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ABSTRACT

After the introduction of intuitionistic fuzzy sets by Atanassov K.T, many mathematical researchers have been
devoted in the study of different aspects of this concept and they have been successful. The purpose of this paper is
to introduce the notion of intuitionistic nil radicals of intuitionistic fuzzy ideals of hemirings. The author also
investigated some of their properties.

KEYWORDS: Hemiring; intuitionistic fuzzy ideal; Intuitionistic nil radical; Intuitionistic intrinsic product;
Intuitionistic sum

1. Introduction

On a non-empty set X, Zadeh in his classic paper [1] produced a function u : X — [0,1], called fuzzy set , which
give the degree of membership of an element in a given set. It’s generalization called intuitionistic fuzzy set was
introduced by Atanassov K.T in [2] , which give both the degree of membership and the degree of non —membership
of an element to the given set. Several researches have been made in the nil radicals of fuzzy ideals and intuitionistic
fuzzy ideals of rings.[4-6]. A lot of researchers extend many concepts in ring theory to hemiring theory with some
modfications [7-15]. In particular the author of [13] introduced the concept of nil radicals of fuzzy ideals of
hemirings and discussed their properties. In this paper, we introduced the notion of intuitionistic nil radicals of an
intuitionistic fuzzy ideal of hemirings and studied some of their related properties.

2. Preliminaries

Definition 2.1: A system (R, + -) where R is non empty set and + and - are binary operations on R is called a
hemiring if:

(1).(R,+) is commutative semi group with zero element 0.

(i1). (R ,-)is a semigoup.

(iii).a(b + ¢)=ab + acand (a+ b)c = ac + bcand 0- x = x.0 for all a,b,c,and,x € R.

A hemiring (R, + -) is said to be commutative ifa-b = b-aVa,b €R .
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Throughout this paper we assume Rto be a commutative hemiringwith unity and L stands for a complete heyting
algebra.

Definition 2.2: A non-empty subsetlofR, closed under addition of R is such that ; for all x € R and a € I we have
xa € [ is called left ideal of R .

Definition 2.3: A left ideal I of R satisfying the property : if y,z € [ and x € R,x + y = z implies x € I is called
left k- ideal.

Analogous definitions can be given for right cases.

Definition 2.4: If /is an ideal of R, then its radical (also called
nil radical) is defined as VI = {x € R : x™ € I, for some integer n >0}

Definition 2.5: An L-fuzzy set y of non — empty arbitrary set Xis a mapping pt : X —> L.
The intersection and union of two fuzzy sets can be defined as follow :

(@) ¢ Nv(x) = min {u(x), v(x)} .
(ii). ¢ U v(x) = max {u(x), v(x)}

Definition 2.6: A fuzzy set u : X — L satisfying the conditions:
@D-uCx+y) =z px) A puly)
(i1).u(xy) > u(y)for x and y in R is called fuzzy left ideal.

Similarly right case can be defined.

Definition 2.7: Let u be a fuzzy ideal of. The fuzzy nil radical \/u of u is the fuzzy subset of R
defined by : u(x) = sup u(x™) , Or equivalently can be written as

Jue) = \ [ uem

nz1

nzl1

Definition 2.8: An object of the form {(x, ua(x), /'LA(x)> 1X E R}

Wherep, : X — L and ﬁA:X—)L
define the degree of membership and non-membership of the element x of R ,respectively and for eachx € R,

satisfaying , 0 < p,(x) + ﬂA(x) < 1 is called intuitionistic fuzzy set (for short IFS) A in R.

For simplicity sake ,the symbol A = ( IUA R ﬂ Y )is used to denote the [FS AinR.

Clearly, for every fuzzy set p, we can have an IFS : A = {(x, u(x),1 — u(x)) : x € X}.
For every two intuitionistic fuzzy sets, A = ( P RL B=(ug, ﬂB),

We have the following definitions:

@) AC B < (x) < pug(x) and/iA(x) > ﬂB(x)VEX.
(b) A=B < AcC Band B CA.
(© ANB =(uanug A, nA)
(d AuB Z(ﬂAUﬂB'ﬁAUlB)

Definition 2.9: An intuitionistic fuzzy set A =(pi,4 A A) is said to be an intuitionistic fuzzy left ideal of R if :
(). palx +y) = pa(x) A pa(y)
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(i) A, x+» <A v 1,6
(iii). ua(x y) = ua(y)
(iv). /1A(xy) < /1A(y) Vx,y ER.

Similar definition can be given for the right case.
An intuitionistic fuzzy ideal of R is one which is both intuitionistic fuzzy right and left ideal.

3. Intuitionistic nil radicals of an intuitionistic fuzzy ideal of hemirings
Definition 3.1: Let A = ( J7 A, ) be an intuitionistic fuzzy ideals of R. The intuitionistic nil radicals of
A

A:( Lo A= (2, )adenotedbyx/_=( Mo A ) ,is defined by

pa =\ e, A=\ 2,6

nz1
for all x € R and for some n € N .

Or equivalently, the above definition can be written as

[,l\/z(x) = Sup”A(xn) ’ ﬂ\/z(x) = inf AA(xn)

nz1

for all x € R and for some n € N.

In the sequel, we will use both interchangeably.
The following lemma is the direct consequence of Definition 3.1 and can easily be shown.

Lemma 3.2:.For all intuitionistic fuzzy ideals A = ( IL[A , /1 4 ), &B = (uB,/’lB) of R, we have

i)  Ac4
(ii) ACB implies JACVB
Giy JVA=VA

Theorem 3.3: VA = (yz A VA )is an intuitionistic fuzzy ideal of .

Proof: First let us show that
uate+y) 2 min{uz00, nz0N&A G +y) < maX{ﬂL 00, 4 ﬂ(y)}

Letx,y € R . Then we have the following .

mln{ #\/Z(x) :#\/Z(}’)} =min Sup#A(xm) ’ Sup#A(yn)

= Sup(supmin{uA(xm),uA(y")} .......... (1)

m21 n=1

_ . m n
max {4 z0), A zO)} =maxiie A, G™,. o 2,0
m=1 nz1
= inf(inf max{ A,Gm™, A, M )
m>1 nz1
As R is commutative ,for any two positive integers m and n ,each term in the binomial expansion of (x + y)™*"
contains either x™ or y™ as a factor .
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Thus ,(x + y)™™ = tx™ + ry™, for some t, r € R. Then we have

min {p, (x™), a(y™} < minfmax{p, (x™), na ()}, max{pa(y™), pa ()3}
< min{u, (tx™), ua(ry™3} (as py is intuitionistic fuzzy ideal)

S pa(Ex™ +1y™) = pa(x +y)" < sup paCx + " = g +y) oo 3)

k=1

and
max {4 ,&™), 1,06}
> max {min { ﬂA(xm), ZA (t)}, min { ﬂA ™), ZA(r)}}
> max {ﬂA(txm), ﬂA(ry")} ((as uy, is intuitionistic fuzzy ideal)

> /1A(txm +ry™) = /1A(x + y)mtn > inf /1A((x + )6

k=1

= A Z0+y). 4)

Hence, from (1) & (2) we have that

G +y) = minf uz(0, nFON&A LG +y) < max{2 (), 4 ()}

Secondly to show that:

waey) 2 max{ua(), uEM&A ZGy) < min{ A 2(), 4 Z0)}

max{ wz(x) , uz()} = max supHa@™) sup ka0 = gupmax a@™), uay™)} -(5)

n

min{A 200, 2 ;O =minj;e A 6N, e 4,00 o eming 4,6™ 4,6} (6)

"inf
Now for any positive integer n, we have

max {1a (™), a7} < ax™y™) = paGn)™ < guphaCey)* = wya(xy)
and i

min{A,6™, A,0M}z 4,6 = 4,60 2 306 A, = A ()
k21
Thus , from (5)& (6), we have that
uyaGey) = max{ () ,uFONI&A () < min{ A (), 2 ()}
Hence VA = (M7 A \/Z) is an intuitionistic fuzzy ideal of R.
Definition 3.4: Let A = ( 7% A, )&B = (uB,ﬁB) be intuitionistic fuzzy subsets in ahemiring R (not

necessarily commutative). The intuitionistic intrinsic product of A =(p4 /1A),& B =(pugp, ZB) is defined to be the

intuitionisticfuzzy set A x B = (ug.5, A A*B) in R given by
k

Uaep (X) = \/ /\ tala;) A pp(b;) ,ifx=Zaibi ,kEN,

1<i<k i=1
0 otherwise
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k

Aas® = /\ \/ ﬁ“A(ai)VlB(bi) ,ifx=2aibi keN
1<i<k £

1 otherwise

Clearly the product A * B is commutative if R is a commutative hemiring.

Theorem 3.5: IfA = ( J7R A, ),&B = (up, /13) are intuitionistic fuzzyideals of R , then their product A * B =
A

(Upsp, A A*B) is also an intuitionistic fuzzy ideal of R.

Proof: letx,y € R , then
We want to show

(D) fans G+ ) 2 min {pgp () pas O} and A, (x+y) < max {4, (0, 1, 0}

(ii) aep (9) 2 paen () (s () 2 paep®) ) and A, )< A, @( A, <A, ) )
To show the first assertion:

uA*B(x+y>=\/{ J\ i@ Aus (B x+y=iaiﬁi,kezv

islss<k

2\/{ /\ nala) Aps(hy) ) /\MA(CJ/\MB(d) ) x=Zaibi,y
=icidi ,m,n €N =\/{/\ uA(ai)/\/,tB(bi):x=iaibi EN}/\
\/{/\ pale) Aup(dy) 1y = chd neN} e () A tias )

and 1=t

A& +y) = /\y\/ A @)V A (B):x+y= Z Lﬁ,,keN}
1<i<k
S/\{ 1<\L</mﬂ~ (a) v A (b) 1¥nﬂ. (c)v 4 (d) ) :x:;aibi Yy

n

ZZCidi ,mneN

i=1

/\;\/ A @)V A (b): x_ZabL,meN} /\{\/ A,V A d):y

1<ism i=1 1<ksn

=ZCidi ,n E N} = lA*B(x)v /’LA*B(Y)

i=1
Hence, .5 (x +y) = min {p.p (x)’:uA*B ()} and ﬂA*B(x +y) < max {ﬂA*B(x)' /1,4*3 O}

To show the second assertion:
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uA*B(y>=\/{/\ Ba@) Aptp(b) : ¥ = Zabl,new

1<isn

\/{/\ na(@) App(b) + xy = Z(a b ,neN
\/{ \ 1@ Aus B+ 2y = Z aibi K ezv} Haes ()
Similarly e )
Pap(x) = \/{ /\ tala) App(by) : x = Zaibi ,nEN
\/{/\ pa(a) Ak () ¢ xy = Za(bly) nezv}
\/{/\ pala) Aug(By) = xy = z a;B; 'kEN} Hasp (x¥)
and e
AA*B(y)z/\i\/ A @)V A () iy = Zab, meN
1<ksm
>/\j1<\k[m/1 (ax)v A (b)) : xy = Z(ax)bl ,mEN}
> /\{\/ @)V A (B) s xy = Z((mm KEN =4, ()
1<k<k
Similarly
/1A*B(x /\{K\k[mi (a)v A 2(b0) x—ZabL ,MmEN
>/\j\/ A @)V A (by):xy = Za(bly) mEN}
1<ksm
> /\{\/ 2 @)V A, B xy = Z((mm KENE= 4,6
1<k<k

Therefore, pigp (Xy) = tgep (x)( Uaep (XY) = pap(y) )
andd, <A, 0 4,,60<A, 0 )

Hence ,A * B = (Ug.p, /1A*B) is an intuitionistic fuzzy ideal of R.

Theorem 3.6: IfA = ( IL[A . 2/,4 ),&B = (up, /IB)are intuitionistic fuzzy ideals of R , thenVA* B =+vVANB =
VAn+B.

Claim 1IWA*B =+vANB

Letx € Randletx = X1 a;b; = a,b; + a,b, + - ayb,, where a;b; # 0 are in R

Then
min{p,(a;) pp(b)} < pa(a;) < pa(a;by)and
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max {ﬂ,A(ai)\/ ﬂ,B(bi)} > ﬂ,A(ai) > ﬂA(aibi) 1<i<m
Then we have,

min{p,(ay), ..., ua(am), pp(by), ... ‘#B(bm)} < min{py(arby), -, pta(@mbm)}

Spglaihy + o+ amby) = Ua(X) oo (7

and

max{4,(@) A ,@n), A (0, A )} Zmax{ A (@b, A, (@nbn)} = A (asby +-+
Ambm) = A (X)) o (8)

Taking the supremum and infimum respectively, overall expressions, we get
Hasp (¥) S ug(x) ,and ﬂA*B(X) = AA(X) Similarly p4.p (x) < pup(x) ,and /1A*B(x) = /13(35)

= pap () < min{uA(x),,uB(x)}and,/1A*B(x) > max{/?,A(x) lB(x)} forallx ER .
—A*B CANB=>VA*BCVANE (bylemma32ii) .........(8)

Now,letx € R . Then we have that
#W(x) = Sup,uA*B (") = pgp (x*) = minfu, (x™), up (x™)} = panp(x™)and
k

ﬂ,m(x) = inf ZA*B(xk) < ZA*B(xZ") < max{ﬂA(x"), ﬂ,B(x")} = ﬂAnB(x”),for alln > 1.

Taking the supremum and infimum , respectively over all n > 1, we get

tyaas (%) < um(x)andﬂm(x) > ﬂm(x)
SVANBCVATE oo )

From (8) and (9) we have that VA*B =+vVANB.
Claim2VANB =vVAn+VB

From lemma 3.2i, we have that VA N B VA and VAN B VB
Which impliesVANBCVANVB .............. (10)

To prove:VAN+VBCVANB,let x €R

(wan ns )G =mind @ onaG™, qupsG™ (= sup( supmin{a&™. 1) )

m m

( lﬂv ﬂﬁ )(x)=max inf /1A(x"),i

nf ﬂB(xn) - inf(infmax{ /1A(xm), /114()’{")}

Now, for any positive integers m & n, we have

min {1, (x™), pp(x™)} < min {1, (™), pup (™} = (a A p) (X™) < gy (K App)(x) = pzag(x) . and

k=1
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max{lA(x"), ZB(x")} > max{ﬂA(xm"), ﬂ,B(xm”)} = ( ﬂ,A\/ ﬂB )(xm”)
> l{ilf ( /1Av /13 )(xk) _ im(x)

Thus,/A N VB A N Bwhich implies the second equality follows.

Therefore, from claim 1 &2 , we have that VA * B =vVANB =VAN+VB

Corollary 3.7: IfA = ( 3y ) is an intuitionistic fuzzy ideal of , then VA" = /A foralln > 1, where
A" = A% A* A * ..* A (n-times)

Proof: We prove this by induction.

Forn = 1 ,clearly follows
Forn =2 ,putA = B intheorem 3.6 ,we getVA*A=VA=VAZ =+VA

Assume it is true forn = k

Now VA1 = Ak x A =vVAknVA=vANnVA=+vA (bytheorem3.6)
= VAT =4

Thus ,VA" = VA n=1

Corollary 3.8If A = ( y7; y ),&B = (up, ﬂB)are intuitionisticfuzzyideals of R with A¥ C B ,for some k > 1,
A
then VA VB,

Proof: SinceA* C B , we have that VAK VB .... (by lemma3.2 ii) ......... (11
But ,VA*=+A ....... by corollary 3.7 ............c.....l (12)

From (11) and (12) we get that VAC VB .
Definition 3.9: Let A = ( y7p A ),& B = (uB,ﬁB) be intuitionistic fuzzy sets in ahemiring R (not necessarily
A
commutative).The intuitionistic sum of 4 = ( y75e A, ),& B = (up, ﬁB) is defined to be the intuitionisticfuzzy
A

set A+ B = (Ugyp, A, .)in R, given by

A+B
Ha+B x) = xMZ{#A(Y) /\,LLB(y)}’ if Xx=y+z
0 otherwise
ﬁ’ (x) = /\ {/IA(-V)V/IB(Z)}, ifx=y+Z
A+B x=y+z
! otherwise

Or equivalently the definition can be written as
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X=y+z

su min{u, (y), up(2)} ifx=y+z
tars G = { P

0 otherwise

X=y+z

A0 = {mf max{/iA(y)’ /13(2)} ifx=y+z

1 otherwise

Theorem 3.10: If A = ( IL[A,ZA ), & B = (uB,ﬂB)are intuitionistic fuzzy ideals of R , then their sum

A+ B = (ugsp, A At B) is also an intuitionistic fuzzy ideal of R.

Proof: Let x,y €R,

asa () Attars ) = \[ 004 @ Aa®):x = a+ YA\ [uy(0) Aa(@iy = ¢ + )
= \/ (0@ A s D) A (a () Aptp @i = @+ by = ¢ + )
= /(@@ A () A s ®) Apts@):x =@+ by = c + )
< /(@ + O Aus + d)x+y=a+ctb+d)=pus e +y)
and
A,V A, 0= /\{/1A(a)v A,B):x=a+b}v /\MA(C)V A, (diy=c+d}
- V{(/lA(a)v /13(19)) VOV A, @):x=a+by=c+d)
- \/{(AA(a)v /13(b)) V@V A @)x+y=a+b+c+d)
ZV{EA(a+c)v ZB(b+d):x+y=a+b+c+d}=ﬂ,A+B(x+y)

Hence, pyp (X +9) < pars ) Aparp @) and 4, x+y) =24, v A, O

Secondly
are 09 = \[ (@ A ®):x = a+ 0} < \ [ a(@) A s y)ixy = ay + by )

< \/ 0@ A s Bixy = @+ By = bavs G9)
and
A ()= /\{/1A(a)v A (b):x = a+b)

A+B
> /\{ﬂA(ay)v ZB(by):xy=ay+by} > /\{ﬁA(a)v /13(,8):xy=a+ﬁ}

= A @)
Thus

Hars (x¥) 2 payp (Jand A, () < A, ()

Similarly it can be shown that
Hars () 2 payp Qand A, () < A, )
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Therefore, A + B = (tigsp, A At B) is an intuitionistic fuzzy ideal ofR.
Theorem 3.11: If A = ( y7i y) ),&B = (ug A ) are intuitionistic fuzzy ideals of R , then
4’74 © B

VA+VBC /x/Z+x/§=x/A+B

Proof:
The inclusion part follows from lemma 3.2 1,

To show the equality part:

Since ACVA& B S+/B (by lemma 3.2 i), we have that A+ B SvA +VB =>~ A+ B < VVA+ B (by

lemma 3.2 ii )

To show the other way round ,letx € R , then

s () = gup minfi(a), i (b)) =

X=y+z

sup min sup ta(@™), SupllB ®") ¢ = sup (Sup (Sllp min {u,(a™), ug(b™)} ..(13)

x=y+z x=y+z m

and

/1\/Z+\/§(x) =inf max{ﬂﬂ(a), ﬂﬁ(b)} = inf ™ inf ﬂA(x"), inf ﬂB(x") =

x=y+z xr=y+z

inf inf(inf max{ 4,6, 4,0™} oo (14)

x=y+z m n

Now, letx =a+b ,a&b € R : m&n are any positive integers. Since R commutative, we have that
x™t = tq™ + rb™ |, for some,r ER.

Hence we get

min{u,(a™), pp(b™} < min{p, (ta™), up(rb™)} < papp(ta™ +1b™) = py p(x™™) < supHa+s (")
k=1

= pyars(*)
and

max{/%A(am), ﬂA(b")} > max{/iA(tam), ﬂA(rb")} > /1A+B(tam +rb") = A

m+n
g

=" /1A+B(xk) > A ™

k=1

Thus , from (13) and (14) , we get that

L) = ,u\/zh/g(x)and/lm(x) < /1&+ﬁ(x) ,forallx €RR
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=>VVA+VB<VA+B

Hence the theorem.
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