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ABSTRACT

In this research paper, we introduce a new quadratic functional equation and determine its general
solution. Under suitable assumptions on the modular, we establish the Hyers-Ulam stability of this
equation in modular spaces by direct method. These results extend classical stability theorems for
quadratic mappings to the modular-spaces. Additionally, we present a counter example demonstrating
the instability of the equation in certain cases.
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1. INTRODUCTION

In 1940, S.M. Ulam was the first to propose the stability of homomorphisms between groups [1]. The first
affirmative answer to this question was given by Hyers in 1941 [2]. Hyers’ theorem was generalized by
Aoki and Th. M. Rassias independently [3,4]. The functional equation
2 (x1 +x3) + (%1 — x3) = 260(x1) + 260(x3) @

is said to be the quadratic functional equation. A function which satisfies (1) is called quadratic function.
Some quadratic type functional equations has been introduced by several authors and also established
many results concerning the Hyers-Ulam stability ([5], [6], [7], [8] [9], [10], [11], [12], [13], [14]. [15]).
Nakano [16] studied the theory of modular linear spaces in 1950, since then this theory have been
thoroughly established by many authors, referred as ([17], [18], [19], [20]). Recently Aboutaib et al. and
Tamilvanan et al. established stability results for different type of functional equations in Modular Spaces
[21].

In the present paper, we use the direct method to investigate the stability of new quadratic

functional equation
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n n n
Z o —2x% + Z x5 |=Mm—-6) Z go(xi +x]-)—(n2 —8n+3)z o (x)
i=1 J=1i%] 1<i<jsn i=1
)
where n # 1 is a finite natural number in modular spaces.
We first recall some basic notions and properties in modular spaces, as in ([22], [23], [24]).

Definition 1.1 Let Z is a vector space over K, a generalized functional @ : £ — [0,0) is termed as a

modular if, for every u,x € £ (where K= C or R)

(@) w(u) =0 ifand only if u=10

(b) w(Bu) = w(u) forall § € K with || =1

() w(fu+yx) <wu) +w(x), when f,y=20and f+y=1

() w(fu+yx) < pw(u) +yw(x), forall B,y =0 and f+y =1.

If we use (¢) at the place of (c) then, the modular @ is called convex modular. If @ is a modular on a

vector space E then the set
Ew = {u € Z:lim,_ w(tu) = 0}.
is modular space. Let us denote Zw is a linear subspace of Z.
Definition 1.2 Let Ew be modular space and {x,} be a sequence in EZw, then
(i) {xn} is w-convergent to a point x € Ew and write x,, = x if w(x, —x) = 0 as n - oo.

(i) {xn} is termed as w-Cauchy if for given € >0 we have @w(x, —x,) <€ for sufficiently large

m,n € N.
(iii) A subset A € Ew is termed as w-complete if any @w-Cauchy sequence is w-convergent in A.

2. SOLUTION OF EQUATION (2)

The general solution of the functional equation (2) is found in this section. Now onwards we assume that

-

E and W are real vector spaces.

Theorem 2.1 If a function :E — W satisfies the functional equation (2) for all x4, x,,...,x, € E, then the

functional equation (2) is quadratic, that is % satisfies the equality,
P+ x2) + (% — X3) = 260(x1) + 26(x2)

for all x,,x, € E.

Proof: Suppose :Z — W satisfies (2).
Putting x; = x, = --- = x, = 0 in (2), we have #(0) = 0.
Replacing (x4, x,, ..., %) by (x,0,...,0) in (2), we get
$(=2x) + (n = Dp(x) = (n— 6)(n — Dp(x) — (n* — 8n + 3)p(x)
P(=2x)=m?*-7n+6-n2+8n—-3—n+1)pk)
$(=2x) = 4p(x)
Now taking x; = x, =x and x3 = -- = x, = 0 in (2), we have
20(—x) + (n — 2)p(2x) = (n — 6)p(2x) + 2(n — 6)(n — 2)go(x) — 2(n* — 8n + 3)g(x)
20(—x) + 4p(2x) = 18%€(x) )
Replacing x by —x in (6), we get
P (2x) = 4p(—x)
From (7) and (8), we have
p(=x) = p(x)
So, g is an even mapping, hence by (6) we have
P2x) = 2%p(x)
for all x € E. Now, replace x by 2x, we have
$(22x) = 2*p(x)
Continue like this, we generalize
P(2"x) = 22" p(x)
forall x € £ and for any n > 0.
Similarly, we have

3)

~ e~~~
o Q1 &
- =

©)

(10)
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$27x) = 27" p(x)
If we take x; = x, = x3 = x and x, = - = x, = 0 in (2) we have
(n—3)p3x) = (n - 6)[3p(2x) + 3(n — 3)p(x)] — 3(n* — 8n + 3)p(x)
(n—3)pBx) = (12n— 72 + 3n? — 27n + 54 — 3n? + 24n — 9)p(x)
(n=3)pBx) = (In = 27)p(x)
if n#3
$(3x) = 9(x)
if n=3
$(2x) = 46(x)
We claim that @ (kx) = k?p(x).
Now, we shall prove it by the principle of mathematical induction.
assume that
2 (mx) = m*§(x)
for all m < k.
Now taking x; = x, =x3 = - x = x and xx;4; = - = x, = 0 in (2) we have
kk—1
ko((k —3)x) + (n — k) (kx) = (n — 6)[ ( )go(Zx) + k(n — k)@ (x)] — k(n? — 8n + 3)p(x)
k(k —3)%p(x) + (n — k)@kx) = (n — 6)[2k(k — 1)g(x) + k(n — K)g(x)] — k(n? — 8n + 3)p(x)
(n — k)¢ (kx) = k(2nk — 2n — 12k + 12 + n? — nk — 6n
+6k —n? +8n—3 — k% + 6k — 9)p(x)
(n — K)gp(kx) = k(nk — k?)gpx)

So,
P (kx) =K p(x)

Also, by taking x3 = x4, = x5 =...= x,, = 0 in (2) we get

£ (2xy — x3) + P (x; — 2x3) = 9 (x1) + 9(x2) — 4(x1 + X3)
Replacing x, by —x, in (16) and using (8), we get

P(2x; + x2) + (%1 + 2x3) = 9 (x1) + 90 (x2) — 4 (x1 — x3)
Replacing x; by x; + x, in (16), we get

£ (2xy +x3) + p(x1 — x3) = 99 (X + x2) + 9(xz) — 46 (x1 + 2x3)

£ (2xy +x3) = 90 (x1 + x3) + 96(x5) — 40(x1 + 2x3) — (%1 — X3)

Using (18) in (17), we get

P(x1 + 2x;) = =360(x1) + H(x1 — %) +30(x1 + x3)
Interchanging x; and x, in (19) and using (9), we get

P 2x1 +x2) = =30(x2) + (X1 — x2) + 3(x1 + x3)
By using (19) and (16) in (13), we have

=3p(xz) + (x1 — Xx2) + 30 (x1 + x2) — 30(x1) + £(x1 — x2) + 30(x1 + x3)
= 90 (x1) + 960(x2) — 4 (x1 — Xx2)

on solving this we obtain that

P +x2) + (X1 — x3) = 260(x1) + 269 (x7)

which is equation (1). Hence functional equation (2) is quadratic.

(11)

(12)

(13)

(14)

(15)
(16)

17)

(18)
19)

(20)

(21)

(22)

Result 2.2 Let F be a linear space, if a function ¢:E — F satisfies the functional equation (2), then the

following results will hold:
(1) &€(qts) = q**&(s) follall seE,qeQ,t€Z
(2) If ¢ is continuous, £(s) = sé(1) follall s € E.

3. HYERS-ULAM STABILITY OF (2)

In this section, we take Z be a real vector space and Ww be a complete modular space. Here, we present

the Hyers—Ulam Stability of the functional equation (2). For the mapping f :£ - Ww, we define:
Dt@(xlﬁxz""'xn) = ?:1 p(_le' +Z§l=1,i¢j x])
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—(TL - 6) Zl<l<]<n So(xl + x]) + (Tl —8n+ 3) Z =1 So(xl) (23)
for all x;,x5,...,x, € E.
Theorem 3.1 Let ¥: E" — [0,0) be a function such that

hm —lp(mel,mez, v 2Mx,) =0

and

520 mP(21%,0,...,0) < o0 (24)
for all x4,x,,....x, € E. If a mapping §:E - Ww with (0) =0 and

@ (D (X1, Xz, X)) < WX, Xz, 00, Xn). (25)
for all xq,x;,--+, %, € E, then, there exists a unique quadratic mapping Q,:EZ —» Ww satisfying

() — (1) < 5 T2 P (2'%,0, ...,0) (26)

for all x € E.
Proof: Replace (xq,x3, ..., %) by (x,0,...,0) in (25)
w(P(2x) = 2°p(x)) < P(x,0,-,0)
@ (p(0) - 222) < Z9(x,0,-.,0)

. 1
and by convexity of @ and ¥iZ;! 75 < 1, we have

P2"x) _1 (p@ix)  p@Eitix)
(SO(X) 22m )—ZD'( ?=10 ( 221 22(i+1))

< m_lw(mz'x) so(ziﬂx))

= 4i=0 221 p2(+D)

SISt 5 $(21%,0,...,0) 7)

forall x in E. So,

P peh) 1 p(2Mtaty) t
ZD—( 22m 22t ) 22t w( 22(m-t) - 80(2 x))
1

ST 1221¢(22x0 .,0)

= 2 Zl fl 121 [l (2 x, O ) (28)
2 2
P(2Mx)

for all x in E and all non negative integers m,t with m >t. Thus { o } is a Cauchy sequence in

complete modular space Ww, so there exists a Q,:E - Ww as

lim 2570 = 0, (x) (29)
m-—oo
for all x in Z. Now,
22Qz(%)-Q2(2x) P 1) JCIND)
o (e @en) w<42 (— Q:(2) + (@) - 2 ))
1 (pe™ $™* 1)
< o (P57 - Q@) + 5o (@ - ) (30)
for all x in E, then by (29) right hand side of (30) tends to 0 as m — oo. Thus
Q2(2x) = 2%Q,(x) (31)
Now,
_ 2 2i+1 2m Q2(2
o) - QX)) <o ( {nOl (p(zziX) - ‘oz(z(i+13)6)) + W(szx) - 22(236))
2m12
< SRS (2, 0,..,0) + o (B2 - 0,(21))
1 1 2m=12
< SIS p(2ix,0,..,0) + s w (L2 - 0,(21))
(32)
for all integer m > 1 and for all x in E. Applying m — o, we get the required result.
Replacing (xy,x5,++,x,) by (2Mxy,2Mx,,++,2™x,) in (25), we get
@(Dgp(2™xy, 2Mxy, -+, 2™ x,)) < Y (2Mxy, 2™ x5, o+, 2™ Xy,).
for all xq,x,,...,x, € E.
Therefore
@ (5 D27y, 275, 0, 270y ) S (2701, 2705, 20y, (33)

Taking the limit m — oo, we get
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DQz(xl,xZ,...,xn) =0 (34)
for all xy,x5,...,x, € E.
To prove the uniqueness of Q,, let T,: £ - W@ be another quadratic mapping satisfying (26).

@ (;0:00 —31() < 3w (U5 - 250 + 1w (P50 - 20

22m 22m 2 22m 22m

Lyo L (2i2Mmy, 0, ...,0)

= Sam &i=0 21
oo 1 i
=Xitm 5z ¥(2'x,0,...,0)
By taking m — oo, we have Q, =T,
Therefore, the function Q, is unique. This completes the proof.
Corollary 3.2 If a mapping ¢:Z - W with £(0) = 0 and

@(DS(x1, Xz, %n) < Xiey 1] [P (35)
for all x4,x,,+,x, € x, then there exists a unique quadratic mapping Q,:E - Ww satisfying
llx1I?
@) = QX)) =550 (36)

for all x € E.
Corollary 3.3 If a mapping ¢:E - W with £(0) =0 and

[1DS (x1, %2, -+, %) || < Xieq (1211 37)
for all xy,x,,--,x, € E, then there exists a unique quadratic mapping Q,:Z —» Ww satisfying
P
11Q206) — E@)I| < (38)

forall x € E.

Now we discuss the non-stability to the functional equation (2), with the help of an example (motivated
from [7]) as follows:

Example 3.4 Let a mapping ¢:R — R be defined as

o 9(2*
00 =3, 222 (39)
2
where g(x) = {gx ’ (le)lcsle< 1

then the mapping ¢:R — R satisfies the inequality
IDE (xy, Xz, -+, )| < (3n° — 2502 + 28n — 12) ZO XL, |x;? (40)
for all x4,x,,--+,x, € R,n = 8, but there does not exist a quadratic mapping Q,: R — R, which satisfies

6() — Q)| < elx? 1)
for all x € R.
oo Tx 0 6
Proof: Now [£(9)| < N5, [£52] = oy o =2

Thus ¢ is bounded. Now we will prove that ¢ satisfies (41). If x; =0 for i =1,2,..n then (41) is
obvious. If ¥, |x;|? = ziz then L.H.S of (41) is less than (3n® — 25n? + 28n — 12)%9. Now suppose,

Tkl < iz then there exists a positive integer m such that
2

1

2 1
s S Zim Inl® < 5

— 22m

so, that

2(m-1 2 1 52(m-1 2 1
2 (m )|x1| <2—2,2 (m )lle <2—2,...,
22mDx, |2 < = and 2™|x;| < 1,2™x,] < 1, ., 2" x| < 1

So, consequently

n n n
Z <—2m+1xi + Z zmxj> Z 2m(x; + xj),z 2Mx; € (-1,1)
i=1 j=1,i#j 1<i<jsn i=1

Therefore for each t = 0,1,2,....,m — 1, we have

Py (225 B iy 20%) Dasicyen 28 (2 + %), B0, 20 € (11,
And so, DE(2x,, 2tx,, ..., 25x,) = 0 for t=0,1,2,..,m — 1.
Now,

o 1
|DE (x1, X2, .o, xn)| < XiZo 2t IDE(2'x1, 2%, ..., 252y) |
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w 1
< Xitm ;(Z?:l lg(=2""1x; + Z?:l,i;tj 2tle
+(n = 6) Ticicjen 1925 + 25x)| + (n* = 8n + 3) XL, |g(2x))]

» 1 (3n3-25n%2+28n-12
S N A G e— L
8(3n3-25n%+28n—-12 1
=X 29 x

22(m+1)
16(3n3—25n2+28n-12) n 2
= 3 O Xty |l

Thus ¢ satisfies (41) . If possible, we assume that there exists a quadratic solution Q,:R — R satisfies
(41). For every x € R, since ¢ is a continuously bounded function, @, is bounded on every open interval
containing the origin and continuous at the origin. Q, must be of the form Q,(x) = cx? for all x. So,

|E(x)| < (g + |c])|x|? for all x € R. We can find s > 0 with s§ > e+ |c|. If x € (0

1
7 gs-1

), then 2tx € (0,1)

forall t=0,1,2,..,s — 1, we have

w 9@t
() = X0 J2t
t,\2
> %13 250 = s0x? > (e + [eDx?

1§00) — Q2 (3)] > elx|?.

which is contradiction.

CONCLUSION

In this research paper we introduced a new quadratic functional equation in n-variables and discussed
it's Hyers-Ulam stability using direct method in modular spaces. We have also given a counter example
for non-stability to the functional equation.
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