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ABSTRACT

This article introduces the fractional Residual Power Series Method and the Elzaki transform tool as a
way to solve nonlinear time fractional partial differential equations (ERPSM). Two physical models are
solved to show the approach utilized. The first model consists of the Rosenau-Hyman equation and the
nonlinear time-fractional Burgers equation with the required initial data.
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1. Introduction

In recent decades, many mathematical models have been reformulated using the idea of fractional
calculusbecause it was found to reflect the modeled phenomenon in a more accurate and realistic way by
replacingthe ordinary derivative with a fractional derivative (FD) in the model [1-8].

In 2013, Abu Arqub originally presented the residual power-series (RPS) method, a potent technique for
resolving both linear and nonlinear issues.

Tarig Elzaki introduced the Elzaki transform at the beginning of 2011 [6, 12], which is specified for the
function of exponential order. Consider the set's function defined as:

[l
S ={B(7):3M ,k .k, > 0,[B(0)| <M e" ,if (1) x[0,0)}

For a given function B (7) in the set S , the constant M must be finite; number % ,k, may be finite or
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infinite. The Elzaki transform denoted by the operator E is defined as

E[B(®]=T(p) :pJ.eizB(r)dT (1)

The variable p in this transforms is used to factorize the variabler .

This article's general organization is as follows: The ERPSM is proposed with the essential fundamental
technique and posed with the essential fundamental technique and examples of its application to solve
nonlinear time fractional partial differential equations, followed by conclusions. First, we start with some
fundamental concepts of fractional calculus.

2. Fundamental Concepts of Fractional Calculus

Definition: 2.1 [13]
Let B (x) be a continuous function, but not necessarily differentiable, then
i- Let us presume that B (x) = 1 where 1 is a constant, thus a- derivative of the function B (x)is

a

Ry g a>0
I'l+e)

=0 , otherwise
On the other hand, when B (x) # A hens
B (x) =B (0)+(B (x)-B(0)),
And fractional derivative of the function B (x)will be known as
DB (x)=D,B(0)+D, (B (x)-B(0)),
ii- atany positive &, (a >0) one has

17 anl
m'([(zc—'r) B(x)z,a>0. 2

a

DB (x)=JB (x) =

Definition: 2.2[12, 19]
Caputo fractional derivative of the left sidedB €C

m:f"_‘{w},m—l<aém,meN (3)

« Py

We hold properties of the operator [5, 7, 18, 19]

i- D“JB(r)=B(r),

_ TutD) o
MNa+up+1)

n

" ,n € N U{0} is known as, accordingly

D“B(r) =

ii-  J%* “Loa>0, u>-1,7>0

i- J*(D“B(r)=B(r)- 5 B (”’)(O)% :

m=0

Definition: 2.3[15, 16]
The power series

Se, (r-1,) =eote, (1)) +es (1-7, ) +..
r=0

is called a fractional power series about 7 =7,, where 7 is a variable and ¢, (r =0,1,2,...) are the

coefficients of the series, s € R *.

Definition: 2.4 [12]
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Ifm-l<a<m,meN ;

then the Elzaki transform of the fractional derivative is,
m—1
E[DB(x,7) |=p “B(x,p)- 2. p" "B (x,0) ,m—-l<a<m, (4)
i=0
3. Elzaki Transform Residual Power Series (ERPS) Method

In this section, we establish the general form of a nonlinear inhomogeneous fractional partial differential
equation:

%ZLB(K,T)+NB(K,T)+O‘B(K,T), )
T

With the initial conditions

B.(x,0)|_,=g,(), m=012,..n-1 (6)

Where L denotes a linear fraction differential operator, N is general nonlinear fraction differential
operator, and o is a known function.
Using the Elzaki transform on both sides of Eqs (5) and (6), to obtain:

a

E{%}JFE[LB(K,T)+NB(K,T)+O'B(’(J)]’ ”

Using the properties of Elzaki transform, to obtain:

p“E [B (x, r)] = mz4p2'm+k w +E [L B(x,7)+NB(x,7)+0B (x, r)], 8)
r=0 T

Operating the inverse transform on both sides of Eq. (8), to get:
B(x,7)=G(x,7)—E " (p"’E [LB (x,7)+NB(x,7)+0oB (K',T)]), )

Where G («,7) represents the term arising from the source term and the prescribed initial conditions.
The converted function is written as follows in the second phase of the residual power series method:

o0 Tra
B(x,7)=) @ (x,7)——— 10
(x,7) Z:(; A )F(l+ra) (10)
To obtain the approximate value of (11), the form of B | (x,7)can be written as
m m Z_rtz
B («,7)= ) B (x,7)=®,(x,7)+ » ® (x,7)——— 11

We combine (9) with (10), we can attain
Res, (k,7)=B, (x,7)— {G(K,T) +E7(p“E[LB,,(x,0)+NB,, (x,7)+0B, (m)])}, (12)

Substitute the 7" -truncated series (11) into (12), multiply the resulting equation by 7~"“ and then solve
the equation

t""Res, (k,7) . =0,m=12,3,. |,

7=

Here, ERPSM will give the m " _order approximate solutions with

D> B,(x,7)=B,+B,+B,+..+B,,
i=0

Tll
BOZQO(K,T) 5 BIZCDI(K’T)m

2a ma

T
B :(D 5 s S Bm :q)m ’
2 2 (k. 7) T(+2a) (#,7)

T(l+ma)
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4. Application of Elzaki Transform Residual Power Series (ERPS) Method for Fpdes

In this part, we use Rosenau-Hyman equation models with adequate beginning data and the Elzaki
residual power series (ERPSM) approach to solve the nonlinear time-fractional Burgers' equation.
Example 4.1:

Take into account the nonlinear time-fractional Burgers' equation below,

D’B (x,7)- D:B(x,7)+ B (x,7)D B (x,7)=0, 0<a <1, (13)

With the initial condition:

B (x,0) = 2« (14)
2K

For the standard case when & = 1, the exact solution of (1) is B (x,7) = 227
+27

Now, to begin the ERPS methodology stages, we transform (13) using the Elzaki transform and (14) using
the initial condition to obtain:

B (x,7)= 2+ £ (p"E (D2[B (5,7)]- ([B (<,0)][D,B (x,0)]))) - (15
Then, we write that the transformed function of (15) is of the form:
Z D, ( (16)
F(ra +1)
and the m" -truncated series of 4)is
B,(x7)=2x+) @ (K‘)T— (17)

=~ " T(ra+l)

Accordingly, the m th_ Elzaki residual function takes the form:
Res, (x,7)= B, (x,7)- 2K —

(E7(pE(D}B,,(,0)- [B,(<0)][D,B, (x7)]))) (18)

Substitute the 7" -truncated series (17) into (18), multiply the resulting equation by 7~"“ and then solve
the equation:

77" Res,, (k,7) » =0,m=12,3,..,

To define B 1(K‘, 7) we consider m =1 in (18)

Res,(x,7)= B (x,7)- 2k- E~' {paD,fE [2K+<D1(K)F(T—:_D}}+
a

1) a r° ”
E {p E([ZKJFq)l(’()m}DK {2K+(I)1(K)mD} (19)

for B, (x,7) gives

B .(x,7)=®(x)+ D, (k) ———
Ia+1)
with B (x,7) =B (x,0) = ®,(x)= 2K
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a 2a

T T
D, (K)—, ... 20
F(a+l)+ 2(K)F(2a+l)’ 20

andB ,(x,7) = ® (k) + D, (k)

( F(2a+1)]
O (k)=—4x , D,(x)=16x , D(x)=-16K| 4+ —"=|,
r (OH-I)

‘D4(K)=64K£4+r(2a+1) 2r(3a+1) J

C(a+1) T(2a+)(a+])

D, (k)= —256/({4 +

2 AT’ (a+1)+T(2a +1)
1281{8+L_2(2a+1)+ F (@) (Ga ) }F(4a+1)]. 1)

Therefore, the closed form solution of (1) -(2) is

F(2a+1) 2F(3a+1)
Fz(a+1)+F(2a+1)F(a+l)j_

r(2a+1)j

léx| 44+ ——-—72
4, 16 5, ( I (a+1)

B (x,7)= 2k — ¥+ 7% — %+ 22

(r.2) F(l+a)  TI(1+2a) I'(1+3a) 2
Now, if we substitute & = 1in (21) and (22), it gives
B (x,7) = 2(1-27+ (2)" = (2¢) +.). 23)
In (23) agrees with the Maclaurin series of
B (x,7)= —2X

1+27

Example 4.2:

Consider the following nonlinear time-fractional Rosenau-Hyman equation
D’B (x,7)- B (x,7)D)B (x,7)- B(x,7)D B (x,7)- 3D ,B(x,7)DB (x,7)= 0, O<a <1, (24)
with the initial condition:

B (x,0) = - %coszg , (25)

. . 8/1 2 K- A«T
For the standard case when & = 1, the exact solution of (24) is B (x,7) = - ?COS 4 .

As we begin the ERPS technique stages, we first apply the Elzaki transform to (24) and use the initial
condition (25) to obtain:

B (k)= S-cos’ S+ 7 (p7E ([B (0] D1 [B (x,9)] ¢

E™(pE ([B (x,0)]D,[B (x,2)]))+3E " (p“E ([B (x,0)]D? [B (x,7)])). 6)

The transformed function of (26) is then written as follows:
ra

ZCD F(ra +1)

(27)
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ra

and the m " -truncated series of (27) is
m 82{ K m T
B,(x,7)= Y B, (x7)=- —cos’—+> @ (k)——.
— 3 4 = C(ra+1)
Accordingly, the m " _ Elzaki residual function takes the form

Res, (k,7) = Bm(zc,r)+%coszg- E‘l(p“ (E[Bm(lc,r)]D,i[Bm(/c,z-)]))_

E™ (p“ (E [B (K, T)] D, [B (K, r)])) -3E"' (p“E ([B (K T)] Di [B (K T)])) : (29)

Substitute the 7" -truncated series into (29), multiply the resulting equation by 7~"“ and then solve the
equation

(28)

7" Res, (k,7)) =0,m=1273,..,

7=0
To define B 1(K, T) we consider m =1 in (29)

¢ 84 os2 X
Ta+l) 3 4

E 'S p°E —%coszf+®l(lc) L D’ —%c052£+®1(1c) 4 —~
30 4 T(a+1) 30 4 T(a+1)
84 84 K

Res,(k, p) = —%c0s2§+ D, (x)

3E7'Y p°E D, —%c052£+®1(1() ‘ D? —%C082£+q)1(1() ‘ (30)
3 4 MNa+1)| - 3 4 [Na+1)

for B m (x, 7) gives

a

T
B.(x,7)=D,(k)+ D, (xk
(K,7) = Dy (1) + D ( )F(a+1)
with B (x,7) =B (x,0) = ®,(x)= —%coszg
z_a Z_Za
d B.(k,7)=D, (k)+ D, (x +d, (k) ——,...
an 2( 7) o (%) i )F(a+1) 2( )F(2a'+1)
217 | K A K YKk
D, (k)= sim— , ® (k)=—cos— , D.(k)=—sin— ,
1 (%) 5 2 (K) 3 057 3 () 5 S0
A K AR
O,(xk)=——cos— , D (k)=——=sIn—, ... 31
4 () 17 %57 5(K) 2SI (31)
which leads to
84 Lk 24 o ok A A

Sin—+—————CO — S
4 3 T(a+l) 2 3TQa+l) 2 6TGa+l) 2

B (x,7)= —?cos
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R k A° . K
— 0§ ——————Sin—+... (32)
12T (4a+1) 2 24T(5a+1) 2

84 L, K 42 41 k),
If we replace term —?COS Z by the tem —? - ?COSE in (32) and perform some algebra

iterations
a 3 3a
Ber)= — A 1esin S| AT (A} _T° |-
3 2 2T(a+1) \2) I'GBa+1)
41 K (1)2 2 (1)4 e
—cos—|l-| =| ———+| = | ———+
372 2) TQRa+1) \2) I'da+1)

Therefore, the closed form solution of (24), (25) is,

/1 /12_ 2i+1 1
B(x,7)= — 1+s1n— Z( 1’ ( j T2 + Da+1) -

At 1
—cos— Z( )( 5 j rQia+h (33)

Now, if we substitute @ = 11in (32) and (33), it gives

42 e
B(K‘Z’)——? 1+sm— Z( )(2j il

_cos— Z( )(/er ﬁ (34)

This is fully in agreement with the Maclaurin series expansion of the exact solution:

B (x,7)= - %cosz(’(_/%j

4

5. Conclusions

In this article, a new scheme constructed by a combination of the Elzaki transform tool with the fractional
residual power series (ERPSM) is presented to solve some important nonlinear time-fractional Burgers'
type equations and the Rosenau-Hyman equation.
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