantum-liquid describes the transition properties and the quantum-freezing 
transition is observed in one dimensional electron gas system that gives the hetero-
structures of semiconductor q-wire. We have to calculate the ground state energy 
and energy difference per particle with electron density function, exchange and 
correlation energy and approximation of Thomas-Fermi & Weizsӓcker and 
Coulomb potential. The distribution of inhomogeneous electron density in straight 
line gives Wigner transition in the two-dimension but in this work we have focused 
on one dimensional structure for quantum freezing density. The calculation of 
critical density parameter and q-wire width phase transition at zero temperature 
and Wigner crystal that observed in double layer electron gas system under the 
highest magnetic field and Wigner transition in quasi one dimension. By DFT as 
increasing the Wigner transition, decreasing the separation between double 
electron wire system and if more q-wire is available, the crystal density slightly 
decreases. This calculation for quasi one dimensional electron gas model with 
Wigner crystal by DFT is true for other types of models and found the energy of 
ground state. Our results were found with good agreement comparable to others.      
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INTRODUCTION 
 
The closed-packed electrons form configuration 
of crystal with zero value of kinetic energy and 
minimum potential energy [1] at very low 
density and temperature and termed as Wigner 
crystal. E. Wigner was calculated the maximum 
value of correlation energy for the electrons 
crystal equal to 0.292𝑒ଶ/𝑟௦ on neglecting the 
kinetic energy with the Rayleigh-Schrödinger 
perturbation theory. The semiconducting q-wire 
that allows transport of electrons along length of 
molecule is as electron-waveguide having radius 
in nanometers with order of deBroglie-
wavelength and formed by atomic-chains in one 
dimension. The carbon nanotubes are also used 
as q-wires. The q-wire of 𝐺𝑎𝐴𝑠 substrates is on 
(311)𝐴 surface by molecular beam along 
[2¯33] 𝑜𝑟𝑖𝑒𝑛𝑡𝑎𝑡𝑖𝑜𝑛 [2]. Berggreen and Pepper [3] 
were presented the transport of electrons in one-
dimension with heterostructure of 𝐺𝑎𝐴𝑠 −

𝐴𝑙𝐺𝑎𝐴𝑠 and apply the quasi one dimensional 
method to electron system for investigating 
electronic properties [4] in the cylindrical q-
wires at low temperature. The transmission 
increases for smaller q-wire from zero. The 
electrons in Wigner lattice are in confined 
electric field. The electron localization in the 
Wigner crystals due to coulomb interaction is 
presented with heterostructure of 
semiconductor, grapheme, one dimensional 
systems etc. [5] with radius of Wigner-Seitz 
sphere. Coulomb forces for describing Wigner 
crystal of semiconductor structures with one 
dimensional electron gas are investigated [6]. 
Goldoni and Peeters [7] have been found the 
phases of quantum electron between Wigner 
crystals consisting first and second order of 
transition by using DFT. The local field 
corrections [8,10], short range correlations [9] are 
described with STLS approximation and short 
range interaction [10] in one dimensional system 
of electron gas. The effects of transvers 
confinements [11] were investigated in ground 
state of one-dimensional ferro-magnetic q-wire 
on electron correlation by using dynamical 
response theory and first order random phase 

approximation. Bordbar and Taheri [12] were 
formulated the 𝐻𝑎𝑡𝑟𝑒𝑒 − 𝐹𝑜𝑐𝑘 𝑚𝑒𝑡ℎ𝑜𝑑 for 
properties of ground state quasi one 
dimensional system of electron gas in magnetic 
field and shown increasing energy with 
increasing density that depends on correlation 
and exchange energy approximation [13]. The 
DFT is the wonderful method to describe the 
ground state energy. P.F. Loos [14-15] was given 
the concept of uniform electron gas that is an 
essential part of DFT with excited states near 
𝐹𝑒𝑟𝑚𝑖 level of Fermi 𝑠𝑢𝑟𝑓𝑎𝑐𝑒. The ground state 
energies of quantum liquid are investigated by 
applying DFT [16-17]. The structure and 
freezing of 4He is studied under the 𝐹𝑒𝑦𝑚𝑚𝑎𝑛 −
𝑎𝑝𝑝𝑟𝑜𝑥𝑖𝑚𝑎𝑡𝑖𝑜𝑛 and quantum Monte Carlo 
approximation. Ghosh [18] was worked on the 
theoretical density concept that may apply on 
classical system to mesoscopic model as well as 
quantum system to microscopic model termed 
as DFT. Rossi and Elisa [19] are presented the 
theoretical approach for removing the band 
edge from absorption-spectra by Coulomb 
correlation on non-liner optical characteristics of 
q-wire structure. The two dimensional 
confinements that may conduct electricity in 
which transport characteristics dominated by 
quantum effect so called q-wire. The two 
dimensional electron gas systems [20-22] are 
studied theoretically with magnetization or in 
higher magnetic field associated with wire for 
Wigner crystal by using concept of  
𝑄𝑢𝑎𝑛𝑡𝑢𝑚 𝐻𝑎𝑙𝑙. The investigation of cyclotron 
resonance absorption for two dimensional 
electron gas system is done in higher magnetic 
field of heterostructure of semiconducting 
Wigner crystal at 𝑇 = 4.2𝐾 [23]. The electronic-
compressibility of carbon nanotube that 
depends on band-gap in low density crystalline 
electron lattice was measured by Neda and et.al 
[24]. And they found carrier number varying 
band-gap in carbon nanotubes. Rubel [25] was 
found one dimensional conductive channel in 
hetero-junction of two materials and predicted 
the induced electric field macroscopically that 
may prove by 𝑎𝑏 − 𝑖𝑛𝑖𝑡𝑖𝑜 calculation. The 
electronic structure [26] is discussed in 
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molecular or ionic crystals and shown the 
formation of solids in which 𝐶𝑜𝑢𝑙𝑜𝑚𝑏 −
𝑖𝑛𝑡𝑒𝑟𝑎𝑐𝑡𝑖𝑜𝑛𝑠 and cohesion are responsible. The 
equilibrium density of the two dimensional 
system is obtained by developing density 
function on the basis of 
𝑇ℎ𝑜𝑚𝑎𝑠 −
𝐹𝑒𝑟𝑚𝑖 𝑣𝑜𝑛 𝑊𝑒𝑖𝑧𝑠ӓ𝑐𝑘𝑒𝑟 𝑎𝑝𝑝𝑟𝑜𝑥𝑖𝑚𝑎𝑡𝑖𝑜𝑛 for Fermi 
gas [27]. They also explain the kinetic energy 
functional,𝐻𝑎𝑟𝑡𝑟𝑒𝑒 − 𝐹𝑜𝑐𝑘 𝑎𝑝𝑝𝑟𝑜𝑥𝑖𝑚𝑎𝑡𝑖𝑜𝑛, total 
interaction with two dimensional geometry. The 
Thomas-Fermi model is solved right way for 
ground state electron gas by developing 
exchange and correlation energies [28]. The 
induced magnetic field in two dimensional 
electron gases is for semiconducting hetro-
junction GaAs [29-30] q-wire of Wigner crystal. 
The calculation of mobility is done by using 
exchange-correlation effects [30]. Vinod and 
et.al, [31] were studied the q-wire correlation 
energy in limits 𝑏 → 0 & 𝑟௦ → 0 for 𝑟௦ < 1 and 
found structure factor by single loop 
approximation. The exchange and correlation 
energies are found numerically in low density 
[32] for   0 < 𝑟௦ < 20, and evaluated the local 
field of quasi one dimensional electron gas by 
many body technics in the cylindrical q-wires. 
Lin [32] was explained about ground state of 
electron-hydrogen system and obtained the 
potential curve by using close coupling method 
that works better with correlation effects. The 
triangular lattice of Wigner crystal electron-fluid 
phase transition is predicted for two 
dimensional electron systems with DFT [33]. 
The correlation effects are calculated by 
quantum Monte Carlo process for two 
dimensional electron gas system in 𝑧 =  0 plane 
at metallic-densities [33] that more 
commendatory for 𝑟௦ < 5 [34] and proposed the 
excitonic crystal [35] for bilayer of electron-hole. 
The two dimensional electron system of Wigner 
cluster [36] is obtained at zero temperature in 
potential-wall. The quasi two dimensional 
electron gas system and two electrons quantum 
dot are used for investigating the three 
dimensional character of exchange and 
correlation energy of DFT that gives solicitation 
of graphite, and quantum structure of 
semiconductor [37]. The double walls of GaAs 
are enhanced by exchange sub-stantially with 
applying quantum kinetic theory computing 

𝐻𝑎𝑟𝑡𝑟𝑒𝑒 − 𝐹𝑜𝑐𝑘-Wigner equation for the two 
dimensional electron gas systems [38]. 
 
METHODS 
 
Let us consider the cylindrical q-wire [4, 32] is of 
infinite length with radius (b) in which the 
movement of electrons along z – direction in one 
dimension at the lowest sub-band that becomes 
true for 𝑟௦ ≥

௕

ସ௔ಳ
∗   where, 𝑟௦ is the Wigner – Seitz 

radius in one dimension and 𝑎஻
∗  represents the 

effective Bohr’s radius approximately equal to 
103Å that is larger with compare to standard 
value as 0.529Å for hydrogen atom and 0.265Å 
for helium atom. 𝑎஻

∗  is manifested with 𝜖 𝑎𝑛𝑑 𝑚∗ 
which is dielectric constant of semiconductor 
and effective mass of electron respectively of the 
materials. The distribution of inhomogeneous 
electron density {𝜌(𝑧)} with homogeneous 
electron density {𝜌௢} and written as  
                                    𝜌௢ = 𝜌(𝑧) − 𝜌௢𝝀 cos (𝑘𝑧)                 
(1)  
Where, k is wave vector in the one dimension 
and small parameter is 𝝀 (≪ 1). The electron 
density depending on the unity degeneracy of 
valley (𝑔௩) is expressed as 𝜌௢ =

ଶ

గ
𝑔௩𝑘௙ where, 𝑘௙ 

is Fermi-wavenumber in one-dimension and 
𝑘 =

ଶగ

௥ೞ
, where, 𝑟௦ =

గ

ସ௚ೡ௞೑௔ಳ
∗ , for equidistant 

electrons in straight line for solid phase. So, we 
may equation 1 be written as  
                                     𝜌(𝑧) =

ଶ

గ
𝑔௩𝑘௙൛1 +

𝝀 cos൫8𝑎஻
∗  𝑔௩𝑘௙ 𝑧൯ൟ        (2)  

The movement of electrons freely in quasi one 
dimension electronic system of electrons 
predicted in semi-conducting hetero-structure of 
q-wire and observed transition of quantum-
freezing in one dimension. The excitonic-crystal 
[37] of quasi one dimensional q-wire 
semiconductor is found for range of density 
1 < 𝑟௦ ≤ 5.5. The DFT describes the transition of 
freezing of quantum liquid and all the 
theoretical approach are explained with DFT of 
freezing with charge density, explained above 
with equation (1) and (2), of energy function for 
inhomogeneous phase and homogeneous phase 
of electrons for single q-wire and double q-wire 
of Wigner crystal. In this work, to calculate the 
ground-state energy and energy difference, we 
discus about the correlation energy (Ɛୡ) and the 
exchange energy (Ɛ୶) of quasi one dimension 
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electron gas system over electron density 
function as  
               
Ɛୡ(𝜌) =

−
௖బ

గ
𝑔௩𝑘௙ ∫൛1 +

𝜆 cos൫8𝑎஻
∗  𝑔௩𝑘௙ 𝑧൯ൟ ቄ

ିଵା௖భ௥ೞା௖మ௥ೞ
మ

ଵା௖య௥ೞା௖ర௥ೞ
మା௖ఱ௥ೞ

యቅ  𝑑𝑧           (3)  

And        
Ɛ୶(𝜌) =

−
௫బ

గ
𝑔௩𝑘௙ ∫൛1 +

𝜆 cos൫8𝑎஻
∗  𝑔௩𝑘௙ 𝑧൯ൟ ቄ

ିଵା௫భ௥ೞା௫మ௥ೞ
మ

ଵା௫య௥ೞା௫ర௥ೞ
మା௫ఱ௥ೞ

యቅ  𝑑𝑧          (4)  

Where, the parameters 𝑐௜  𝑎𝑛𝑑 𝑥௜  depend on the 
radius of q-wire and Wigner-Seitz radius. For 
calculating Wigner crystal of ground-state 
energy, here, we use the Thomas-Fermi and 
Weizsӓcker- approximation for functional 
kinetic energy (T) and potential energy (U) of 
Coulomb interaction over density function in 
one dimension for inhomogeneous and 
homogeneous respectively manifested as  
                         𝑇(𝜌) = 𝐶௞𝜌௢

ଷ{1 + 𝝀 cos(𝑘𝑧)}ଷ +
ଵ

଼
 
𝛁ఘ(௭) 𝛁ఘ(௭)

ఘ(௭)
                        (5)  

                          𝑈(𝜌) =
ଵ

ଶ
 ∫

൛ఘ൫௭ᇲ൯ିఘ೚ൟ൛ఘ൫௭ᇲ൯ିఘ೚ൟ

ඥ௕మା(௭ି௭ᇲ)మ
 𝑑𝑧ᇱ                                        

(6)  
The exchange energy, Ɛ௫, the correlation energy, 
Ɛ௖ , the kinetic energy, T, and the potential 
energy, U, all are the function of ρ. For zero 
value of applied potential, the energy of ground-
state, Ɛ௢, of  electrons over the electron density 
function, 𝜌(𝒓), is manifested as  
                           Ɛ௢(𝜌) = ∫[ Ɛ௖{𝜌(𝒓)} + Ɛ௫{𝜌(𝒓) +
𝑇{𝜌(𝒓) + 𝑈{𝜌(𝒓)}] 𝑑𝒓                 (7)  
The above equation (7) is for calculation of 
Wigner crystal in the higher dimension and 
identifies the inhomogeneous phase and 
homogeneous phase for energy at ground-state 
of charge density function. This describes phase-
transition of liquid-solid in quasi one dimension 
electron gas system and found hetro-structure of 
semiconducting q-wire. For inhomogeneous 
phases and homogeneous phases, the energy 
difference, ∆Ɛ = Ɛ௜ − Ɛ௛ , per particle to the 
second-order of 𝛌 in atomic unit is  

                           Ɛ೔ିƐ೓

ఒమ =
ସ

గమ 𝑔௩
ଶ𝑘௙

ଶ𝐶௞ +
గమ

ସ௥ೞ
మ +

௚ೡ௞೑

గ
𝐾௢(𝑘 𝑏) −

ଵ

଼

గ௫೚

௚ೡ௞೑
−

ଵ

଼

గ௖೚

௚ೡ௞೑
                 (8)  

Where, 𝐾௢(𝑘 𝑏) represent the modified Bessel’s 
function.  

The average kinetic energy approximation at 

temperature = 0, is 〈𝐾〉 =
గమ௡మ

ଶସ௠
 and the average 

potential energy approximation of q-wire is  

〈𝑉〉 =
௘మ

ට௔ಳ
∗మ௥ೞ

మା௕మ
 . If the two q-wires of same 

radius are parallel to each other at 𝑑 separation, 
the ground-state energy-function of electron gas 
system is Ɛ൛𝜌(ଵ), 𝜌(ଶ)ൟ on neglecting tunneling-
effect between q-wires for   ௗ

௕
≥ 1. The additional 

approximation of the potential energy for single 

q-wire is   〈𝑉〉 =
௘మ

ට௔ಳ
∗మ௥ೞ

మାௗమ
.  

 
RESULTS AND DISCUSSION 
 
The semiconducting Wigner crystal q-wire in 
quasi one-dimension is hetro-structure in the 
electron gas system that formed by transition of 
quantum freezing and described the ground-
state energy and energy differences per particle 
by DFT. In quasi one-dimension semi-
conducting q-wire, the excitonic-crystal was 
found for densities as 1 < 𝑟௦ ≤ 5.5 [37] but in 
recent the densities of 𝑟௦ ≈ 1 and its calculation 
with the values in Table 1 of excitonic Wigner 
crystal. The freezing point was found at critical 
density (𝑟௦௖) for q-wire radius (𝑏) < 2𝑎஻

∗ . The 
properties of solid-liquid transition using 
thermodynamical parameters have been 
described with DFT of quantum freezing. The 
energy of ground state over density function of 
electron is expressed with the single as well as 
double q-wire Wigner crystal with application of 
Thomas-Fermi von Weizsӓcker approximation, 
Coulomb potential, correlation and exchange 
energies. We have plot density function 
parameter (𝑟௦) with average energy difference 
per particle (∆Ɛ 𝜆ଶ) ⁄ with equation (8) shown in 
Figure 1 for radius  0.5𝑎஻

∗  represented by dashed 
line and 𝑎஻

∗  represented by solid line. This helps 
us for calculating Wigner crystal in 
inhomogeneous phase and homogeneous phase 
and explains the phase transition of solid-liquid 
in quasi one-dimensional system of electron gas 
and obtains the quantum freezing transition of 
heterostructure semiconducting q-wire. The 
quantum freezing transition located at critical-
densities (𝑟௦௖) for the separation (𝑑 =  𝑛𝑏) 
between double q-wire system of radius b = 𝑎஻

∗  
of both in Table 2 where, 𝑛 =  1, 2, 4, … The DFT 
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gives result using correlation energy of critical 
density and obtain Wigner crystallization in one 
dimension and on extending the calculation for 
two dimension in the double q-wire system with 
neglecting the tunneling effect for 𝑑/𝑏 ≥ 1. The 

average energy difference per particle (∆Ɛ 𝜆ଶ) ⁄ is 
shown in figure 2 in phases of inhomogeneous 
and homogeneous. On decreasing the separation 
(𝑑), increasing the critical density (𝑟௦௖) at the 
Wigner-transition.

 
Table 1: q-wire radius and density parameter for calculation of Wigner crystal 

       q-wire radius (𝑏)  Critical Density Parameter (𝑟௦௖)  
              0.5𝑎஻

∗              5.35 
              1.0𝑎஻

∗              5.71 
                            

 
Table 2: Separation between q-wires and density parameter for calculation of Wigner crystal     

        Separation (𝑑)  Critical Density Parameter (𝑟௦௖) 
                 𝑏               5.47 
               2𝑏               5.65 
               4𝑏               5.71 

 

                         
Figure 1: Plot density function parameter (𝑟௦) with average energy difference per particle (∆Ɛ 𝜆ଶ) ⁄ for 
single q-wire 
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Figure 2: Plot density function parameter (𝑟௦) with average energy difference per particle (∆Ɛ 𝜆ଶ) ⁄ for 
double q-wire 
 
 
CONCLUSIONS  
We have scrutinized the semiconducting 
cylindrical single and double q-wires for Wigner 
crystal of one and two dimensional electron gas 
systems with DFT. For it, we have used the 
correlation energy and the exchange energy and 
found the quasi one dimensional electron model 
for Wigner crystal that comparable with others. 
The calculation of ground state energy is done 
by DFT and calculation of exchange energy, 
correlation energy, Thomas-Fermi von 
Weizsӓcker approximation kinetic energy and 
potential energy of Coulomb interaction over 
density in one dimensional electron systems. 
The inhomogeneous phase and homogeneous 
phase are identified for charge density of energy 
and described the phase transition of liquid-
solid by DFT of quantum freezing. By neglecting 
the tunneling effects between two parallel q-
wires having same radius, the ground state 
energies have been found. In results, the critical 
density of single and double q-wire electron 
systems at which increasing the Wigner 
transition, decreasing the separation that is good 
agreement with others.  
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