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ABSTRACT

Odd graceful labeling was originally introduced by Gnanajothi [3] in 1991. The graph Gdemonstrates Odd graceful
labeling as injecting B from V(G) - {0,1,2,...(2q — 1)} in such a way that whenever the label [B(x) — B(y)| is
allocated to every edgexy, the derived edge labels are {1,3,5, ..., (2q — 1). This paper demonstrates that the Super
subdivision of the star and super subdivision of path permits odd graceful labeling.
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1. Introduction

Graph theory, the branch of mathematics dealing with the structure and behavior of graphs of points connected by
lines has developed into a significant area of mathematical research. Rosa [7] in 1967 introduced Graph labeling,
which involves assigning labels to vertex or edges or both, under some conditions. Gnanajothi [3] introduced odd
graceful classification as one of the nuances of graceful labeling in 1991.The graph GdemonstratesOdd graceful
labelingas injecting B from V(G) - {0,1,2,...(2g — 1)}in such a way that whenever the label |B(x) — B(y)]| is
allocated to every edgexy,the derived edge labels are {1, 3,5, ..., (2q — 1)}. She demonstrated that any graph with an
odd cycle is not odd-graceful and she demonstrated that the pathP, is odd graceful. Eldergill [1] enhanced
Gnanajothi's result on stars by implying that the graphs formed by merging one end point from each of any odd
number of equal-length paths are odd-graceful. Crown graphs are odd graceful, as demonstrated by Mahmoud I
Moussa and El-Sayed Badr [5]. Neela and Selvaraj [6] remedied finite union of stars as odd graceful. The dynamic
survey by Gallian [2] contains a wide range of results on odd graceful labeling. Graph Labeling is a key component
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of graph theory and is used in many fields including coding theory, X-ray diffraction, missile guidance codes and
radio astronomy problems, circuit design, network addressing, and database administration.

We demonstrated in this paper that the Super subdivision of the star graph and super subdivision of path permits for
odd graceful labeling.

2. Main results

Under this section, we state few definitions and few theorems on super subdivision of few graphs on odd graceful
labeling.

Definition 2.1:
A Star graph denoted as k; ,is a tree with one vertex adjacent to every other vertex as nnumber of pendant vertices
are connected to one vertex.

Definition 2.2:
Super subdivision of graph [4]of a path is the graph derived fromG by replacing every edge uvwith a complete
bipartite graphK; ,.

Definition 2.3:
The super subdivision graphof a stardenoted by D,ﬁi(kl,n)is obtained fromk, ,by replacing every edge uv of
k, nwitha complete bipartite graph K, ,,,.

Theorem 2.4:
Super subdivision of the star graph is Odd graceful.

Proof:
Let k, , be the star graph with the central vertex as z and the pendant vertices as x4, X,, X3, ..., X, as shown in Figure

1. The supersubdivision of the star graph denoted as Dy, (kl,n) is obtained by replacing each edge zx;, for1 < i <n
of the star k;, by a complete bipartite graphK,,, with m fixed. The vertices of the first partite set of K ,,, in
D;, (kl,n) are z and x; respectively and the vertices of the second partite set of K, ,,, in Dr*n(kl,n) are yf for 1 <i <
nand 1 < k < m. The graph Dy, (kl,n) is given in Figure 2.

yim

X3

Figure 1: Star graph Figure 2: Super subdivision of star graph D;i(kl,n)

The number of vertices in Dy, (ky ) isp = [V(Dj(kin)) | = nm+ (n+ 1)
The number if edges in Dy, (kl,n) isq = |E(D,*n(k1_n) )| = 2mn
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The vertex labels for the graph D, (kl_n)is defined as follows:

f(z) =0
flx)=2mn+2n+2—4i, 1<i<n
fOF)=2q-Qi-D-2n-2n(k—-2), 1<i<n, 1<k<m

The Edge labels for the graph Dy, (kl,n)are obtained as follows:
lFOF)-f@|=12q-QRi-1)—-2n-2n(k-2)|, 1<i<n, 1<k<m

which yields the edges label setE; = {2q — 1,29 — 3, ... ,q + 1}
FOF) —f(x)| = 12¢g—4n—2n(k—2) —2mn+2i—-1,1<i<n, 1<k<m

which yields the set inE, with edge labels given as E, = {1,3,5,...,(q — 1)}

Therefore, E; UE, = {(2q — 1),(2¢ — 3),... , (g + D}U{1,3,5,..,(¢ — 1)}
={1,3,5,..,2q — 1)}

From the above computed edge labels, it is observed that the labels for the edges are distinct and odd. Hence the
super subdivision of star graph Dy, (klln)is odd graceful. The theorem is illustrated in Figure 3.

29

Figure 3: The graph Dy (kz,m)

Theorem 2.5:
Super subdivision of the path is Odd graceful.

Proof:

Let py, py, -, P, be the vertices of the path shown in figure 4. The super subdivision of the path denoted as Dy, (B,)
is obtained by replace each edge p;p;+, for 1 <i <n —1 of the path p, by a complete bipartite graph K, ,,, in
Dy, (P,) are p;and p;,1for 1 <i <n — 1 respectively and the vertices of the second partite set of K, ,,, in Dy, (P,)
are b¥for 1 < i < n and for 1 < k < m. The graph D;,(P,) is shown in Figure 5.

The number of vertices in Dy, (B,) isp = |V(Djm(B)) | = nm+ (n+ 1)

The number of edges in D;,,(B,) isq = |E(D;,(P,))| = 2mn
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Figure 4: Path Figure 5: Super subdivision of a path Dy, (P,)

The vertex labels for the graph Dy, (P,) is defined as follows:

fl@a)=20i-1), 1<isn

f(bf)=2q—4k—4mi+4m+2i+1, 1<i<n, 1<k<m

The edge labels for the graph Dy, (P,)are obtained as follows:

E,=|f(bF)—f(a)| = |12q—4k—4mi+4m+3|,1<i<n

E, =|f(bF) = flaiw)| = 12q—4k—4mi+4m+1,1<i<nl1<k<m

Therefore, E = E; U E,

From the above computed edge labels, it is observed that the edge labels are distinct and odd. Hence the super
subdivision of path graph Dy, (B,) is odd graceful. Illustration for the theorem is shown in Figure 6.

35 7

Figure 6: The graph D;(P3)
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3. Conclusion

We have shown in this paper that the super subdivision of star and super subdivision of path permits odd graceful
labeling.
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