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1. Introduction

Abstract

The motion of a homogenous, rotating, incompressible, second grade
fluid with finite electrical conductivity through porous media in the
presence of transverse magnetic field has been considered. For steady
plane transverse flow the equations of motion have been recast in
hodograph plane. Further the flow equations have been obtained in
terms of Legendre transform function of the stream function. Lastly
some examples have been taken to illustrate the developed theory and
their streamlines are also plotted.

Keywords: MHD; exact solution; rotating frame;
transformation; legendre transform function

hodograph

There are many phenomenon both naturally occurring as well as closer to our daily life like
atmospheric or oceanic circulations, hurricanes and tornados, bath tub vorticities, stirring tea in a cup
etc. that occur due to the rotating fluids. As such the theory of rotating fluids has become very
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important and many studies [1-15] have been made on the rotating fluid and several investigations
have been carried out on various types of flows both non-MHD and MHD in a rotating system.

Also the study of non-Newtonian fluids is gaining importance day by day as many technological and
industrial applications are based on them. In study of non-Newtonian fluids it is mostly found that
the governing equations are second and third order non-linear differential equations and are very
difficult to solve. As such many techniques have been used by researchers to transform the equations
in solvable form and get the exact solutions. One such transformation technique is the hodograph
transformation. Ames [16] has given an excellent survey of this method, which has been successfully
used by many researchers [17-39].

In this paper we have studied steady plane rotating incompressible flow of an electrically conducting

second grade fluid in the presence of transverse magnetic field through porous media and have
applied the hodograph transformation for solving the system of non-linear partial differential
equations governing the flow. Further we have determined exact solutions for special type of flows as
illustration.

2. Basic Equations

The basic equations governing the motion of a rotating homogenous, electrically conducting,
incompressible, second-grade fluid in the presence of magnetic field through porous media are

V-V =0, @)
p[(V.V)V+2ng+Qx(er)]=divT+p(curlH)xH—E , )
8—Hzcurl(VxH)JriWH, €)
ot [ile)

V -H=0, 4)

and the constitutive equation for the Cauchy stress T,
T=-pl+nA, +o,A, +0,A] ,
where V = velocity field vector, H = magnetic vector field , p =dynamic pressure function, p = the
constant fluid field density, €2 =angular velocity vector, ¥ = radius vector 1= coefficient of
dynamic viscosity, |1 =constant magnetic permeability, k = permeability of the medium, G =the
electrical conductivity and Q;,Q, are the normal stress moduli. -pI denotes the deterninate spherical
stress, I = isotropic tensor, so that —pI becomes
pO0O
-pl=-{0 p O
00 p

The Rivlin-Ericksen tensors Ajand A; are defined as

A =VV+(VV)', A, =A+(VV) A +A,(VV),
where a dot over A; denotes the material time derivative.
Equations (1) to (3) form a system of three equations in three unknowns V, H, p. Equation (4) is an
additional condition on H expressing the absence of magnetic poles in the flow.

Let us define the two-dimensional vorticity function CO(X, y) and a generalized energy function h(x,

y) as:
o(X,y)=———
9y D)

(89]
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2

h(x,y) = %pV2 +p'+%p |Q><r|2 —OLI(uV2Il+VV2V)—%(3OL1 +2oc2)|A1|2 +pH7 , )

1
where V2 =u’ +v? , p’ is the reduced pressure given by p'=p— Ep |Q x r|2 and the last term being

the centrifugal contribution of pressure, u, v are the components of velocity vector.

V?is the Laplacian and

2 2 2
|A1|2=4(2—uj +4(%) +2(%+Z—V] )
X X

Here we have considered steady plane transverse flow. A steady plane flow in the (x, y) plane is said
to be a transverse flow if the magnetic field vector is perpendicular to (X, y) plane which contains the
fluid flow vector field and all the flow variables are functions of x and y. Thus, we take V=(u(x, y),

v(x,y),0), H=(0, 0, H(x, y)) and 0/0z=0.

Introducing ®, h and the definition of V and H into the above system of equations we obtain the
following system of equations:

@ + @ =0 o
x oy , (continuity)
0

& =pved—n 50) - Othvz(D —Eu +2pvQ2, (linear momentum)
oh _ _puw+n6_oa+ aluvzm—ﬂv—2qu, (6)
oy ox k

oH oH O’H 0°H o
U—+v—-v,| —+—5 [=0, (diffusion)

ox oy ox° 0Oy
ov Ou
— =0, (vorticity)

ox oy

where Vi = (1O) 1 .The above system of five partial differential equations in five unknown functions
u, v, O, H and h as functions of (x, y) govern steady plane transverse flows of an incompressible
second-grade fluid of finite electrical conductivity through porous media. Once a solution of these
equations are found, the pressure function is determined from the expression for h(x, y) givenin (5).

3. Equations in hodograph plane
Letting the function u=u(x, y) and v=v(x, y) to be such that, in the region of flow, the Jacobian

J(x,y)= ow.v) £0, 0<[l|<oo,

o(xy) 7)

we may consider x and y as functions of u and v. By means of x = x(u, v) ,y =y(u, v), we derive the
following relations:

[90]
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ou_y0y Ou_ 4
ox  ov oy ov’
oV _ Oy v _ %
ox ou’ oy ou’ )

We also obtain the relations

og _0gy) _.dgy)
ox  O0(x,y) ~0(u,v) ’
oz Agx) _.0xg)

= . 9
oy dny) v ©

Where g = g(X, y) = g(x(u, V), y(u, V)) = g(u, V) is any continuously differentiable function

and

F=(xy) = QUY) _[8(X,y)

Ay 6(u,V)} =j(u,v). (10)

Employing these transformation relations for the first order partial derivatives and the transformation
equations for the functions ®, H,h, defined by

(o(x,y) = m(x(u, v),y(u, v)) = O)(U,V),
H(x,y)= H(x(u,v),y(u,v)) =H(u,v),
h(x,y) = h(x(u,v),y(u,v)) = h(u,V),

the system of equations (6) is replaced by the following system in the hodograph plane (u, v) :

XK, _g (11)
ou ov
.0(h,y) : | 0(x,jw;)  O(jw,,y) | M
——=—=pvVe — - + ——u+2pvQ2, 12
J@(u,) pvO =MW, OhVJ[ o) o) ku pVv 12)
oLl —pu®+Mjw, + o, uj ox, jw,) + 0w, Y) —HV—2qu, (13)
o(u,v) o(u,v)  dwv) | k
UG1+VG2_VH a(JGI&Y)+a(X3JG2) :O, (14)
o(u,v)  0(u,v)
.[0x Oy
X _Y o, 15
(=2 .
where
G, =G,(u,v) = oH.y) , G,=G,(u,v)= ox.H) ,
o(u,v) o(u,v)

[91]
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, Wy =wW,(u,v) = 0@.y) .
d(u, V) o(u,v)

w, =w,(u,v) = (16)

System of equations (11) to (15) is a system of five equations for the five unknown functions x(u, v),
y(u, v), ®(u, v), H(u, v) and h (u, v).

The equation of continuity implies the existence of a stream-function \ (x, y) such that

dy =—-vdx +udy or a—\Vz—v, 6—W=u. (17)

ox oy

Likewise equation (11) implies the existence of a function L(u, v) , called the Legendre transform
function of the stream-function ¥ (x,y), so that

oL oL
dL=-ydu+xdvor —=-y, —=x, 18
y A (18)
and the two functions y (x,y), L(u, v) are related by
L(ua V) = VX—uy+\V(X9 Y) (19)

Introducing L(u, v) in the system (11)-(15), with j, w1, w2, G1, Gy, given by (10), (16) respectively, it
follows that (11) is identically satisfied and the system may be replaced by

a[gt,hj a@L,jw,j 8(&,%)
. \ou_ ) _ e \4 ou L P 20
J =pvo—Mnjw, —a,V] + U+ 2pvis, (20)
o(u,v) o(u,v) o(u,v) k
0 a—L,h 0 a—L,jw1 0 a—L,jw2
. \ov . ) ov ou n
———==—pud@+nNjw, +a,uj + ——v-—2puQ), (21)
o(u,v) o(u,v) o(u,v) k
0 a—L,le 0 a—L,sz
Ju ov
uG, +vG, —vy + =0,
o(u,v) o(u,v)
(22)
| &°’L &°L
|ar e [ “
Jever (oY
where ]= T~ >
ov- Ou ouov
(5e) 5]
\4
Yoowv) T dwy)

[92]
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() At
G, = ,G, = _ (24)

o(u,v) o(u,v)
By using the integrability condition

oL oL
ol —.h ol —.h
Lo Lo, (6u’ ) [oLe oL o). (av’ j
o(u,v) o(u,v)

ie 0°h/ Ox0y = o’h/ OyOX in the (x,y) plane, we eliminate h(u, v) from (20) and (21) and obtain
{0(0L/8V, jw,) , 9L/ du, jwz)}

o(u,v) o(u,v)
ra {V AL/ dv, {0/ d(u,v)(AL/ bv, jw,)+ 8/ d(u, v)(AL/ du, jw,)})
o(u,v)
4 0L/ 0w, {0/ 8(u,v)(@L /v, jw,) +0/d(u,v)(@L/ du, jwz)})}
o(u,v)
+n{8(8L/8v,u) _ 8(8L/8u,v)}+2PQ{8(8L/GV,V) . 6(6L/8u,u)}
k o(u,v) o(u,v) o(u,v) o(u,v)
—p(uw, +vw,) =0, (25)

where j, wi, w2 are given in (24) . Summing up we have the following theorem:

Theorem I: If L(u, v) is the Legendre transform function of a stream-function of steady, plane,
transverse, rotating, incompressible, finitely conducting second-grade fluid flows through porous
media and H(u, v) is the transformed magnetic vector component function then L(u, v) and H(u, v)
must satisfy equations (25) and (22) where ® (u, v), j(u, v), wi(u, v), w2 (u, v), Gi(u, v), Gzo(u, v) are
given by (23) and (24).

If the fluid has infinite electrical conductivity, then the transformed diffusion equation becomes

uG, +vG, =0, (26)

where G, G, are given in (24). Then, we have the following theorem:

Theorem II: If L(u, v) is the Legendre transform function of a stream-function of steady, plane,
transverse, rotating, incompressible, infinitely conducting second-grade fluid flows through porous
media and H(u, v) is the transformed magnetic vector component function then L(u, v) and H(u, v)
must satisfy equations (25) and (26) where ® (u, v), j(u, v), wi(u, v), w2 (u, v), Gi(u, v), Gao(u, v) are
given by (23) and (24).

We now develop the flow equations in polar co-ordinates (g, 0) in the hodograph plane. We have

u=qcosO, v=qsin0, (27)
0 sinB 0
—=cos0————,
oq q 06
.~ 0 cosB 0
— =sin0—+ —
oq q 09
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o(F,G) _o(F',G") 9(q,0) _ 1 o(F",G")
o(u,v)  9q,0) d(u,v) q 9(q,0)
Where F(u,v)=F(q,0), G(u,v) =G"(q,0) are continuously differentiable functions.

(28)

Denoting L*(q, 0), ®(q,0), j'(q,0), WT(q, 0), W;(q,e), Gr(q, 0), G;(q, 0) to be respectively

transformed functions of L (u,v), ®(u,V), j(u,v),w,(u,v),w,(u,v),G,(u,v),G,(u,v)in (q,0)
coordinates and we can write them as follows:

|
PSSR el N e ol I i ’
PR = 52 Yaq "0 ) a0 Taqee ) |

R Lo 1L 10l
o (q,0)=] st 55t~ ;
aq 00” q Jq
. q q
Wl(q’e): 2
0(q,0)

aq q 00’
a(q,6) ’

a(coseaL_smeaL (”’“J

. 1
wy(q,0)=—
q

cos@ai——smeai,H*
aq q 09

9(q,9) ’

7
Gr(q’e) =
q

| 0 (sin 0 2 + 8’
x q q
G;(q,0)=— . (29)
q 9(q,9)
Equations (25) and (22) are transformed to the (q, 0) plane as

é(sineaLJr cosG@i XJ

oL cos@@i H*}

oL sin®odL" .. ,
] olcosO———————.j%
. . aq q 09 oq q 00
ny +o,|sind +cos 0
9(q,9) 9(q,9)

[94]
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0 sineai+coseai,qcos9 0 coseai—ﬁai,qsine
+ﬂl aq q o0 aq q 09

kq 3(q,0) - d(q,)

oq q aq q 09 ’
q d(q,0) 0(q,0)

6(sin96L+ COSG%I(;,qsinBJ a(coseaL—SmeaL qcosej

—pq(cosew’; +sin9wf)=0, (30)

cosO——

| ]
0 a0
q(cos0G; +sin0G; ) -1 9 g
q 2(q,9)

oL s1n98i *G1j

aq q 00’
9(q,9)

a(sineaLﬁoseaL j*G;]

=0, 31

where " is defined as

. 0L cosOdl . . oL sinbodl .. .
0| sin6—+ —,jw, | 0|cosb————,j'w,
oq q o0 aq q 09

2(q.9) " 2(a.6)

$'(@.0)= "~ (32)
q

From equations (30)-(31) we can have the following corollaries:

Corollary I: If L (q,0) and H’ (q,0) are the Legendre transform function of a stream function and

the magnetic field vector function, respectively, of the equations governing the motion of steady,
plane, rotating, transverse flows of incompressible finitely conducting second grade fluids through

porous media, then L°(q,0)and H"(q,0)must satisfy equations (30) and (31) where
i, w,w,,G],G),y’, are given by (29) and (32).

Corollary IL: If L'(q,0) and H'(q,0)are the Legendre transform function of a stream function and

the magnetic field vector function, respectively, of the equations governing the motion of steady,
plane, rotating, transverse flows of incompressible infinitely conducting second grade fluids through

porous media, then L (9,0) and H* (q,0) must satisfy equations (30) and

[95]
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cos0G; +sin6G; =0. (33)
where j°, o, w;,w,,G},G),y", are given by (29) and (32).
Once a solution L'(q,0),H"(q,0) is known we employ

. 0L cos@ oL
X =sin0——+ —

g q o0’
(34)
sin® oL oL
=————cosf—,
q 09 oq

and (27) to obtain u=u (X, y) , V= V(X, y) in the physical plane. After obtaining these velocity

components, we get H (X, y) in the x, y plane from H (q,0).The remaining flow variables are then

determined by using the flow equations in the physical plane.
4. Applications

We now consider some flow problems as application of Theorems I and II and Corollaries I and II
Application I:
Let L (u,v)= Au2+Bv?, (35)
be the Legendre transform function, where A, B are arbitrary constants and A, B are non zero. Using
(35) in equations (23) and (24) we obtain
jo e AtB v —0,6,=2aM G, - M
4AB 2AB ov ou

(36)
Now employing (35) and (36) in equation (22), H(u, v) must satisfy

uoH_voH_ [ 1 oH 1 o] -
Bov Aou "[2B v’ 2A% o0’ |
Assuming H(u, v) = F(u) + G(v) to be the form of a possible solution for H(u, v), we find that (37)
becomes

u v 1
—G'(v)-—F'(u)-v G"(v)+ F'(u) |=0.
g M- F H{ZBQ WM+ ()}
(38)
Differentiating twice with respect to u, we get
F—(“)v+V—H2F“V>(u) - 0.
A 2A
The above equation holds true for all v if
F"(u) v i
=0, —F™(u)=0. 39
A TAZ (u) (39)

Therefore we have
C
F(u)= ?luz +C,u+C,, where C,,C, , C;, are arbitrary constants.

Using F(u) so obtained in equation (38), we find that G(v) must satisfy

{E—Q}u—{&erV—HQG'#VH—C;}:O.
B A A 2B 2A

This equation holds true for all u if

(96]
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G Gy, Sy oG (40)
B A A 2B 2A
Solving equations (40) we obtain
2

G(v)=-C, V? +C,,C, =0 and A=-B. 41)
Therefore we have
L(u,V)=A(u2 —VZ) , H(u,V)z%(u2 —V2)+C5 , 42)

where C,=C,+C,.

Now using L(u, v) = A(u? - v?) in equation (25) we find that (25) is identically satisfied.
Using L(u, v) = A(u2 -v?) in (18) and solving the resulting equations simultaneously we get

u(x, =—, v(x =— . 43

(y) =7 VY =7+ (43)
Employing (35) in the solution for H (u, v) we obtain

HOxy) = o S ATV —x)+Cs (44)

Using ® =0 and equatlons (43) in the linear momentum equations in system (6) and integrating , we
obtain h(x, y). Employing h(x, y) and (44) in (5), the pressure function is determined to be

pQ2

x,y)=—Lxy+ 22 (y? - x2 x* +
P, Y) = oxy +=(y? =X ) - 8A2( y?)
3, + 20 ?
( 2A2 2) Ml:gAz (y X2)+C5:| +C6,

(45)
where Csis a constant. And the streamlines are given by
x2 - y? = Constant.
This shows that the streamlines of the flow equations are concentric hyperbolas.

10 T W T
8t \/ ]

6

N
T
1

'
N
T
1

“A10 -8 -6 -4 -2 0 2 4 6 8 10

Figure 1: Concentric hyperbolic streamlines

[97]
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Theorem III: If L(u, v ) =A (u2 -V 2) is the Legendre transform function of a stream function for

steady, plane, rotating, incompressible, finitely conducting second-grade fluid through porous media
in the presence of transverse magnetic field, then the flow in the physical plane is a flow with
concentric hyperbolic streamlines with flow variables given by (43) to (45).

Infinitely conducting fluid

Using L(u,v)=A(u”> —Vv”) the equations (25) is identically satisfied and taking A =—Bin (36),

(26) takes the form
1oH 10H _
v Ov udu

Solving (46) for H (u, V) we get

H(u,v):d)(V ;u j, (47)

where ¢ is an arbitrary function of its argument.

0, (46)

Proceeding as in the case of finitely conducting we get

_Y —
u(X’Y)_zA’ V(X’Y) 2A ’ (48)
22
H(XaY)=¢{X8A2y} : ()

and

O
P, y) = xy+ 20 (v - x ) - P 4y

kA 2A 8A°
2
Bo, +20,) p,|x* -y
My hryeal el

(50)
where C, is an arbitrary constant.
We have the following theorem:
Theorem IV: If L (u, v ) =A (u2 -V 2) is the Legendre transform function of a stream function for
steady, plane, rotating, incompressible, infinitely conducting second-grade fluid through porous

media in the presence of transverse magnetic field, then the flow in the physical plane is a flow with
flow variables given by (48) to (50).

Application II:
Let L(u, V) =uv. (51)

Employing L(u,V) = uv in equation (25) we find that (25) is identically satisfied. Using (51) in

equations (23) and (24) we obtain
. oH OH
j=-1, =0, w,=w,=0,G, =—,G, =—.
ou ov
Now using (51) and (52) in equation (22), H(u, v) must satisfy

(52)

(98]



Bulletin of Pure and Applied Sciences/ Vol. 37-D (Physics), No .2/ July-December 2018

Bl b

oH oH O°H O°H | 0
. :

(53)

Assuming H(u, v) = F(u) G(v) to be the form of a possible solution for H(u, v), we find that (53)

becomes

—uF'(u) G(v)+VvF(u) G'(v)+vy [F”(u) G(v)+F(u) G”(V)]ZO,
dividing the whole equation by F(u) G(v) we get

P, 6) { F(u), G"(v) }:0

Fu)  G(v) F(u)  G(v)

Above equation holds true if
Fl) | G 0{ F(1) G'(v) }O

F(u)  G(v)

Solving equations (55) we get

F(u)=D,u and G(V) =D,v,

where D, and D, are arbitrary constants. Therefore we have
L(u,V) =uv, H(u,v)=Duv,

Now proceeding as in the previous cases we obtain
u(x,y) =X, V(x,y)z—y ,

H(x,y) =-Dxy ,

and

1
p(x,y)z%(y2 —)(2)—4p§2xy—5p(x2 +y2)+2(3oc1 +2a2)—%[—ny]2 +D,

where Dj is an arbitrary constant. And the streamlines are given by

xy = Constant .
This shows that the streamlines of the flow equations are rectangular hyperbolae.

10

8

N

6

3
&
[}
A
N
o
N
S
[}
®
5

Figure 2: Rectangular hyperbolae streamlines

[99]
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(56)
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Theorem V: If L(u,v) =uv is the Legendre transform function of a stream function for steady,

plane, rotating, incompressible, finitely conducting second-grade fluid through porous media in the
presence of transverse magnetic field, then the flow in the physical plane is a flow with rectangular
hyperbolic streamlines with flow variables given by (57) .

Infinitely conducting fluid
Here in this case, only the diffusion equation is replaced by

LI (58)
ou ov
Solving equation (58), H (u, V) is obtained as
H(u,V) = (p(uv) ,
where ¢ is an arbitrary function of its argument.
On proceeding as before we obtain

u(x,y)zx , V(x,y)z—y ,
H(x,y)=¢(-xy),

p(x.,y) =2n—k(y2 —)(2)—4pry—%p(x2 +y2)+2(3oc1 +2a2)—%[(p(—xy)}2 +D, (59)

where D, is an arbitrary constant.

Theorem VI: If L (u, V) =uv is the Legendre transform function of a stream function for steady,

plane, rotating, incompressible, infinitely conducting second-grade fluid through porous media in the
presence of transverse magnetic field, then the flow in the physical plane is a flow with rectangular
hyperbolic streamlines with flow variables given by (59) .

In the absence of rotating reference frame i.e. =0 we recover the results of Sayantan Sil, Manoj

Kumar and C. Thakur [30]. Also when porous media is absent i.e. the term E — 0 our result will tally
with and O.P Chandna and P.V Nguyen [20].

Application II:
Let

L'(q,6)=F(q), F(q)#0, F'(q)#0. (60)
By using (60) in equations (29) we obtain

f_ 4y dP@F@
F(QF'(q)’ F(qQ)F'(q)

. Lo , R S .
w, =——0o cosOF'(q), w,=—o" sin0F'(q),
q q

(61)
G = 1 cosOF"(q) oH +sin OF'(q) ot ,
q o0 aq
G = 1 sin OF"(q) oH” _ cosOF'(q) o )
q 00 aq

x =F'(q)sin®, y=-F'(q)cos6.
[100]
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We now study finitely conducting fluid flow and infinitely conducting fluid flow as applications of
Corollaries I and II

Finitely conducting fluid
Using (60) and (61) in equations (30) and (31), we find that F(q) and H"(q,0) must satisfy

n *' ' ('0*’ , n ' 1 '
—| o +F(q){,,—} ——{F(q)+—F(q)}=0, (62)
q F'(q) k q
F"(q)‘aaie —V?H[coseF"<q)(j"‘G;")e +sin OF (q)(j'G}),
+sinBF"(q)(j'G3 ), — cos BF (a)(j'G3), | =0 (63)

so that F(q) is the Legendre transform function of a stream function.

For constant vorticity ® = ®, =constant, equation (62) becomes

HaF @+ F@)=0 . (69
Solving (64) we get
, E
Fl=—, (69)
q

where E, is an arbitrary constant.

By the expression of x and y in (61)

r=yx*+y’ =1F(q) , (66)

and from (65) and (66)

E,

Using (66) and (67) in equation (34) and (27), we get

Ey
u(xy)=-—"=
X" +y
(68)
v(x,y)= Ex .
’ X2 +y?
Transforming the diffusion equation (63) back to (X, y) plane we find that H(X, y) must satisfy
E, OoH oH 0°H 0°H
— | X—-Y— |- Vu| =+t |=0. (69)
X +y oy ox 15) SENG)'
A solution for H (X, y) is
2, 2
J’_
H(x,y)=E, 111[X ) Y JJFE3 :
(70)
where E, and E;are arbitrary constants.
ov Ou i
As co(x,y):——— , we find that
ox 0Oy
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o(x,y)=m,=0 (71)
Using (68) and (71) in the linear momentum equations of system (6) and integrating, we get h(X, y).

Using this solution for h (X, y) and (71) in (5), we get the pressure function as

n X 4y 1 E’ 2(30, +2a, ) EY
p(x’y):kEl(tfm lg—tan IX)—zp(Xerlyzy (X12+y2;2 L—2EpQIn(x’ +y’)

2
2 2
—;{Ezln{x ;y )+E3} +E, , (72)

where E, is an arbitrary constant.

Infinitely conducting fluid
In this case the transformed diffusion equation reduces to

G
00

Therefore we have
H(x,y)=6(a) .
where ¢ is an arbitrary function of its argument. In the (X, y) plane, we have
H(x,y)=¢(q) . (73)
where q is given by (67).
u(x,y),v(x,y),m(x, y) ,H(X, y) are given by (68), (71) , (70) and p(x, y) by

E? +2(30c1+20c2)E12

- _ 1
P(x,y)=EE1[tan 1i—tan 1)}3—2p(xz+y2) (X2+y2)2 —2E1len(x2+y2)
~o(a)] +Ex. (74)

where q is given by (67) and Eis an arbitrary constant.

Theorem VIL If L (q,e) = F(q)is the Legendre transform function of a stream function for a

steady, plane, rotating, transverse, incompressible, finitely conducting second-grade fluid flow
through porous media then the flow in the physical plane is given by equations (68), (70), (71) and

(72) with In (XZ + y2 ) = constant as its streamlines.
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Ak i

21 i

Figure 3: Concentric Circular streamlines

Theorem VIIL: If L' (q,e) =F (q) is the Legendre transform function of a stream function for a

steady, plane, transverse, incompressible, infinitely conducting second-grade fluid flow through
porous media then the flow in the physical plane is given by equations (68), (71), (73) and (74) with

In (X2 + y2 ) = constant as its streamlines.

Application III:
Let

L' (q,0)=A6+B, (75)

be the Legendre transform function, where A, B are arbitrary constants and A =0.
Using (75) in equations (29), we obtain

_ 4

J*:ISZ , (J\)*:WT:WZZO,

G, =l{%sineai+écoseai} , (76)
qlq a0 q oq

G, =l[ésineai—ézcoseai} .
ql q aq q 0o

Finitely conducting fluid
Using (60), (76) in equations (29) and (30) we find that (29) is identically satisfied and H" (q, 9) must
satisfy
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Aaaljl—VCF[Z;sine(j*Gf)e+2cos9(j*GT)q

A s A .
+Esm6(J Gz)q—?cose(J Gz)e}:o . a7

Using L' (q, 9) = AO+ B in equation (34) and making use of (27) we obtain

Ax A
U(X,y)=X2+y2 ) V(X’y): <2 +yy2 ’ (78)

Transforming (77) back to (X, y) plane H (X, y) must satisfy
Ax 8H Ay 0H (82H aZH]_O
H - .

—+ —— —t+— 79
X2+y2 8X X2+y2 8y v 8X2 ayZ ( )
A solution for H (X, y) satisfying (65) is found to be
2
(o] i
M X VY (x2 v2 )2 1Y
H(x,y)=M, 5 + A ln(x +y ) +M2(tan xj
% v
+M3XH(X2+y2)% +M,, (80)

where M, M, M, and M, are arbitrary constants.

Using ®=0and (78) in the linear momentum equations of system (6) and integrating, we get

h (X, y) . Using this solution for h (X, y) and (80) in (5) the pressure function is determined to be

. mA ax o Ly) 1 pA’
p(X,Y)—MS—kln(X2+Y2)+2PQA[tan lg_tan lxj_z(x2+y2)
2
+(30, +20.,) 2A 5
X +y2)
) 2
. (tan'yj . P y y 5
X - Vy
-3 M, fJFXHln(XZJFyZ)Q +M2(tan1X]+M3:(X2+y2) MM, |, (81)

where M is an arbitrary constant.

Infinitely conducting fluid
In this case, the transformed diffusion equation is replaced by
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Therefore, we get
H'(a,0)=6(6) ,
where ¢ is an arbitrary function of its argument.

In the (X, y) plane we have

H(x,y)= (I)(tan'l (%D . 82)

Using L' (q, 9) = AO+ B and proceeding as before we get

Ax A
u= , V= Y , (83)

x2+y2 x2+y2
_ nA 2, .2 af X -1
p(x,y)—M6— ” ln(x +y )+2pQA tan —tan
y

__PA + (3c, +20,)2A7 _L{d{tan1 LYJH , (84)
X

2(x2+y2) (X2 +y2)2 2

and

> |<

where M is an arbitrary constant.

Theorem XI: If L’ (q, 9) = AO + B is the Legendre transform function of a stream function for steady,

plane, rotating, transverse, incompressible, finitely conducting second grade flow through porous
media, then the flow in the physical plane is given by equations (78), (80) and (81) having

tan ™" (%) —tan™! (%}) = constant as its streamlines.

Theorem X: If L (q, 9) = A0O+ B is the Legendre transform function of a stream function for steady,

plane, rotating, transverse, incompressible, infinitely conducting second grade flow through porous
media, then the flow in the physical plane is given by equations (82), (83) and (84) having

tan ™" (%) —tan™ (%}) =constant as its streamlines.

When there is no rotating frame i.e. =0 the results of S.Sil, M. Kumar and C. Thakur [30] is
recovered, while when the rotating frame as well as porous media is absent i.e Q=0 and a -0

the results tally with O.P Chandna and P.V. Nguyen [20]. In the absence of rotating frame and for
non-MHD fluid through porous media the results of M. Kumar [31] is obtained and for non-MHD
fluid through porous media in a rotating frame the results of S. Sil and M. Kumar [15] is regained.
And for non MHD fluid in the absence of both rotating frame and porous media the results of A.M.
Siddiqui, P.N. Kaloni and O.P. Chandna [19] is recovered.

6. Conclusion

The main theme of this work is to obtain analytical solution of nonlinear equations governing the
flow of second grade fluid in a rotating frame through porous media in the presence of a transverse
magnetic field by the application of hodograph transformation technique. The flow equations have
been obtained in terms of Legendre transform function of the stream function. The expressions for
velocity profile, streamline and pressure distribution are successfully obtained in each case.
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Streamline patterns are also plotted. The results indicate that for second grade MHD fluid the
pressure distributions are dependent upon material parameters a; and a». Several results of various
authors (as already mentioned in the text) can be recovered in the limiting cases; as such the present
analysis is more general.
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