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ABSTRACT

In this paper, authors have examined the Diophantine equation 8% + 67f = y?, where a, 8,y are non-negative
integers, for non-negative integer solutions. Authors used Catalan’s conjecture for this purpose. Results of the
present paper show that the Diophantine equation 8% + 67° = y2, where a, 8,y are non-negative integers, has a
unique solution in non-negative integers and this solution is given by (a, 8,y) = (1,0, 3).
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1. Introduction

Diophantine equations have numerous applications in Physics, Chemistry, Mathematics, Astronomy, Cryptography
and Knot theory [1-3]. Many of the puzzles such as Mahavira puzzle, the monkey and coconuts puzzle and hundred
fowls puzzle of ancient times depend for their solution on the consideration of Diophantine equations of the first and
second degree [4]. Nowadays, scholars examined various Diophantine equations of different kind (Linear, Non-
linear, Homogeneous, Non-homogeneous, Exponential). Sroysang [5-7] examined the Diophantine equations
8% + 197 = z2,31* + 32Y = z? and 8 + 13” = z2. The Diophantine equation 193* + 211¥ = z?2 was studied by
Aggarwal [8] and he told that this equation has no non-negative integer solution. Aggarwal and Sharma [9] studied
the non-linear Diophantine equation 379* + 397” = z2. The exponential Diophantine equation 4217 + 4397 = r2
was solved by Bhatnagar and Aggarwal [10]. Recently, Gupta et al. [11-12] examined two Diophantine equations
(x% 4+ D™+ (y? + 1)" = z? and x* + (1 + my)# = z%. They showed that these two equations have no solution in
non-negative integers.

The main aim of this paper is to determine the non-negative integer solution of the Diophantine equation 8% +
67F = y?, where a, 3,y are non-negative integers.

2. Preliminaries
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Proposition 2.1: Catalan’s conjecture [13]: The Diophantine equation w;* — w,? =1, where w,, w,,a,p are
integers such that min{w,, w,, @, B} > 1, has a unique solution and it is given by (wq, w,, @, B) = (3,2, 2,3).

Lemma 2.2: The Diophantine equation 8% + 1 = y2, where a,y are non-negative integers, has a unique solution
and this solution is given by (a,y) = (1, 3).

Proof: Suppose a and y are non-negative integer such that 8% + 1 = y2. If @ = 0, then y? = 8° 4+ 1 = 2 which is
not possible due to the nature of y. Then a > 1. It follows that y* = 8% + 1 > 81 + 1 = 9. Theny = 3. Now, we
consider on the equation y? — 8% = 1. By Proposition 2.1, we have @ = 1. We obtain that y? = 9 and then y = 3.
Hence the Diophantine equation 8% + 1 = y?2, where a,y are non-negative integers, has a unique solution which is
given by (a,y) = (1, 3).

Lemma 2.3: The Diophantine equation 677 + 1 = y2, where f,y are non-negative integers, has no non-negative
integer solution.

Proof: Suppose B and y are non-negative integer such that 67f +1 = y2. If 8 = 0, then y? = 67° + 1 = 2 which
is not possible due to the nature of y. Then f = 1. It follows that y?> = 67 +1 > 67' +1 =68. Theny = 9.
Now, we consider on the equation y? — 678 = 1. By Proposition 2.1, we have § = 1. We obtain that y? = 68. This
is a contradiction due to the nature of y.

Hence the Diophantine equation 67° + 1 = y2, where f8,y are non-negative integers, has no non-negative integer
solution.

3. Main Results

Theorem 3.1: The Diophantine equation 8% + 67 = y2, where a, 8,y are non-negative integers, has a unique
solution in non-negative integers and this solution is given by (a, 8,y) = (1,0, 3).

Proof: Let a, 8,y be non-negative integers such that 8% + 675 = y2. By Lemma 2.3, we obtain that & > 1. Then y
is odd. It follows that y = 2r + 1 for some non-negative integer r. Then 8% + 67f = 2r + )2 = 4(r? +r) + 1. It
follows that 678 = 1(mod 4). Thus, f8 is even. Then § = 2m for some non-negative integer m. Now, there are two
possibilities for m as:

CASE: m = 0. Then 8 = 0. By Lemma 2.2, we obtain that (a,y) = (1, 3).

CASE:m > 1. Then y? — 67?™ = 23%_ It follows that (y — 67™)(y + 67™) = 23%. Then (y — 67™) = 2% and
(v + 67™) = 23@79 where @ is a non-negative integer.

Now we have 2(67)™ = (y + 67™) — (y — 67™) = 23%79 — 20 = 26(23¢=29 — 1), We have two sub-cases as:
SUBCASE: 8 = 0. Then (y — 67™) = 2° = 1. It follows that y is even. This is a contradiction.

SUBCASE: 68 = 1. Then we have (67)™ = (2372 —1) = 23¢72 — (67)™" = 1. Ifa = 1 then m = 0. This is a
contradiction. This implies that @ > 2. By Proposition 2.1, we have m = 1. It follows that 2372 — (67)1 =1 =
232=2 = 68, This is impossible.

Hence, the Diophantine equation 8% + 67° = y2, where a, 3, y are non-negative integers, has a unique solution and
this solution is given by (a, B,v) = (1,0, 3).

Corollary 3.2: The Diophantine equation 8% + 678 = §*, where a, 8, § are non-negative integers, has no solution
in non-negative integers.

Proof: Let a,f, 8 be non-negative integers such that 8% + 67f = §*. Let y = §2 then y must be a non-negative
integer and 8% + 678 = §* becomes 8% + 678 = y2. Now by Theorem 3.1, we have (a, 8,¥7) = (1,0, 3). It follows
that y = 62 = 3. This is a contradiction due to the nature of §. Hence, the Diophantine equation 8% + 678 = §*,
where «a, 5, § are non-negative integers, has no solution in non-negative integers.

Corollary 3.3: The Diophantine equation 2# + 67F = y2, where y, 8,y are non-negative integers, has a solution in
non-negative integers and it is given by (i, 8,v) = (3,0, 3).
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Proof: This follows from Theorem 3.1, where = 3a.

4. Conclusion

Authors successfully examined the Diophantine equation 8% + 678 = y2, where a, 8,y are non-negative integers,
for non-negative integer solutions by using Catalan’s conjecture. Results indicate that(e, 8,y) = (1,0, 3) is the only
solution of the Diophantine equation 8% + 67° = y2, where a, 8,y are non-negative integers. The present scheme
can be apply to solve other Diophantine equations in future.

References

1]
2]
3]
[4]
151
[6]
(7]
8]
9
[10]

[11]

[12]

[13]

Andreescu, T. and Andrica, D. (2002). An introduction to Diophantine equations, GIL Publishing House,
ISBN 973-9238-88-2.

Mordell, L.J. (1969). Diophantine equations, Academic Press, London, New York.

Sierpinski, W. (1988). Elementary theory of numbers, 2™ edition, North-Holland, Amsterdam.

Koshy, T. (2007). Elementary number theory with applications, Academic Press, 2™ edition, Amsterdam,
Boston.

Sroysang, B. (2012). More on the Diophantine equation 8% + 19”7 = z2, International Journal of Pure and
Applied Mathematics, 81(4), 601-604.

Sroysang, B. (2012). On the Diophantine equation 31* + 32¥ = z?2, International Journal of Pure and
Applied Mathematics, 81(4), 609-612.

Sroysang, B. (2014). On the Diophantine equation 8% + 13” = z2, International Journal of Pure and
Applied Mathematics, 90(1), 69-72.

Aggarwal, S. (2020). On the existence of solution of Diophantine equation 193* + 211Y = z2, Journal of
Advanced Research in Applied Mathematics and Statistics, 5(3&4), 1-2.

Aggarwal, S. and Sharma, N. (2020). On the non-linear Diophantine equation 379* + 397Y = z2, Open
Journal of Mathematical Sciences, 4(1), 397-399. DOI: 10.30538/0ms2020.0129

Bhatnagar, K. and Aggarwal, S. (2020). On the exponential Diophantine equation 4217 + 4399 = 12,
International Journal of Interdisciplinary Global Studies, 14(4), 128-129.

Gupta, D., Kumar, S. and Aggarwal, S. (2022). Solution of non-linear exponential Diophantine equation
(x%+1)™ + (y? + 1)" = 22, Journal of Emerging Technologies and Innovative Research, 9(9), f154-
f157.

Gupta, D., Kumar, S. and Aggarwal, S. (2022). Solution of non-linear exponential Diophantine equation
x% + (1 + my)? = 22, Journal of Emerging Technologies and Innovative Research, 9(9), d486-d489.
Schoof, R. (2008). Catalan’s conjecture, Springer-Verlag, London.

3k 3k 3k 3k 3k %k %k %k %k k

Bulletin of Pure and Applied Sciences Section E - Mathematics & Statistics/Vol.41E, No.2 /Jul-Dec 2022 155



