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ABSTRACT

This paper investigates a mathematical analysis of an extended predator- prey model that includes
logistic growth for prey population and interspecific competition influencing both species. To incorporate
more realistic ecological interaction, the classical Lotka-Volterra model is extended by incorporating a
carrying capacity for the prey and competitive terms. The equilibrium point of the extended model is
derived and derive stability analysis using linearization and Jacobian matrix. Numerical simulations are
performed to demonstrates the dynamic behavior of the system under various initial conditions. This
study highlights that including logistic growth and interspecific competition yield a more precise and
robust representation of the predator -prey dynamics. This result provides valuable understanding
ecological balance and help in managing biological populations in competitive environments.
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1. INTRODUCTION

Mathematical modelling plays an important role in understanding and analyzing the dynamic of
predator-prey interaction in ecological system [1,2]. The relationship between predator and their prey are
crucial for balancing ecosystem [3,4]. The earliest and most important contributions to theoretical
population biology were made by Alfred J. Lotka in 1920V. Volterra in 1927 during the early 20t century.
Their works represent one of the first mathematical model to explain the interactions between predator
and prey population [5]. This classical model, now known as Lotka- Volterra model or predator-prey
model, has become a cornerstone of mathematical biology and population ecology [6,7].

In particular, the predator-prey model is a crucial tool in mathematical biology, and plays an important
role in enhancing our understanding of how populations interact with real world environment. Lotka-
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Volterra model is a set of paired non-linear ordinary differential equation used to represent the
interactions of two populations out of which one is taken as prey and another is predator. The Lotka-
Volterra models are developed from experimental data and observations and use to make predictions.
Biological or ecological or ecological phenomenon is influenced not only by its current value but it also
depends on past history. The Population is an ecological interaction where a predator feeds on a prey. In
ecological prediction happens across various scenario like in interaction among wild animals, between
herbivores and plants and between host and parasite. If the predator species is to persist over many
generations, it must consume enough prey otherwise its population its population will decline over time
and may eventually drive to extinction. On the other side if predator consume more prey the prey
population will decline and predator will also die out from starvation. The population of prey grows
exponentially in the absence of predators while the population of predators depends entirely on prey
availability for survival and reproduction [4,7,8]. Although highly influential, the classical model assumes
unlimited resources and ignores ecological constraints such as intra-species competition, environmental
carrying capacity, and external mortality factors, which makes it unrealistic in many real-world contexts
[3,4,9,10,11,12].

To address these limitations, researchers have extended the model by introducing logistic growth for the
prey, which imposes a carrying capacity and restricts unbounded growth [8-10]. Other extensions
include interspecific competition [6,10,13] and variable carrying capacity. Such refinements provide a
more accurate description of biological and ecological systems [11, 12, 13, 14].

In this study, we propose a modified predator-prey model that incorporates logistic growth for the prey
and interspecific competition between species. This formulation overcomes two limitations of the
classical Lotka-Volterra equations by constraining population growth and accounting for competitive
effects. The resulting nonlinear system is analysed by first formulating the model under ecological
assumptions, determining equilibrium points, and studying their local stability through eigenvalue
analysis of the Jacobian matrix. Furthermore, global behaviour is explored using phase-plane analysis
and numerical simulations. These results provide deeper insight into ecological balance and may serve as
a tool for managing biological populations in competitive environments.

2. CLASSICAL PREY-PREDATOR MODEL

Let x(t] and ¥(t) be the population of prey and predator at time t. According to the assumption this prey-
predator dynamic is governed by system of non-linear differential equations

%: or — ,[J_rj ':J.:] obh =0 (prey)
% = —cy—dxy ...(2) ¢£.d =10 (predator)
Where:

e 0 represents growth rate of prey

e b represents rate at which predators destroy prey

e ¢ represents death rate of predators

e d represents rate at which predators increase by consuming prey

3. ANALYTICAL SOLUTION OF THE MODEL

When the prey population x(t) is large the predator population has plenty of food, which cause their
population y(t) increase. As the number of predator increase more and more of the prey x(t) is consumed
as food leading to sharp decline in prey population. As prey becomes scare, y(t) stops increasing due to
lack of food. Therefore, giving the remaining prey a chance to recover and grow [4].

When y(t) = 0and x(t) = 0, then the equation (1) becomes
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dx _
o= ax
On integrating this gives the solution
= x = ce® (here c is constant of integration)
Let =(0}) = x,

As initial condition we get, x, = ¢
Therefore we have  x(t) = x,8%*
Which shows that prey population grow exponentially in the absence of predators. Further when
x(f) = 0and y(t) = 0 then equation (2) becomes
On integrating we get solution
=y=ce " (€, being constant of integration )
Let ¥(0) = y, as initial condition , therefore we get
2y(t) = pe ™
Which shows that the predators population driven to extinction in the absence of prey
Now from two non-linear differential equations (1) and (2) above to produce a single differential equation
as
dy _ dxy-cy
dx  ax-bxy

- dy — yidx—cy

dx  xla-By3
On separating the variable we get
a-by dx—c¢

dy = dx

e
=% _ 4y = ddx —Zdx
¥ E

On integrating we get

= alogy - by = dx- clogx +v ... (3) where v is constant

This is analytical solution of the system (1) & (2)
A complete phase plane diagram of the predator prey system is show in fig. (1a)
With initial condition is given below

(x(0).y (@) = (12,6): (x(0).y (0)) = (16,12);

(x(0)y (D) = (617); &(0).y(0)) = (25.7)
= 1.5,d = 0075

Multiple Lotka-Volterra Cydes

And parameter valuea = L.0,b = 0.1 ¢

Predator ()

10 20 30 40 0
Prey (x)

Figure 1a: phase plane diagram of the predator prey system
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Meanwhile the relationship between the predator-prey versus time is represented in the figure (1b) below

5 LB

o 1o 20 30 40 S0

I pres” predastor I

Figure 1b: prey-predator dynamics of (1) & (2) fora = LLb = 0.4.c = 0.1
d= 04 x(0) = 10,y (0) = 5

From the above graph it is shown that there is an interaction between two species, indicating that as the
population of other changes accordingly. This increase or decrease in prey population will also increase
or decrease in predator population and conversely.

4. MODIFIED MODEL WITH LOGISTIC GROWTH AND COMPETITION

To study the interaction between prey and predator populations under realistic ecological constraints, we

extend the classical Lotka-Volterra framework [4,7,8]. The following assumptions are made:

e Prey dynamics: In the absence of predators, the prey population grows logistically with intrinsic
growth rate ¥ and carrying capacity K[1,2,5,8]

e Predator-prey interaction: Encounters between predators and prey occur at a rate proportional to
their product. Each such interaction reduces the prey population and contributes to predator growth
[5,6,17].

¢ Competition and mortality: In addition to natural mortality, both species experience extra losses due
to interspecific competition. These effects are modelled by the terms & (extra prey mortality) and
8~ (reduction in predator growth efficiency)[7,12,13].

e Predator dynamics: The predator population declines naturally at rate din the absence of prey, but
benefits from prey consumption with conversion efficiency p[17,18]

Based on these assumptions, the system is described by the following nonlinear differential equations

dx , X

e r.r(].—;)—nx_j‘—ﬁj_x ............. 4)
v

d—i =fxy—-dy-&.xy )
where:

o x(t) represents the prey population at time &

e v(t) represents the predator population at time £

e 1 represent the intrinsic growth rate of the prey

e K isthe environmental carrying capacity of the prey

e & is the predation rate

e [ represent the conversion efficiency of consumed prey into predator reproduction
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e d represent the natural predator death rate
e ) represents additional mortality in prey due to interaction stresses,
e 4 represents reduction in predator benefit due to ecological or environmental constraints.

The model extends the classical Lotka-Volterra system [4,7,8] by including a logistic term in the prey
dynamics [5,6,8,10] and additional interspecific competition effects [6,11,12,13]. These modifications not
only constrain unbounded growth but also reflect realistic ecological scenarios where both prey and
predators are affected by external pressures such as limited resources, disease, or habitat restrictions
[12,14,15].

5. EQUILIBRIUM POINTS AND STABILITY ANALYSIS
For equilibrium points we set

& —0and L=g

dt dt
Then the system (4) & (5) becomes

= m(l-2)- @+ 6y =0 . (A)
= By - dy — Gy =0 ---(B)

We proceed step by step, from equation
x(r(1 - -+ 5y )= 0
this gives, x = Dar t'(l - E)— (@ + 8)y=0
=l -2 = (a+ 6y .(0)
From equation (B)
y(Bx=d = 6,x)=0
This gives y = Dor fx—d— d,x = [ ...(D)
First equilibrium point of the system (4) & (5) is trivial equilibrium
Setx = 0&y = 0
E, = (0.0}, this corresponds to extinction of the prey species
Second equilibrium point of the system (4) & (5) is prey only equilibrium
Let y = 0 using equation (A)
©ox
"X (J. - EJ =0
x=0&x=FK
We already have x = 0in Ej
So another pointis E;, = (K.0]
Third equilibrium point is coexistence equilibrium
This occurs when x = 0.y = 0
From equation (B)
ylfx—d — &.x) =0
= fix— d,x=d asy#0
> x(@ - 8.)=d
d
(B - %2}

Now from equation (A)

(L — =)= (a + 8y = 0

=x" =

= x(1 —%]- (a+ &)y =0 asx =0

=~r‘(1—x§-] ]—{u + 6 y*=10
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= r'(l —x?] ]: (o + 6,0y

. X
:1_:—?"{]'_?]
YT T+ 6
(1 - =sp)
A (G
Y I T a6y
rl1-—=2—])
o = (2 )
[p—oz) oy

Existence condition for E*(positive coordinates)
(B —-—6.)=0d<K(@pB - &)
(In simple term, predator must have positive net conversion (f — &;]and predator death rate must be

small enough relative to available prey at carrying capacity for persistence.) See standard
stability /invasion results [3,11,12,13].

To determine the local stability of the equilibrium points, we need to compute the linearization of the
system (4) & (5), which is obtained from the Jacobian matrix of the system (4) & (5), See [3,9,10] for more
information about such calculations. For the system (4) & (5), the Jacobian is the following;:

2
JGy) = r'(l - }{—XJ—{Q + &y —la + & )x
) @ — &)y (Bx — 6, x — d)
5.1 Equilibrium at (0,0)
_r 0
0= ]

The corresponding eigenvalue of the matrix are 4, =+ =0 and 1, =—-d
This shows saddle point
5.2 Equilibrium at E, (K,0)

EJ_':K. U] = ?"{J_ - -:‘\_:“:] _{Dt + SL]K ]
0 (p—6.)K —d

[-r —la+ 6K

&9 =0 @-s)k-a

The corresponding eigenvalues are 4, = —r <0 , 1, =K(g —§,) - d

The stability depends on

o If K(f—0,)=dthend,; <0 alsod; =0 this shows £ is locally asymptotically stable (predators
cannot invade).

o If K{ﬂ - 15:: =d then 1, >0 thisshows £ is a saddle (unstable against predator invasion). saddle

g - ?I)

B-8a" o+ &1

5.3 Equilibrium at coexistence point E* (

IEY=[ay ol

Where a;; = ?‘(1 - HIE:E Py ) - ’"(1 - ;;.Ed_g,u)
_ 2d _ d
= ’"(L ke -o) TEE- 5:3]
e e
—rd
:ﬂLL:nuﬁ_g,c
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—{a+Ey33

[B—-821

=ay :’"('{3—5:]—5)

1
I

= o =.S‘—LE~:{B - &) —d

and n:L={_ﬁ—L’i:]r(1— : )

Bqyn =
L K(f—£)

= e =0
Now to compute trace and determinant of J{E™)

e Trace
tr(J) = ay; + az
—rd
=wll) = ':3——5:] =0
e Determinant
det() = ayy850 — a5 842
dy/(a+ &,)d
dee) = 04750 = &)(LLE 82

(8 —6z)

det(_l]=r(1 ]{u+5l]n’:=-l]

_ a4
k(B - 6,)

Whenever E” exist( = 'L). Thus det(]) = 0 & £r(J) < 0,this gives both eigenvalues have negative

P
real parts and therefore the coexistence equilibrium &7 is locally asymptotically stable (either a stable
node or a stable spiral) whenever it exists. This is consistent with standard coexistence/stability results
for logistic predator-prey models with competition [3,13,16]

Node vs. spiral (real vs. complex eigenvalues):

If det(J)= 0 and Trace(]) - 4det(J)= 0

Let the characteristic equation of the matrix f be 4% — (&r(J) JA + de t(J) = 0. The qualitative nature of this

stability depends on the discriminant: discriminant A= (#r(]) }: — ddet(])

e ifd= D :eigenvalues real — stable node

o if A=< [: complex conjugate eigenvalues — stable spiral with damped oscillations.
e if A=0: repeated root — degenerate node

Now to compute the discriminant at the coexistence equilibrium

A= (ﬁ] —=1-(r (1 - ﬁ]{u + sl]d]

Since the existence condition for coexistence requires

[8-8.)0K =1

the second term is positive and dominates the squared term. Hence obviously A< 0

which implies that the coexistence equilibrium is always a locally asymptotically stable spiral whenever it
exists.

6. NUMERICAL SIMULATIONS
To validate the analytical findings, now we perform numerical simulations for the proposed predator-
prey model under logistic prey growth and interspecific competition between both species for the model
(4) & (5) let

r=083K = 100,a = 0,03, §, = 0.02,8 = 0.03,5, = 0.005,d = 0.5
initial condition x(0} = 40,y(0} = 30
The simulation results of this case are shown in figure population vs time and Phase Diagram given
below

Bulletin of Pure and Applied Sciences- Math & Stat. / Vol 45E, No.1 /January-June 2026 7



Raju Kumar and Dr. P.K. Choudhary

Population vs Time

FPopulation /\
20 \/\/\l

T T T T v
20 40 [t} 30 100
Tirme

Predator (v} I

=]

[— ®rev >

Figure 2a:
Phase Diagram

Predator (33 =0

T T T
10 20 30 40
Prey (x)

Figure 2b:

For the model (4) & (5) let r = 0.80,K = 100,a = 0.02, §,= 001, = 0.03,6,=0.005,d = 0.4,
initial condition x(0} = 40 ,y{0} = 20

The simulation results of this case are shown in figure population vs time and Phase Diagram given
below

8 Bulletin of Pure and Applied Sciences- Math & Stat. / Vol.45E, No.1 /January-June 2026



An Investigation on Dynamics and Stability of a Predator-Prey Model with Logistic prey growth and
Interspecific Competition

Population vs Time

Fopulation

10 |
L |
0 20 40 60 80 100
Time
I — Prey {xX) Predator (v} I
Figure 3a:

Phase Diagram
40+

35

30
Predator ()

257

20+

10 20 30 10
Prey (x)

Figure 3b:

7. CONCLUSION

This paper presents the dynamic of a predator-prey model and modified with logistic prey growth and
interspecific competition. Incorporating a logistic prey growth and interspecific competition provides a
more realistic model in ecological scenario. Logistic prey growth means the prey population does not
grow infinitely meaning it increases initially but slow down and stabilizes due to limited resources.
Interspecific competition indicates each species affect the other’s growth negatively

Numerical simulations of the system (4) & (5) indicate that the system exhibits damped oscillation
eventually reaching a stable state at coexistence equilibrium where both populations survive over time.
The phase diagram of the system (4) & (5) plotting predator population against prey population. The
solution curve is spiral and converges to a stable interior equilibrium indicating that the system moves
towards a stable coexistence equilibrium. These graphical results align with linear stability analysis
where the Jacobean matrix is evaluated at the equilibrium points has complex conjugate eigenvalue with
negative real parts, indicating a stable focus. The plot of population versus time of system (4) & (5)
indicates the predator-prey populations oscillate initially with large amplitude. However, after some time

Bulletin of Pure and Applied Sciences- Math & Stat. / Vol 45E, No.1 /January-June 2026 9



Raju Kumar and Dr. P.K. Choudhary

the oscillation decline and converges to steady state values. This shows damped oscillation in the
presence of locally asymptotically stable equilibrium. The extended model offers both theoretical and
practical understanding of the population dynamics in real ecosystem, contributing to ecological stability,
biodiversity conservation and environmental sustainability.
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