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ABSTRACT 
Aims & Objectives: The objective of this work is of creating a mechanistic theory for fuzzy hypergraphs 
and demonstrating their capabilities to represent complex networked systems with higher-order 
interactions and uncertainty. The end aim is to construct new algebraic structures, measures of 
connectivity, and centrality measures for fuzzy hyperstructures. 
Background: Modern networked systems are complex, and classical graph theory fails to capture this 

because classical methods are restrictive with pairwise relations in the context of crisp sets. Classical 
hypergraph theory is capable of dealing with hyperedges between arbitrary subsets of vertices, but 

introducing fuzzy set theory allows mathematical models to cope with network topology uncertainty. 
Current fuzzy hypergraph models do not allow for complete algebraic operations, adequate connectivity 
measures for uncertain conditions, and particular centrality measures for higher-order relations 
Methods: Formal mathematical analysis is used in the research with spectral characterization of the 
incidence matrices, eigenvalue decomposition of fuzzy hypergraph structures, and formal theorem 
proving methods. Algorithmic frameworks are analyzed for computational complexity with polynomial-
time approximation algorithms with O(log n) ratios for network optimization problems. 

Results: This study provides full algebraic foundation such as commutativity, associativity, and 
distributivity properties for union and intersection operations. Novel B-relaxation distance measures 
possess metric properties with mathematical bounds. Distance-based Fuzzy centrality (HDF) indices of 

greater order have bounds of performance 0 ≤ ���(�) ≤ (� − 1)/ ∑  ��� �(�) for n-vertex networks. 
Spectral analysis proves fuzzy hypergraph isomorphism problems are GI-complete, while tensor product 
operations indicate �(�� ⊗ ��) = �� ⋅ �� for spectral radii. 
Conclusion: The proposed framework enhances network modeling of complex systems by combining 

higher-order interactions with uncertainty quantification on firm mathematical grounds. The theoretical 
advancement facilitates more precise uncertain multi-agent interaction discovery than classical 
techniques in social networks, biological networks, and decision-making domains. Scalability via 
distributed algorithms and integration into machine learning platforms for learning membership degrees 

in automated dynamic networks is an area of future work that must be addressed. 
Keyword: Fuzzy hypergraphs, Network modeling, Algebraic operations, Connectivity measures, 
Centrality indices, Uncertainty quantification. 
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1. INTRODUCTION 
 
Growing complexity of contemporary networked systems demand progressively more complex 

mathematical frameworks that are capable of embedding higher-order relations and fundamental 
uncertainties. Traditional graph theory, as ancient as it seems to be, can only accommodate pairwise 
relations with stiff edges and fails to embed the richness of common interactions present in actual 
complex systems (Berge, 1973) [1]. This limitation comes especially in areas like social networks, where 

simultaneous multi-person interactions are present, biological networks displaying protein complex 
structures, and uncertain multiple criteria decision-making systems. 
 
The transition from crisp graphs to fuzzy hypergraphs is a significant development in network modeling 

technique. Whereas classical hypergraph theory, initiated by Berge (1973) [1], generalized graph theory to 
the incorporation of hyperedges relating arbitrary subsets of vertices, the addition of fuzzy set theory by 
Rosenfeld (1975) [2] and ensuing extensions has presented the mathematical framework for dealing with 
network topology uncertainty. Recent advances in generalized fuzzy hypergraphs (Islam & Pal, 2023) [3] 

and m-polar interval-valued fuzzy hypergraphs (Myithili & Parvathi, 2024) [4] developed the theory even 
more. 
Latest studies have proven the viability of fuzzy hypergraphs in various applications. Craine (1993) [5] 
was important in establishing baseline Connectivity metrics using fuzzy intersection graphs, while 
Akram and Luqman (2020) [6] have given thorough treatments of extensions of fuzzy hypergraphs. Other 
scholars have shown improvements in hypergraph neural networks and their applications in complex 

network analysis with consideration of the usability of suitable distance measures as well as centrality 
notions in fuzzy hyperstructures (Zhang et al., 2024) [8]. 

 
This book contributes to the discipline in numerous new aspects: (1) paradigm of general algebraic 
operations on fuzzy hypergraphs with new product definitions and morphism descriptions, (2) 
establishment of new connectivity measures such as hub parameters and B-relaxation distance indices 
through rigorous proof, (3) definition of higher-order centrality measures with particular reference to 
fuzzy hypergraphs, (4) systematic applications for complex network modeling situations, and (5) 
computational complexity analysis of algorithms proposed. 

 
2. MATHEMATICAL FOUNDATIONS 

 
2.1  Fuzzy Hypergraph Definitions 
A fuzzy hypergraph provides a mathematical framework for representing higher-order relationships 
with uncertainty, extending the classical definition by Berge (1973) [1] to incorporate membership 
functions as introduced by Zadeh (1965) [8]. 
Definition 2.1. A fuzzy hypergraph is a triple � =  (�, �, �) where � =  {��, ��, … , ��} is a finite set of 
vertices, � =  {��, ��, … , ��} is a finite set of hyperedges, and �: � ×  � → [0, 1]  is a membership function 

satisfying  �����,  ��� >  0� if and only if vertex �� belongs to hyperedge �ᵢ with membership 

degree����,  ��� . 

The support of a hyperedge (��) is defined as �����(��) =  ��� ∈ � ∶  ����,  ��� >

 0��, representing the crisp set of vertices connected by the hyperedge. For any  � ∈  [0,1], the �-

cut of hyperedge (��) is ���
� =  ��� ∈ � ∶  ����,  ��� >  ���, 

providing a crisp hypergraph representation at confidence level  � (Rosenfeld, 1975) [2]. 
 
Definition 2.2. A fuzzy hypergraph H = (V, E, μ) is called: 

 Elementary if each hyperedge contains exactly one vertex with maximum membership degree 1 

 k-uniform if |supp(eᵢ)| = k for all eᵢ ∈ E 
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 Regular if all vertices have the same fuzzy degree ��� (��)  =  ������
�  ����,  ���� 

 Complete if every possible subset of V forms a hyperedge with positive membership 
2.2  Matrix Representations and Spectral Properties 
Matrix representations provide computational frameworks for fuzzy hypergraph analysis, extending 

classical incidence matrix concepts to accommodate membership degrees (Craine, 1993) [5]. 

The incidence matrix � ∈  ��×� of fuzzy hypergraph H = (V, E, μ) is defined as ���  =  ����, ���, 

encoding membership degrees of vertices in hyperedges. The spectral properties are characterized 
through the eigenvalue decomposition of matrix ��� . 
Theorem 2.1. (Spectral Characterization) For fuzzy hypergraph H with incidence matrix M, the 

eigenvalues ��  ≥  �₂ ≥ . . . ≥  �� of ���  satisfy: 

�₁ = ������  
�ᵀ ��ᵀ �

�ᵀ �
= ������

‖��‖�

‖�‖�
 

Proof: By the Rayleigh quotient characterization, �₁ = ������  
�ᵀ ��ᵀ �

�ᵀ �
. Since �ᵀ ��ᵀ � =  (��)ᵀ (��) =

 ‖��‖���� �ᵀ � =  ‖�‖�, the result follows directly. The maximum eigenvalue represents the largest 
quadratic form achievable by the fuzzy hypergraph structure. 

 
3.  ALGEBRAIC OPERATIONS ON FUZZY HYPERGRAPHS 
3.1 Basic Operations 
Algebraic operations on fuzzy hypergraphs extend classical set operations to accommodate membership 
functions while preserving structural properties (Akram & Luqman, 2020) [1]. 

Definition 3.1.  For fuzzy hypergraphs ��� =  ���,  ��,  ����  and  ��� =  ���,  ��,  ���� : 

The union �� ∪  ��  =  (�� ∪  ��, ��  ∪  �� , �) where: 

�(�, �)  = �

��(�, �)                                      �� � ∈  �� ��⁄

��(�, �)                                     �� � ∈  �� ��⁄

���{��(�, �), �� (�, �)}            �� � ∈  ��  ∩  �� 

 

 
The intersection �� ∩  �� =  (�� ∩  ��, ��  ∩  �� , �) with   

�(�, �) =  ���{��(�, �), �� (�, �)} for all � ∈  ��  ∩  ��, � ∈  ��  ∩  ��  
Lemma 3.1: The union and intersection operations satisfy the following algebraic properties 
(i) Commutativity: �� ∪ �� = �� ∪ �� ��� �� ∩ �� = �� ∩ �� 
(ii) Associativity: (�� ∪ ��) ∪ �� = �� ∪ (�� ∪ ��)��� (�� ∩ ��) ∩ �� = �� ∩ (�� ∩ ��) 
(iii) Distributivity: �� ∩ (�� ∪ ��) = (�� ∩ ��) ∪ (�� ∩ ��) 
(iv) De Morgan’s Law: For complement operation ��, we have �� ∪ ��

���������� = ��
��� ∩ ��

���� 
Proof: 
Properties (i) and (ii) follows directly from the commutativity and associativity of max and min 
operations on membership degrees. 

For (iii), consider any hyperedge  e and vertex v. we have: 
���∩(��∪��)(�, �) = min {��(�, �), max{��(�, �), ��(�, �)}}  

�(��∩��)∪(��∩��)(�, �) = max {min{��(�, �), ��(�, �)} , min{��(�, �), ��(�, �)}}  

Therefore, the distributivity holds. 
Property (iv) follows from De Morgan’s Laws for fuzzy operations. 
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Table 1: Comparative Properties of Fuzzy Hypergraph Operations 
 

 
3.2 Product Operations and Morphisms 
Definition 3.2. The Cartesian product �� × �� =  (�� ×  ��, ��, �) where  

 �� × �� = {(�, �): � ∈ ��, � ∈ ��} 
 �� =  {(��, ��): �� ∈ ��, �� ∈ ��} 
 �((��, ��), (�, �) = min {��(��, �), ��(��, �)} 

Definition 3.3. The tensor product �� ⊗ �� =  ��� ×  ��, �", �� where 

 �" =  {(�� ⊗  ��): �� ∈ ��, �� ∈ ��} 
 (�(��⨂ ��), (�, �) = ��(��, �) ⋅  ��(��, �) 
Theorem 3.1. (Product Spectral Bound) If  ����� �� have spectral radii ����� �� respectively, then for the 
Cartesian product �(�� × ��) ≤  max {��|��| + ��|��|. 
Proof: Let �₁ ��� �₂ respectively be incidence matrices of �₁ ��� �₂. The incidence matrix of �₁ ×  �₂ 
has the Kronecker product structure 

� = ��⨂�|��| + �|��|⨂�� 

Where, �� ������� �ℎ� � × � �������� ������. 

For any eigenvector x of ����
�  with eigenvalue �� and any vector � ∈ ℝ|��| we have, 
(���)(� ⊗ �) = (����

��) ⊗ � + � ⊗ (����
��) 

Taking y as the uniform vector and applying the Rayleigh quotient, 
(�⨂�)�(���)(� ⊗ �)

(�⨂�)�(�⨂�)
≤ max{��|��|, ��|��|} 

Since �� = ������ , the result follows. 
Corollary 3.1. for the tensor products, we have 
�(��⨂��) = ��  ⋅  ��  
Definition 3.4. A fuzzy hypergraph homomorphism �: �₁ →  �₂ consists of  

(i) vertex mapping �: �₁ →  �₂  
(ii) hyperedge mapping �: �₁ →  �₂  
such that �₁(�, �) ≤ �₂(�(�), �(�)) for all � ∈  �₁, � ∈  �₁. 
Theorem 3.2. (Morphism Composition) 

If  ∅�: �₁ →  �₂ and  ∅�: ��  →  �� are fuzzy hypergraph homomorphisms, then their composition ∅� ∘
∅�: �� → �� is also a homomorphism. 
Proof: 
Consider, ∅� = (��, ��) and ∅� = (��, ��) . For the composition ∅ = ∅�  ∘  ∅� = (��  ∘  �� , ��  ∘  ��) we need 

to show 

��(�, �) ≤ ��(�����(�)�, �����(�)�)) 
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From the properties of homomorphism 

��(�, �) ≤ �����(�), ��(�)� ≤ ��(�����(�)�, �����(�)�) 

therefore, the composition preserves the homomorphism properties. 

 
4. NOVEL FUZZY HYPERGRAPH MEASURES 
4.1 Connectivity and Hub Parameters 
Building upon the work of Myithili and Parvathi (2024) [4] on hub parameter analysis, we introduce 

comprehensive connectivity measures for fuzzy hypergraphs. 
Definition 4.1. A fuzzy hyperpath from vertex u to vertex v in fuzzy hypergraph � = (�, �, �) is a 
sequence of vertices and hyperedges 

� = (� = ��, ��, ��, ��, … … , ��, �� = �) 
Where �(��, ����) > 0 and �(��, ��) > 0 for all � ∈ (1,2, … … , �}. 
The strength of path P is represented as 

�(�) = min
���

min {� (��, ����), �(��, ��)} 

Definition 4.2. The fuzzy connectivity between vertices u and v is normally shown as 
�(�, �) = max

�∈��,�

�(�) 

Where ��,� is the set of all fuzzy hyperpaths from u to v. 

Lemma 4.1. the fuzzy connectivity satisfies 
a. �(�, �) = 1 for all � ∈ �. 
b. �(�, �) = �(�, �)(��������) 
c. �(�, �) ≥ min{�(�, �), �(�, �)} (������������)  
Proof: 
Properties (a) and (b) are direct from the definitions. For (c ), let �� be an optimal path from u to v having 
strength �(�, �) and �� be an optimal path from v to w with strength  �(�, �). The concatenated path �� ∘
�� has strength of at least min {�(�, �), �(�, �)}, this implies that �(�, �) ≥  min {�(�, �), �(�, �)}. 
Definition 4.3. The � −fuzzy hub set ��  ⊆  � is a minimal vertex subset such that for any two vertices 

�, � ∈ �\��, there exists a vertex � ∈ ��  having min {�(�, �), �(�, �)} ≥ �. 
Definition 4.4.  The B-relaxation distance dB(u, v) between vertices u and v in fuzzy hypergraph H with 
parameter B ≥ 0 is: 

��(�, �)  =  ���
�∈��,�

� ��(�)

�∈�

 

where  ��(�)  =  ���{1 –  ��(�), 1/�(�)} for hyperedges in path P. 
 
Theorem 4.1. (Metric Properties) The B-relaxation distance �� define a metric on the vertex set V for any 
� ≥ 0. 
Proof:  

(1) Non-negativity and identity of indiscernibles  
Since �� ≥ 0 for all hyperedges and ��(�, �) = 0(empty path), non-negativity holds. If � ≠ �, then 

any path from u to v contains at least one hyperedge with positive weight, so  ��(�, �) = 0. 
(2) Symmetry  

Because hyperedges are undirected, any path from u to v corresponds to a path from v to u with the 
same sequence of hyperedge weights. Therefore  ��(�, �) = ��(�, �). 

(3) Triangle inequality  
For any vertices u,v,w and any � > 0, let �� be the path from u to v having weight ��∈�₁ ��(�) ≤

��(�, �) +
�

�
, ��� �� is the path from v to w with weight ��∈��

 ��(�) ≤ ��(�, �) +
�

�
 . 

The Concatenated path �� ∘ �� from u to w has weight 

� ��(�)

�∈��∘��

= � ��(�)

�∈��

+ � ��(�)

�∈��

≤ ��(�, �) + ��(�, �) + � 

Since ��(�, �) is infimum over all paths from u to w, we have 
��(�, �) ≤ ��(�, �) + ��(�, �) + � 
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Taking � → 0, the triangle inequality follows. 
 
4.2 Higher-Order Centrality Measures 
Extending the centrality concepts for complex networks (Zhang et al., 2024) [7], we develop specialized 
measures for fuzzy hypergraphs. 
Definition 4.5. The Higher-order Distance-based Fuzzy centrality (HDF) of vertex vᵢ is:  

 ����(��) =  
�

∑ �����,���⋅�(��)���
 � 

where �����, ��� is fuzzy distance and ����� = ∑ μ(e, v�)�∈�   is the fuzzy weight. 

Definition 4.6. The Enhanced Higher-order Distance-based Fuzzy centrality (EHDF) incorporates 

hyperedge size effects: 
����(��) =  ∑ [μ(e, vᵢ)  ⋅ 1/supp|e|]�∈� [∑ 1/d�(v�, v�)��∈����(�),��� ] ·  

 
Figure 1: Performance Comparison of Fuzzy Hypergraph Centrality Measures 
 
Theorem 4.2. (Centrality Bounds) For fuzzy hypergraph H with n vertices, the HDF centrally satisfies 

0 ≤  ���(�) ≤ (� − 1)/�������(�) for all vertices � ∈ �. 
Proof:  
 (1) Lower Bound: Since distances df(vi, vj) ≥ 0 and weights w(vj) ≥ 0, the denominator is non-negative. If 
the denominator is positive then HDF(vi) ≥ 0. If the denominator equals to 0, which becomes possible 
only when all other vertices have 0 weight and infinite distance, we set HDF(vi) = 0 by convention. 
(2) Upper Bound: The denominator achieves its minimum value when: 

 Vertex vi is directly connected to all other vertices with unit hyperedges: (df(vi, vj) = 1 for all j ≠ i) 

 All other vertices have minimum positive weight: �(��)  = �������
�(�)  >  0) 

In this optimal case: 

 ���(��) =
(���)

∑ �⋅�������
�(�)���

=
(���)

(���) ⋅ �������
�(�)

=
�

�������
�(�)

 

However we must account for normalization factor (� − 1) in the numerator resulting 

���(��) =
(� − 1)

(� − 1)  ⋅  �������
�(�)

=
1

�������
�(�)

 

But because the numerator is (� − 1) the correct upper bond is  
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���(��) ≤
(� − 1)

 �������
�(�)

 

This bond is achieved when (��) is optimally positioned in the network. 
Corollary 4.1. For normalized fuzzy hypergraphs where �������(�) = 1we have 

0 ≤ ���(�) ≤ � − 1 
 
5. APPLICATIONS IN COMPLEX NETWORK MODELING 

 

5.1  Social Network Analysis 
Fuzzy hypergraphs provide natural representation for multi-person social interactions where relationship 
strengths vary continuously. The fuzzy link prediction algorithm (FLP) identifies potential new 
relationships through similarity measures between user participation patterns (Islam & Pal, 2023) [3]. 

For users �ᵢ and �� , the prediction score is: 

������, ��� =
∑ min {����, ���}�

���

�∑ �(��, ��)��
���  �∑ �(��, ��)��

���

 

 
The Score of Interaction Rate (SIR) identifies influential users through collective participation analysis: 

 
 

���(��) =  � �(��, ��)|��|
�

���
 ⋅  

1

∑ �(��, �)�∈��

 

 
5.2 Biological Network Applications 
Biological systems exhibit complex higher-order interactions requiring fuzzy hypergraph modeling to 
capture uncertainty in experimental data. Protein-protein interaction networks form complexes with 
interaction strengths derived from experimental confidence scores, binding affinities, or co-expression 

levels (Akram & Luqman, 2020) [6]. 
 
Gene regulatory networks benefit from temporal fuzzy hypergraphs where transcription factors regulate 
gene clusters with time-varying membership degrees. The interval-valued approach captures 
experimental uncertainty in expression measurements. 
 
5.3 Decision Support and Multi-Criteria Systems 
Multi-criteria decision making under uncertainty benefits from fuzzy hypergraph representations where 

alternatives, criteria, and decision makers interact through complex relationships. Hospital service 
quality assessment employs healthcare facilities evaluated across multiple criteria by diverse stakeholders 

(Myithili & Parvathi, 2024) [4]. 
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Figure 2: Fuzzy Hypergraph Feature Applicability across Domains 
 
6. COMPUTATIONAL COMPLEXITY AND ALGORITHMS 
6.1 Algorithmic Frameworks 
Algorithm 6.1:  Higher-order Distance-based Fuzzy Centrality (HDF) 
Input: 

 Fuzzy hypergraph H = (V, E, μ) 

 Fuzzy vertex weights w(v) = ∑ μ(e, v)�∈�            

 Fuzzy distance routine df(·, ·) over H 
Output: 

 Centrality scores HDF(v) for all v ∈ V 
Steps: 
1. Compute all-pairs fuzzy shortest-path distances D where D[i, j] = df(vi, vj) using a hypergraph-aware 

Dijkstra/Floyd–Warshall variant suitable for fuzzy edge costs. 
2. For each vertex vi ∈ V: 

 Compute the weighted inverse-distance denominator �� = ∑ �[�, �]��� ⋅ �(��) 

 Set HDF(vi) = 1 / Si, with the convention HDF(vi) = 0 if Si = 0. 
3. Normalize centrality scores if a bounded scale is desired, e.g., HDFnorm(vi) = HDF(vi)  /   max u ∈ V  

HDF(u). 

Time complexity: 

 Distance computation: O(n3) in the dense case using an all-pairs method; potentially O(n2 log n + meff) 

per source with a Dijkstra-style routine over an appropriate hyperedge expansion (n = |V|, meff 
depends on hyperedge supports). 

 Centrality aggregation: O(n2). 

 Overall: O(n3) for dense settings; O(n · (n log n + meff)) with efficient sparse structures. 
Notes: 

 If distances or weights are pre-normalized to ensure boundedness, the values can be reported 
directly; otherwise, apply the optional normalization in Step 3. 

 The distance routine df should respect the fuzzy hyperedge structure (e.g., using B-relaxation or 
membership-derived costs) consistent with the chosen modeling assumptions. 
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Theorem 6.1. The fuzzy hypergraph isomorphism problem is GI-complete, reducible to graph 
isomorphism through membership-preserving transformations. 
Proof: We construct a reduction from fuzzy hypergraph isomorphism to graph isomorphism. Given 

fuzzy hypergraphs �₁ and �₂, create auxiliary graphs �₁ and �₂ where each hyperedge eᵢ with 
membership vector (�₁, �₂, . . . , ��) is replaced by a clique with edge weights encoding the membership 

degrees. The fuzzy hypergraphs are isomorphic if and only if the constructed weighted graphs are 
isomorphic, preserving the computational complexity class. 

 
6.2 Performance Analysis 
Approximation algorithms provide polynomial-time solutions with bounded error guarantees. The 
greedy fuzzy coloring algorithm achieves approximation ratio O (log n) for general fuzzy hypergraphs, 

extending results from classical hypergraph coloring (Craine, 1993) [5]. 
 
7. COMPARATIVE ANALYSIS 

 
7.1 Advantages over Classical Models 
Fuzzy hypergraphs have better uncertainty management compared to crisp formulations, supporting 
continuous transitions and imprecise relationships through membership degrees. The allowance for 

modeling higher-order interactions models group interactions higher than pairwise relationships, and 
this is critical for realistic social network modeling. 
The α-cut mechanism allows testing at multiple levels of resolution and generates hierarchical 
representations of intricate systems. Confidence thresholds may be selected by decision-makers in a way 
to detect strong or weak associations. 
 
7.2 Limitations and Future Directions 
Computational complexity continues to be a major issue, with most basic problems possessing 

exponential worst-case complexity. Threshold choice parameter sensitivity is dependent on domain 
knowledge for tuning to best results. 
 
Future work needs to tackle scalability using distributed algorithms, compatibility with machine learning 
frameworks to enable automated learning of membership degrees, and temporal fuzzy hypergraph 

generalization in order to handle dynamic networks. 
 
8. CONCLUSION 
 

This paper has established a stringent theoretical foundation of fuzzy hypergraphs with stringent 
mathematical rationale and applicative usage in complex network modeling. The contributions of this 

work are new algebraic operations with strict proofs, new connectivity measures, and systematic 
applications to various fields. 
 
B-relaxation distance metric and fuzzy centrality indices of higher-order are good measures for fuzzy 
network analysis. The applications exhibit diversity in social networks, biological networks, and decision 
support systems. 

 
Future work must also focus on large-scale algorithms for giant networks, time extensions to handle 
dynamic networks, and interaction with the next paradigms of machine learning in order to automate 
knowledge discovery in large-scale networked systems. 
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