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Abstract In this paper, the unsteady MHD free convective rotating flow of nanofluids
(Cu—water and AlpOs—water) in a porous medium bounded by a moving vertical semi-
infinite permeable flat plate with constant heat source and convective boundary condition
is studied. The slip velocity is assumed to oscillate in time with constant frequency so
that the solutions of the boundary layer are the same oscillatory type. The equations for
the governing flow are solved analytically by perturbation approximation. The effects of
various parameters on the flow are discussed through graphs and tables.
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Nomenclature of symbols

u, v, w,velocity components along z,y and z-axes respectively;
[y coefficient of the thermal expansion of nanofluid;

K, y,thermal conductivity of nanofluid;

U,,the uniform reference velocity;

e, the small constant quantity;

o, electric conductivity of the fluid;

Pny,density of the nanofluid;

n g, viscosity of the nanofluid,;

(pCp),, ;-heat capacitance of the nanofluid;

g, acceleration due to gravity;

k, permeability of porous medium;

T, temperature of the nanofluid,;

@, temperature dependent volumetric rate of heat source;
o frthermal diffusivity of the nanofluid;

(pB)nys,the thermal expansion coefficient of the nanofluid;
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¢, solid volume fraction of the nanoparticles;
wo,the normal velocity at the plate;
vy, kinematic viscosity of nanofluid;
R, rotational parameter;

M, magnetic field parameter,;

Pr, Prandtl number;

Q, Angular velocity;

7, convective parameter;
Rez,Local Reynolds number;

7, skin friction parameter ;
Nu,Nusselt number;

n, frequency of oscillation;

t, time.

Nomenclature of Subscripts
f, base fluid; s, mnanosolid paricles.
nf,nano-fluid;

1 Introduction

Major interest in the study of convective heat transfer of nanofluids in sciences and engineering is very
important on account of its various applications. Water, ethylene glycol and engine oil are heating or
cooling agents and play a decisive job in thermal management of many industries with poor thermal con-
ductivity. We enhance thermal conductivity for extended surfaces, mini-channels and micro-channels.
Concrete materials have higher thermal conductivities.

The word nanofluid was introduced first by Choi [1]. Nano-particles are a viaduct between immensity
materials and atomic or molecular compositions. Some of the nano-particles used for fluid mechanical
models are Al, Cu, Fe and Ti or their oxides. Some studies [2, 3,4, 5] illustrate the small volumetric
fraction of nano-particles. The thermal conductivity of nanofluid is enhanced together with the thermal
conductivity of the base fluid and instability induced by their action donates an amazing perfection
to the coefficient of convective heat transfer. Advanced nuclear system [6] has good application use
of nanofluids. Micro-channel cooling and miniaturization of the system, heat transfer system size
reduction, improved heat transfer and minimal clogging are the advantages of nanofluids. Convective
flow of nanofluids past porous media is broadly investigated due to its wide applications in engineering
[7,8,9,10,11,12]. Gilles et al. [13], Jou and Tzeng [14], Ho et al. [15,16], Congedo et al. [17] and Ghasemi
and Aminossadati [18] discussed natural convection heat transfer in nanofluids. The two dimensional
natural convection flow of a nanofluid in an enclosure was discussed by Khanafer et al. [19]. A new
friction factor to portray the upshot of nanoparticles on the convective instability has been introduced by
Kim et al. [20]. MHD rotating flows of non-Newtonian fluids have many applications in turbo machinery,
geophysics, meteorology and some other fields. Bakr [21] and Das [22] discussed free convection flow
of micropolar fluid in a rotating channel. Recently, Hamad and Pop [24] investigated free convective
MHD rotating flow in a nanofluid with constant heat source and a new nanofluid model was also
proposed by Tiwari and Das [23]. The heat transfer problems for boundary layer flow concerning a
convective boundary condition were discussed by Aziz [25], Makinde and Aziz [26], Ishak [27] and Yacob
et al. [28]. Veera Krishna and Chamkha [34] investigated the diffusion-thermo, radiation-absorption
and Hall and ion slip effects on MHD free convective rotating flow of nano-fluids (Ag and TiO2) past a
semi-infinite permeable moving plate with constant heat source. In another recent paper Veera Krishna
and Chamkha [35] discussed the MHD squeezing flow of a water-based nanofluid through a saturated
porous medium between two parallel disks, taking the Hall current into account. Hall and ion slip
effects on unsteady MHD convective rotating flow of nanofluids are discussed by Veera Krishna and
Chamkha in [36].

But, so far, no attempt is made to apply the convective surface boundary condition to analyze the
boundary layer rotating flow of a nanofluid past a porous vertical moving plate. Keeping the above
mentioned facts in mind, the unsteady MHD free convective rotating flow of nanofluids (Cu—-water and
Al;Os—water) in a porous medium bounded by a moving vertical semi-infinite permeable flat plate with
constant heat source and convective boundary condition is studied theoretically in this paper.
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y

Fig. 1: Physical configuration of the problem.

2 Formulation and solution of the problem

We consider the unsteady free convective flow of nanofluids (Cu and Al2Og3) of ambient temperature
Too over a vertical semi-infinite moving permeable plate entrenched in a homogeneous porous medium
under the thermal buoyancy effect with stable heat source and convective boundary condition. We
assume a uniform shaped and sized nanoparticles. Also both the fluid phase and nanoparticles are in
thermal equilibrium state. Fig. 1 portrays the physical model of the problem. The flow is assumed to
be in the z-direction which is obtained along the plate in the ascending direction and the z-axis is taken
normal to it. The entire system is rotating with an angular velocity €2 about the z-axis. An unvarying
peripheral magnetic field By is taken to be acting along the z-axis. Also there is no applied voltage
(i.e., E = 0). The induced magnetic field is tiny compared to the external magnetic field. Hence, a
small magnetic Reynolds number for the oscillating plate (see Liron and Wilhelm [29]). Due to the
semi-infinite plate surface assumption, all the variables are functions of z and time ¢ only.

Under the boundary layer approximations, the basic equations that describe the physical situation are
given by

ow
— =0 2.1
P (2.1)
ou ou 1 *u finf U 2
U W% 90u= — |u 28 T—Ts) — — 0B, 2.2
o rud¥ e L [ufaz2+<pﬁ>nfg< ) Bt B (2.2)
ov ov 1 v Hnf U 5
— — +2Qu=— |tnr = — — o B 2.3
ot VoL TEMT L [“ 192 k7P (2.3)
T T T Q
or ot _, ot Q@ p_p 2.4
o1 +waz af8z2 (pCP)nf( ) (2.4)
The boundary conditions are given by
u=v =0 T=Tyx fort<0 (2.5)
€ . . 9
u="U, [1+ £ {exp (int) + exp (—int)}] ,v =0, —Kns 2L = hy (T — Too) at 2 =0 for £ > 0.
u—0,v—0,T—Ty as z — o0
(2.6)
The oscillatory plate velocity is assumed in (2.6) (see, Ganapathy [30]). The effective density of the
nanofluid is given by
pnf = (1—=9)ps+ ¢dps. (2.7)
The thermal diffusivity of the nanofluid is
Ky
g = (2.8)
"‘:"i‘li;fmﬁi
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where, the heat capacitance C) of the nanofluid is

(p Cp)nf =(1-9) (pcp)f + ¢ (pCh), - (2.9)
The thermal conductivity of the nanofluid ks for spherical nanoparticles is as given in Maxwell [31]

kny (ks +2kys) —2¢ (kf — ks)
kr (ks +2ks) +20 (ky —ks) (2.10)

The thermal expansion coefficient of the nanofluid is

(pﬁ)nf =(1-9) (pﬁ)f"’“p(Pﬁ)s' (2.11)

Finally the effective dynamic viscosity of the nanofluid given by Brinkman [32] as

Ky
= 2.12
Hng 1- ¢)2A5 ( )
The thermo-physical properties of the nanofluids are given in Oztop and Abu-Nada [33, Table 1].

w = —wo (2.13)
where, the wo represents the normal velocity at the plate which is positive for suction and negative for
injection.

Let us introduce the following dimensionless variables:
, ouw o, v, zU. , tU? , nuf (T — Two)
U =-—,0 = —,2 = R = ,no= 0= —77r
U, U, vf vy U? (Tw — Too)
2Q vy By [owvy vf wo kU2 Qv
R= M==20 [0Y p Y g WO e , . 2.14
U2 U\ o T oy U, Qu =gy, (2.14)

Using non-dimensional variables (2.14) the equations (2.2)—(2.4) ylelds the following dimensionless
equations (dropping primes):

oo ()] (3o

_ﬁgz 1—¢+¢>( )] %>u (2.15)
[17¢+¢<%)} (%75%+R> WGZZ*(M%F%) v, (2.16)
[1_¢+¢ (Ezg:jf) (% _S%) - % (%fg —Qn 9) (2.17)

The velocity characteristic U, is defined as (Hamad and Pop [24]),

1
Ur =[98 (Tw — Tso) vf] 3.
Also the boundary conditions become

u=v=0,0=0, fort <0 (2.18)

u=1+ % {exp (int) +exp (—int)}, v = 0,0 (0) =—y (1 —6(0)) at z=0 } for t>0. (2.19)

u—0,v—0,0—>0asz— o0

Here v = ;ﬁ;fr is the connective parameter. We now simplify (2.15) and (2.16) by putting the fluid

velocity in the complex form as (let V = u + v ) to get

Ps oV oV
oo ()] (G755 vinv)

(2.20)
1 &V B\ » (2. L
1—¢+¢><(p)f>e (M +K>v

T 1_¢PF a2
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The associated boundary conditions (2.18) and (2.19) are written as follows:
V=0,0=0fort<0 (2.21)

V(0) = 1+ 5 {exp (int) + exp (—int)}, 0" (0) = —v[(1 —6(0))] }

V0, 80 a5 2 00 for t > 0. (2.22)

To find the analytical solutions of the system of partial differential equations (2.17), (2.20) in the
neighborhood of the plate under the boundary conditions (2.21), (2.22), we express, V and 0 as (Gana-
pathy [30]).

Viz, t)=Vo+ % [exp (int) Vi (z) + exp (—int) V2 (z)] (2.23)
0(z, t) =00+ % [exp (int) 61 (z) + exp (—int) 02 (2)] (2.24)

for e << 1. Appeal to the above equations (2.23) and (2.24) into the equations (2.17) and (2.20)
respectively and equating the harmonic and non-harmonic terms and neglecting the higher order terms
of 2, we obtain the following equations:

1 " Ps / . Ps 5 1
s (1mowo (L)) - i {i-oro (L))o 2] v

(2.25)
1¢+¢<§p§>}000
A _ w1 Ps 2 Ly
R e L U L
1¢+¢<p
A _ Ps o RS Ps 2 1y
s (i-ers (2) { froors(@hreile
1—¢+¢<” 0y =
(0B) f
kkL 6" +Prs|1— ¢+¢(pC§) 00" = Qubo =0 (2.28)
ka " . _ (Pcp)s ' _ lin Pr _ (Pcp)s o
st s o (290)] o0 [re 100 (92) o] =0

(pCp) 7 (pCp) f

where, the primes denote differentiation w.r.t. z.
The corresponding boundary conditions can be written as

"Z—feg”JrPrS[l—qﬁJrqb((pCp)Sﬂ o |:zn Pr{1—¢+¢<(pq’)5>}—c}4 02 =0 (2.30)
f

Vo=Vi=Va=1, 0h=—~v(1—60), 01 =601, 0y=+02 at z2=0 (2.31)

Vo —0, Vi —0, Vo —0, 6y—0, 6;—0, #—0atz— o0 (2.32)

Solving the equations (2.25) — (2.30) under the boundary conditions (2.31), (2.32) we obtain the velocity
and temperature.
The skin-friction coefficient Cy and the local Nusselt number N, which are defined as

_Tw).y 1 /
Cy = PTaT _¢)2_5v (0) (2.33)
_ o (55) im0 _ ks
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Upz

where Re, = kT is the local Reynolds number.

Nu knf
Rez kf 9 (0) ( 35)

3 Results and discussion

The heat transfer characteristics with nanoparticles are discussed and the numerical computations are
presented in Figs. 2 — 12 and in Tables 1 and 2. Fig. 2 illustrates the influence of the magnetic field
parameter M on the velocity distribution for Cu-water and Al;Os—water nanofluids. It is clear from
the figures that the velocity distribution across the boundary layer reduces with an increase in the
magnetic field parameter M. The Lorentz force has the tendency to slow down the motion of the fluid
in the boundary layer.

For different values of the permeability parameter K, the velocity distribution on the porous wall is
plotted in Fig. 3 for Cu—water and AloOs—water. It is obvious that the increased values of K tend to
increasing of the velocity on the porous wall and so enhance the momentum boundary layer thickness.
The velocity reduces with increasing rotation parameter R. Increasing the rotation reduces the momen-
tum boundary layer thickness (Fig. 4). The Fig. 5 denotes the velocity profile with the variation on
heat source parameter Q. The magnitude of the velocity increases with increasing @ g throughout the
fluid region. Fig. 6 demonstrates the effect of the suction/injection parameter S on the fluid velocity
for both the nano fluids. The velocity of the fluid across the boundary layer decreases by increasing
the suction parameter S for both the nanofluids. Also we see that as S increases, the velocity still ap-
proaches the same asymptotic value for large values of z. Thus hydrodynamic boundary layer thickness
decreases with the suction parameter S. Fig. 7 illustrates the variation of the velocity distribution for
various values of the nanoparticle volume fraction parameter ¢. It is seen from these figures that the
velocity distribution across the boundary layer decreases with the increase of ¢. The Fig. 8 represents
the velocity distribution with the different values of convection parameter ~ for Cu—water and AloO3 —
water. Increased values of v tend to increasing of the velocity and so enhance the momentum boundary
layer thickness. Fig. 9 displays the temperature profiles for various values of the heat generation pa-
rameter Qg for both nanofluids with nanoparticles Cu and AloOs. The temperature in the boundary
layer region decreases with the increase in the heat generation parameter Qn and as a consequence
the thermal boundary layer thickness decreases. Fig. 10 presents typical profile for the temperature
distribution for various values of the convective parameter v for both nanofluids with nanoparticles Cu
and AlyOs. The figures indicate that temperature in the fluid field decreases on increasing v in the
boundary layer region and is maximum at the surface of the plate for both nanoparticles. Thus, by
escalating ~y, thermal boundary layer thickness enhances. So, we can interpret that the rate of heat
transfer decreases with increase in convective parameter +. This phenomenon is more prominent in the
presence of nanofluid particle volume fraction ¢. Fig. 11 demonstrates that the variation of suction
parameter S on temperature for both the nanofluids. The temperature reduces with increasing suction
parameter S. On increasing the suction parameter S the thermal boundary layer thickness reduces
throughout the fluid region. The influence of nanoparticle volume fraction parameter ¢ on the tem-
perature is shown in Fig. 12 for Cu—water and AloO3 — water. The temperature profile increases with
the increase in nanoparticle volume fraction parameter ¢. Thus the thermal boundary layer thickness
increases and tends asymptotically to zero as the distance increases from the boundary. The variation
of the skin friction coefficient C'y and the Nusselt number % with M, K, R, v,Qmu, S, » are shown in
Table 1 and Table 2 respectively. Table 1 shows that the skin friction coefficient C'y decreases with
increasing parameters K and Qu whereas the skin friction coefficient increases with increasing M, R, S,
v, ¢ for both the nanofluids with nanoparticles Cu and AloO3. Also the Nusselt number increases with
the increase in the all parameters v, Qu, S, ¢ for both the nanofluids with nanoparticles Cu and AlOs.
The variation of Nusselt number is much more considerable for nanofluids. It is to be noted that highest
heat transfer rate is obtained for Cu due to its higher thermal conductivity compared to AloOs. These
results are in good agreement with those reported by Hamad and Pop [24] as shown in the Table 3.
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Fig. 2: The velocity profile for M with K = 0.5,R =05,y =2, Qg =1,S=1,¢ =
0.05.
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Fig. 3: The velocity profile for K with M = 0.5, R =05,y =2,Qp =1, =1,¢ =
0.05.
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Fig. 4: The velocity profile for R with M = 0.5, K = 0.5,y =2,y =1,S =1,¢ =
0.05.
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Fig. 5: The velocity profile for Qg with M =0.5,K =0.5,R=05,v=2,5=1,¢ =
0.05.

——  (Cu - water
-=--= Al O3 —water

Fig. 6: The velocity profile for S with M = 0.5, K =05, R=0.5,v=2,Qp =1,¢ =
0.05.
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Fig. 7: The velocity profile for ¢ with M = 0.5, K =0.5,R=0.5,v=2,Qg =1,5 = 1.
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——  Cu - water
10 ==== AlnOs -water

Fig. 8: The velocity profile for v with M = 0.5, K = 0.5,R = 0.5,¢ = 0.05,Qyg =
1,5=1.
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Fig. 10: The temperature profile for v with Qg = 1,5 =1, ¢ = 0.05.

*
+WEErAs

Bulletin of Pure and Applied Sciences Section E - Mathematics € Statistics, Vol. 39 E, No. 1, January-June, 2020



Heat transfer on unsteady MHD convective flow ... 93
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Fig. 11: The temperature profile for S with v =2, Qy =1, ¢ = 0.05.
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Fig. 12: The temperature profile for ¢ with v =2, Qg =1,5 = 1.
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Table 1: Skin friction coefficient.

M | K R ~ Qg | S 10} Cy Cy
Cu-water Al,O3-
water
0.5 10.5 0.5 2 1 1 0.05 | 2.64810 2.48975
1.0 2.85888 2.70528
1.5 3.17026 3.02161
1.0 2.32620 2.15664
1.5 2.20514 2.02935
1.0 2.70750 2.53388
1.5 2.79460 2.60039
3 2.68215 2.52462
4 2.70453 2.54712
2 2.61773 2.45318
3 2.59828 2.43068
2 3.63795 3.25461
3 4.80327 4.16210
0.10 | 3.01702 2.68524
0.15 | 3.41451 2.89714

Table 2: Local Nusselt number (Nu/Rey).

Qum |~ S 1) Cu - water | AloO3- water
1 2 1 0.05 0.779717 0.733261
2 0.844371 0.808269
3 0.890440 0.860109
3 0.927487 0.862487
4 1.024570 0.945832
2 0.983947 0.919390
3 1.117110 1.051350
0.10 0.844161 0.787435

0.15 0.900935 0.780187

Table 3: Comparison of results for Local Nusselt number (Nu/Re;).

Quw | S 10} Cu — water results of Cu— water results of
Hamad and Pop [24]. | the present study
as v — 0.
1 1 0.05 0.688574 0.733261
0.744748 0.808269
3 0.856998 0.860109
2 0.895578 0.919390
3 1.002578 1.051350
0.10 0.785549 0.787435
0.15 0.884785 0.780187
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4

Conclusions

The following conclusions are drawn from this study:

1. The fluid velocity decreases with the increase in the magnetic field parameter, the suction pa-

rameter, the nanoparticle volume fraction and the rotational parameter but this effect is reverse
for the permeability parameter in the boundary layer region.

An increase in the convective parameter and nanoparticle volume fraction leads to an increase in
the thermal boundary layer thickness but opposite effect occurs for the heat generation parameter.
The skin friction coefficient increases with the increase in the nanoparticle volume fraction, the
magnetic field parameter, the suction parameter and the rotation parameter and it reduces with
the permeability parameter.

The increasing values of Qp, S, ¢ and - is to increase the wall temperature gradient for both the
nanofluids throughout the fluid region.
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