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ABSTRACT

In this work, we have discuses and prove the different properties of the triple Laplace-Sumudu-Elzaki transform like
linearity property, convolution theorems property, first shitting property, periodic function property, and the some

applications to solve partial differential equations in three- dimensions.

KEYWORDS: Triple Laplace-Sumudu-Elzaki transform, Inverse triple Laplace-Sumudu-Elzaki transform, Partial
differential equations.

1. Introduction

In the past two centuries, the integrated transformations have been widely applied as a tool to solve various
problems in pure and applied mathematics.[1,3] Several integrated transformations such as the P. S. Laplace (1749—
1827) introduced the idea of the Laplace transform in 1782 [5,6],

Definition 1.1[5-6] The Laplace transform denoted by the operator L is defined as

L[f(x):O')]z JO e f(x)x=F(o), x>0
In the early 1990’s, Watugala, provided Sumudu transform. [3]

Definition 1.2.[3] The Sumudu transform denoted by the operator S is defined as

S[f(m):p)]= %j:eﬂf (hWdh=F(p), h>0

In the early 2011°s, Tarig Elzaki introduced the Elzaki transform. [7-13]

Definition 1.3 [7-13] The Elzaki transform denoted by the operator £ is defined as
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E[f (r):6)]= j "f(r)dr:F(é), >0

Definition 1.4[2-6]the triple Lapl a ce — Sumudu — Elzaki transform is denoted by:

nor

L.S,E.[f (x.h,7):(0,p.5)] =£j°°j°° [Pe ™ 7 c.noydvande 1)
p 0 JOo JO

The structure of this paper is organized as follows: First, we begin with some basic definitions and the use of
Linearity property, Convolution theorem property, First shitting property, Periodic function property of f (x ,%,7),

g (x ,h,7) and the examples application to solve partial differential equations in three-dimensions.

2. Theorems and Properties of Triple Laplace — Sumudu — Elzaki Transform

Theorem 1: (linearity of the triple Laplace — Sumudu — Elzakitransform)
Letf (x,h,7)and g (x ,A,7) be functions who’s the triple Laplace — Sumudu - Elzaki transform exists then

L S,E, [af (x,h,7)+ Pg(x ,h,r)] =al S,E. [f (x ,h,r)]+ﬂLXShE, [g (x ,h,r)]
Where @ and b are constants

Proof:
h

L.S,E, [af (x,h,7)+ g (x,h,7)] =£j°°[°°[°°[af (. ho)+ B hr)le | 7 P drdhdr
p 0 J0 JO

hor

ox T e BT
=§I§° [N CACEE %dhdﬁg [T [ pewnole ™ oasdndr

hor

_%4 [ '[:.[:[f(x,h,r)]egxZ;dxdhdr+g Al [ [ le.nole ” # dvdndz

=alL S,E. [f (x,h,7)|+BL.S,E, [g(x.h71)]
Theorem 2: (first shifting)
IfoShEr U (.X' ,h,T)] :T (09,095)

Then LxShE{e_m , 5f(x,h,r)}r(na,nﬂ,nx)
Proof: let

L.S,E.[f (x,h,7):(c,p,6)]= [ j j e "f(x h,r)dxd hd t

Then
~ ph kr

ph Kkt nor
—0oxX ————— 5 o poo oo TOX —aox
) _ ) )
LXS,,E{e s f(x,h,r)}——jo IO IO e £ {e L }/(x,h,r)dxdhdr

1+ao’x—l+ﬂ) (1+x)z )
z_j jj P f(x,hr)dxdhd T

ﬂ)h (1+0)r
_j lwf{ jj 5f(x,h,r)dhdr}dx

=I:e‘“+‘”"““f G 1+ Bl +K)de =T (1+ a1+ B,1+ k)
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Theorem 3: iff* (x ,7,7) is periodic function of periods@ , b , k
f(x+a,h+p,r+K)=f (x,h,7) andifL S,E_[f (x,h,7)] exits

then

L.S,E.[f (x,h,0)]=T (0,p,6)= j j j " "f(x h,r)dxd hd t
f77

Proof: let

L S,E, [f (x ,h,z’)] =T (o,p,0)

_ % NN j:e_” '%f (1, 7)dxd hd 7

_5 aprpf K 70')(—%7% 5 0 @00 PO 70')(—%—%
_;L ["[Te f(x,h,r)dxdhdrvL;L jﬂ [e f (x b, 7)dxd hd 7
Putting x =u+a ,h=v +[,7=w +k insecond triple integral

- é.[oa,[oﬂ,[:eiax%%f (x,h,7)dxd hd T +

v+ )7(w +K)

_.‘- ,[ ,[ TS S w+ay +pw +x)dudvdw

T (c,p,0)= % [’ joﬂ [le” 77f (e, o)dxd hd 7+

—j j [fe7 5f(x n,o)dxdhdz =T (o, p,é‘)—{e -

Cox it
P57 P (o hyn)dxd hd

i)
-7

T (o,p,0)=

Theorem 4:
If, L.S,E. [f (x,h,7)]=T (c,p,5) then,

—oa B X
LSE.[f(x —a,h—Br-x)H(x —a,h—-p,r—K)|=e * °T(0,p,5)

Where, H (x ,%,7) is the Heaviside unit step function defined by
And, >k H(x —a,hi— f,7—x)=1 when x >a ,h> [, And
Hx —a,h—f,7—k)=0when x <a,hi<f and 7<k

Proof:

Let L.S,E, [f (x,h,7)] =T (o, p,a‘):—j NG 5f(x h,7)dxd hd t

- r

Then
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LXShE,[f(x -a,h—p,71—x)H (x —a,h—ﬂ,r—x)]:

_III ng f(x—-—a,h-p,r—x)H(x —a,h— f,7—x)dxdhdr=

%I:I;Ije T ‘sf(x -a,h— B,71—x)dxdhdt

by putting, x —a=u , h—f=v ,T1—Kk=w Wwe get,

,W,W "77"f (u,v,w)dudvdw=| e aif T(o,p,0)
AL ]

Theorem 5: (Convolution theorem)

If  LS,E.[F(x,h1)|=f(0,p,0) ,.L.S,E.[G(x,h1)]=g(0,p,5)

T
And’LxShET[(F***G)(x,h,r)]:j(; jo jOF(x —a,h- B, —K)G(a, B, k)dxdhdt  then,

L S,E, [(F ARG ) (x ,h,r)} =L .S,E [F(x,h,7)|L.S,E [G(x,h71)] =§f (0,p,0).g(0,p,0)

Proof:
From the definition we have,

LS,E [F***G .o ]=2 j ["[e " "(F***G)(x h,7)dxd hd T

=_j ["[le [ IIhITF(x—ah B.r— K)G(aﬂlc)dadﬂd/c}dxdhdr

using the Heaviside unit step function, to get,

:_j ij(aﬂK)dadﬁd{ IH prF(x—ah B.r—K)H (x —a,h— B,r - K)]dxdydr

And by using theorem 4, we have:

_9 j [[[e s f(o 0,8)G(a, B, )dad B
=—f(a PO [ ] e "5 Gla poxrdad pdx= (0, p.00(0. .0

Property 6:
3

1t (v vy = 2L M) o
Ox Ohot

3
LS,E. M:(a,p,&) :—éf(000)+o-—5L (x,0,0)+— S ,(0,71,0) —
Ox Ohot P Yo, Yo,

0'5

2

%L E.(x.0,0)-—S,E. (O +-2L S,E.(x.he) ()
p po po
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Proof: let

& feh) Sy
LXS,,E{ v _—j [ e 77 furlanr)dxdnde

§ oo ol
=;j0 [l ° D L (xh r)dr}dxdh

:%.[ow.[owe_ax_z g e%th(x,h,r)

0

0

1 =
= [Te? fa (x,h,r)dr”dxdh

1 po po —o‘)(—z 1 ro _z
:;L [fe7 7o (O—th(x,h,O))+g_[0 e fsﬂh(x,h,r)drﬂdxdh

h

- _%jo“’ e [Te ” £, O)dh} + % [, A {j: e_% fia (., r)dh} dxdr

:_éreﬂ (0—fx(x,0,0))+ljme_”fx(x,h,o)dx}
po P

h

+% [ & { [ e’ f.,(xh, r)dh}dxdr

= éf: e f,(x,0,0)dx — %j: [ B (e, 0)dxd
+— IF’{O fx.0.0))+ j%zﬂmmnw%h

= %[(o - (0,0,0))+ 0 e f(x,0, O)dx} - % [ e [(0 - fO.1,0)+0c[ e f(x, h,O)dX} dh-

%I: e% U: e f.(x,0, T)dx} dr + Lz J.: I: e%% U: e 7 f(x,n, T)dx} dhdr
0

=2 10,0,00+ 2L (%,0,00+ 25,0, 9,00~ 22 LS, (x,1,0)
P P p p

—% [ ¢ [(o = 10,0,0))+ [ e £(x,0, z’)dx} dr+

_II pa[o f(om)mj “”f(xhr)dx}dhdr

=——f(000)+0—5L (x,0, 0)+5S (0,7, 0)—0—5LS (x, %, 0)+LE (0,0,7) -~ L E_(x,0,7)
p p p po po

—LShET (0,h,7)+ —LxShET (x,h,7)
PO PO
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3. Application of Triple Laplace — Sumudu - Elzaki

Example 3.1: consider the following third-order partial differential equation,
o’u
Ox Oy ot

With the initial conditions:
u(x,y,0)=e"" u(x,0,t)=e"",u(0,y,t)=e"" ,u(x,0,0)=e",
u(0,y,0)=e" ,u(0,0,t)=e" ,u(0,0,0)=1 (4

+u(x,y,t)=0 3

Solution: Using the triple Laplace — Sumudu - Elzaki transform of both sides to Eq. (3), to obtain,

3
L.S,E {a—u (x,h, r)} +L S, E [u(x,h,7)]=L.S,E_ [0]5)

| ox onor
Also we considering the double transform of Eq. (4) to get,
T(o,p o):; T (c,0 5):5—2 T(0,p 5):5—2
PO o) oiea] T Y T o]

2
T(6,0,0)=——  T(0,p,0)=—— , T(0,0,5)=—
o—1 1-p 1+5

,7(0,0,0)=1 (o)

Substituting Eq. (6) into Eq. (5), to get

o o o o| 1 o o o| 1
e i ol m};{ﬁ}
9
Y2

[o-1][i-p]| pL1+5
1 o| o
[-rli+o] wE=ls

o+pé|_o o+po
T(G’p’5)|: pé‘ }_p{[d—l][l_p][l_i_é‘]}

52
[o—-1][1-p][1+6]

Applying the inverse triple Laplace — Sumudu - Elzaki transform of equation (7) to get,
u(x,y,t)=e""

DI D

T(o,p,0)= (7

Example 3.2: consider the following third-order partial differential equation
ou
Ox Oy Ot
With the initial conditions:
u(x,y,0)=cosx cosy ,u(x,0,t)=cosx cos(—t),u(0,y,t)=cosy cos(—),
u(x,0,0)=cosx ,u(0,y,0)=cosy ,u(0,0,¢)=cos(—t),u(0,0,0)=1 9)

+u(x,y,t)=cosx cosy cos(—t)+sinx siny sin(—) (8)

Solution: taking the triple Laplace — Sumudu - Elzaki transform of both sides to Eq. (8), to obtain,

3
L.S,E. [#u (x ,h,r)} +L S,E [u(x,h,7)]=L.S,E_ [cosx cosy cos(—t)+sinx siny sin(—)]  (10)
x OhOT

And by applying the double transform of Eq. (9) we get,
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T (0,p,0)=

T(0,0,0)=——
1+

o B 00’ B o’
e T I A T

o T(0.p.0)=—— T(00§)—5—2T(000)—1(11)
’p7 1+p27 sV 1_52’ sV

2
o

Substituting Eq. (11) into Eq. (10), to get

o+ ps _S|opd+p8—p S to’ | S o(pd+o)

[ }T(G’p’g)_p [1+o 1+ p* [1-07] ] p|[1+0" |1+ 07 |[1-57]
_3 o(ps+o) [ po }

T(G,p,§)—p |:1+O_2:||:1+p2:||:1_52:| O'+,05

T (o,p,0)=

06’ (12)
[14—0'2][14—,02][1—52]

Appling the inverse triple Laplace — Sumudu — Elzaki transform of both sides of equation (12), to find the exact
solution in the form,

u(x,y,t)=cosx cosy cos(—t)

4. Conclusions

This work dealt with the Laplace transform and some definitions, important theorems and properties related to it,
then after that we use this transform to find the solutions for three dimensions partial differential equations of third-
order under the initial conditions, the triple Laplace — Sumudu — Elzaki transform study succeeded in achieving
solutions.
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