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ABSTRACT

In this work, we introduce a generalized type of multiplicative metric space so-called quasi multiplicative
metric space (abbreviated as g-multiplicative metric space). We state and prove fixed point theorems in this
space. Also we investigate geometric properties of common fixed points in the context of the fixed-circle
problem. To do this, we propose some new solutions to the fixed-circle problem on g-multiplicative metric
space
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1. INTRODUCTION

In 1906, Frechet introduced the notion of metric space. We can see recent generalizations of metric space
and concern topological structures in literature. (See, e.g.,[1-16]). Bashirov et al. [1] studied the concept of

multiplicative calculus. After that O zavsar et al. [17] were the first researchers who discussed multiplicative
metric mapping by giving some topological properties of the relevant multiplicative metric space. They
observed that the set of positive real numbers R+ is a complete multiplicative metric space with respect to
the multiplicative absolute value function. Furthermore, they mentioned concept of multiplicative
contraction mapping. For more details, (see, e.g., [17,18]).

Definition 1.1 [17] Suppose that X is a non-empty set. A function d : X X X — R is called a multiplicative
metric if it satisfies following conditions:

1. d(n, §)=21; foralln,{€X and d(n, ) =1 ifand only if n = §

2..d(n, ) =dSn); foralln,§ €X;

3. d(n, &) <d(n, 2).d(z ), forall n,§z € X.

Then the (X, d) is called multiplicative metric space (MMS).
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Example 1.1 [1] Let R be the set of all n- tuples of positive real numbers. Let d*: Rt x R} — R*
be mapping defined as follows:

* * *

X" | %2 X3 Xn |"
e =2 2B )
Y AL ) V3 Yn
where x = (X1, .., %), ¥ = V1, ., ¥n) € RYand|.|": R — R* is defined by
a if a=1
* — 1
lal [E ifo<a<1

Then it is easy to see that d is a multiplicative metricon RY .
Example 1.2 [1] Suppose thatw > 1 is a fixed real number. Then d,,: R™ X R™ — R defined by

n xwi %
duGoy) ==yl =] [

i=1
holds the multiplicative metric conditions. Note that d,, satisfies the following relation:

[]

i=

wi|’

wYi

— WZ?=1|xi—yl'|*

In this paper, we introduce the new notion of g¢-multiplicative metric space. We prove fixed point theorems for
single mappings and a common fined point in g-multiplicative metric space.

2. FIXED POINT THEOREMS IN Q-MULTIPLICATIVE METRIC SPACES

First we introduce the concept of g-multiplicative metric space which generalizes the concept of multi-
plicative metric space as following

Definition 2.1 Let X # ¢. g-Multiplicative metricis amapping d, : X X X = R*, for all x,y,z € X
satisfying the following conditions,

(i) dq(x,y) = 1,and dq(x,y) = 1 ifandonlyifx = y;

(1)) dq(x,y) < dq(x,z).dq(z,y).

where d; is called g-multiplicative metric(q-MM) and (X, d;) is called g-multiplicative metric spaces (g- MMS)
Example 2.1 Let X = R* U {0}. Define d: X X X - [1,00) as:

d,,&) = a" ¢ vpiex, az=1
Then (X, d) is g-multiplicative metric space.

Definition 2.2 (Multiplicative continuity) Let (X, d1) and (Y, d;2) be two g-multiplicative metric space and f : X — Y
be a function. If f holds the requirement that, for every € 21, there exists 6 > 1 such that f(Bs(x)) € Be(f(x)), then we
call f multiplicative continuous at x € X.

Definition 2.3 Let (X, d,) is g-multiplicative metric space, then we have

(i) A point x € X is said to multiplicative limit point of W < X, if and only if

(Be(x){x}) N W +# @ forevery e > 1.

(ii) A set W c X is multiplicative closed in (X, d;) if W is contains all of its multiplicative limit point.
(ii) A set W is multiplicative bounded if there exist x € X and L > 1 suchthatW & BL(x).

Definition 2.4 A sequence {x,} in g-converges to x if
lim dq(x,,x) = lim dq(x,x,) =1
n —oo n—oo

In this case x is called a g-limit of {x,}.
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Definition 2.5 A sequence {x.} in g-multiplicative metric space (X, d;) is called g—Cauchy if for all

€>1, there exist no € N such that for all n, m = no, we have dg(xn, Xm) < €, and dy(xXm, xu) < €.

Definition 2.6 A g-multiplicative metric space (X, dy) is called complete if every q-Cauchy sequence in it is g-convergent.
Definition 2.7 (Multiplicative open set): Let (X, dq) be a g-multiplicative metric space and W < X. If every point of
W is a multiplicative interior point of W, this mean, W = int(W ), then W is called a multiplicative open set.

Now, we state the following lemma without proof.
Lemma 2.1 (i) Let (X,dq) be an g-multiplicative metric space and {1, }7~ is g-multiplicative
Cauchy if and only if

adqMn, Mm) -4 1, as n,m — oo,
(it) An g-multiplicative metric space (X, dq) is complete if every multiplicative Cauchy sequence in X
is convergent itself.

Lemma 2.2 Suppose that (X, d;) is g-multiplicative metric space. Then any subsequence of convergent sequence in X is
convergent.
Theorem 2.1 Let (X, dq) be complete g-multiplicative metric spaceand f + X — X be amap such that

d(fx,fy) < max{dq(x,x),dq(y, fy),da(x,y),dq(x, fy), da(fx,y)}* @)
forallx,y € X, where A € [0,%) and f is continuous. Then f has unique fixed point.
Proof: Let x, be an arbitrary point in X. Define a sequence {x,}in X by
Xn = [Xn_1, forn=1,2, ...
Case I: If x,, = x,, , 1 for someno=1,2.., then it is clear that {x,} has a fixed point.
Case II: assume x,, # x,, ., + 1 for all n. Then from (1)

dq(Xn, Xne1) = Aq(fxn_1, fxn)

max {dq(xn_1, fXn_1),dq(Xn, %), dq(Xn_1, %), dq (Xn_1, [%n), dq(fXp_1, % )}
max {dq (xn—lr xn)r dq (Xn, xn+1)r dq (xn, xn), dq (xn—lr xn+1), dq (xnr Xn )}A

max {dq (xn—ll Xn )r dq (xn ’ xn+1)l dq (xn—ll xn)r dq (xn—ll Xn ) dq (xn, Xn+1), dq (xnr xn)}/1
dq(xp_1,x2)*. dq (X , xp1)*

dq(xn_q, % Y222 Ldq(xp , X )?

= dq(xn—l'xn)zzzllk -(xn'xn+1)/1n

= dq (xn—l'xn)zgcl:llk

A A IA

IA

A
dq(xn’xn+1) = dq(xn—lvxn)H

for all n € N and take h = =~
Thus
dCI(xn’xn+1) S dCI(xn—lixn)h (2)
Therefore,

dq(fxp—1,Xn) < dq(fXn—2,fxn—1)"(3)
Similarly

dq(fxn,Xnt1) < dq(fXn—1, fxn)"(4)

Therefore,
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dq(fxn ,Xny1) < dq(fXn—1,fXn )h
<dq(fxn_2,f%n-1)"

< dq(fxn—3, fxn—2)"

< dq(fxo, fx)™"

There exits ngp ¢ N and Consider n, mc N with n > m. From (ii) of Definition 2.1, we conclude
inductively that

n—1

= dqComx) < | [ dgCeixiin)

i=m

n—1

dqCemx) < | | dgCroxinn)
ooi=Tn
dqCem,x) < | [1dqCro,x)17 R
i=m

We utilize the fact that the logarithmic is a continuous and increasing function. This leads to

log dq(xym, x,) < log (1_[[ dq (o, xR )

i=m

_ (Z Rl log[ dg(xo,x:)])

= (log [ dg(x0,x1)]) Z R

m

h
= (log [ dq(xo,x)D) 75, (h €[0,1))

sum of a Geometric progression. As 11, n — o, we get
109 [dq (X , X )] =4 0 )
We use the fact that the exponential function is continuous. We apply the exponential function on both
sides of (5) and get
dq(Xm,Xn ) 2¢ lasm,n — oo

This makes {fx,,} a multiplicative Cauchy sequence by Lemma 2.1.
From assumption, we know that X is complete. This means that there is z € X such that lim x,, = z.

n-oo

From the construction of the sequence {x,,}, we have x,, = x,,,;. Takingn — oo, we have
lim x,, = z=1limx,,,4.

n—-oo n—-oo
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Asz € X, thereisw € X such that fw = w, we claim that w is a fixed point of f .
Letx = x, and y = w in (1). Then we have
dq(fxn, fw) < max{(xn, fxn),dq(w, fw),dq(xn,w),dq(xn, fw),dq(fxn, w)}h

dq(fxn,w) < max{dq(xn, fxn),dq(w,w),dq(xn,w),dq(xn,w),dq(fxn, w)}h 6)
Since fis continuous function. Hence, on taking n — coin (6) v;rle have,
dq(fz,w) < max{dq(z, fz),1,dq(z,w),dq(z,w),dq(fz,w)} @)
dq(zw) < max{1,1,dq(z,w),dq(z,w),dq(z w)}? ®)

Suppose u = dy(z, w), v =1 deduce that for some 0 <h <1, we have
dq(z,w) < 1 = dq(z,w) = 1(+ Definition2.1) =z =w
making z the unique fixed point of f.
Popa [18] utilized the idea of implicit function to unify the fixed point theorems.
Now, we define the following class of implicit functions as follows:
Let ® be a family of all continuous real functions 8 : [1, ©)¢ — [1, ) and the following conditions:
(61) 8 is non-increasing in the fifth variable and
© (u,v,v,u,v.u,1) <1 for u,v 21 implies that v <u" for some h € [0, 1).
(62) 0(u, 1,1, u, u, u)>1 for all u>1.
Example 2.2 The following functions 0 € © satisfy the properties (61) and (62)
() O(ty, ty ts ty ts, te) = z—g where a € [0,1)
@) O(ty, ty, ts, by, ts, ) = (tzttﬁ
(ii)) O(ty, ty, ts, ta ts, ts) = (:::;C where ¢ € [0, %)
Theorem 2.2 Let (X, dq) be compete g-multiplicative metric space and f = X — X be a map. Assume that © is a
family of all continuous real functions 0:[1,00)¢ — [1, o) exists satisfying (61) and (02) such that
O (dy(f, fy), dul, ), doly, fi), doCx, ), doCx, fy), do(fx, 1) <1, ©)
forall x € X, and f is continuous. Then f has unique fixed point.
Proof: Let xo be an arbitrary point in X. Define a sequence {x,,} in X by
Xn = [Xn_1, forn = 1,2,...
Firstly if x,,, = Xpn 41 forsomeno=1,2, .., thenitis clear that {x,,} has a fixed point. Secondly, assume
Xn # Xn+1 for all n. Then we have from (9)

dq(Xn, Xny1) = dq(fxn_1,fxn)

0(dq(fx, fy),dq(x, fx),dq(y,fy),dq(x,y),dq(x, fy),dq(fx,y)) < 1,

0 (dq(fxn—llfxn)/ dq(xn—l/ fxn—l)/ dq(xm fxn)/ dq(xn—ll xn)/ dq(xn—l/ fxn)/ dq(fxn—ll xn)) <1,

0 (dq(xn, xn+l)/ dq(xn*l, xn), dq(xnz xn+l)/ dq(xnfll xn)/ dq(xnflz xn+l)/ dq(xm xn)) <1,

0 (dq(xn/ xn+1)/ dq(xnfl/ xn)/ dq(xn/ xn+1)/ dq(xnfll xn)/ dq(xnfl/ xn)-dq(xn/ xn+l)/ dq(xn/ xn)) <1
From (i) of Definition 2.1, we note that dy(xs, x,) = 1.

If we set u = dq(x,, Xp41), v = dq(x,_1,x,), becomes

6 (u,v,v,u,vu, 1)) < 1. (10)
From (ii) of Definition 2.1, we note that

where t, > t,,b € [O, %)

dq (xn—ll xn+1) = dq (xn—ll xn)- dCI (xn' xn+1)
< uvw.
From the assumption 8 is non-increasing in fifth variable. Therefore, 10, implies that
O (u,v,v,u,0u, 1)) <1
This implies that there is 1 € [0, 1) such that u <v"

dq (xn—l Ixn) = [dq(xn!xn+1)]h(11)
Extending (11) for large n, we get
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dq(xn'xn+1) S [dq(xn—llxn )]h
< [dq(Xp—2, Xn_)]"
< [dq(Xp_z Xn_2)]"
< [dq(p—4 Xpn_3)]""

= dq(xn, Xns1) < [dqCxo,x)]™"
Consider n, m € N with n > m. From (ii) of Definition 2.1, we conclude inductively that

n—1

dqCemxn) < | [ daCroxenn)
i=m

n—1

dqCom ) < | [ daGroxinn
i=m

dqCemxn) = | [1dqCro,x)1Rl
i=m
We utilize the fact that the logarithmic is a continuous and increasing function. This leads to

log dq G, %) < log (1_[[ dg o, ¥ Rt )

= log(z ht log| dq(xo; x))
= (1oé_[mdq(x0,x1)]) XiZmh'

= (log [ dgq(x0,x1)D ﬁ (h €10,1))
sum of a Geometric progression. As m, n — o, we get
log [dy(n, )] —4 0 (12)
We use the fact that the exponential function is continuous. We apply the exponential function on both
sides of (12) and get
dg(%m, xn) —¢ 1 as m,n —
This makes {fx,} a multiplicative Cauchy sequence by Lemma 2.1.

From assumption, we know that X is complete. This means that there is z € X such that lim x,, = z.

n—-oo

From the construction of the sequence {x,}, we have x,, = x,,+1. Taking n — o, we have

lim x,, = z=lim x,,44.
n—-oo n—oo

As z € X, there is w € X such that few = w, we claim that w is a fixed point of f.
Let x =x, and y =w in (9). Then we have
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© (dqg(fxn, fu), do(xn, fxu), do(w, few), dg(xn, W), do(xXn, fe0), dg(fxn, w)) <1

© (dq(fan, w), do(xn, fxu), do(w, w), dg(xn, W), dg(xn, W), dyg(ftn, w)) <1 (13)
Since 0 is continuous function. Hence, on taking n — oo in (13) we have,
O (dy(fz, w), dy(z, f2), 1, dy(z, w), dg(z, w), dg(fz, w)) <1 (14)
O (dy(z, w), 1, 1, dy(z, w), dy(z, w), dy(z, w)) <1 (15)

By the property (02) with u = dy(z, w),v =1 deduce that for some 0 <h <1, we have

u <" = dy(z, w) <1 = dy(z, w) = 1(~ Definition2.1) = z = w

making z the unique fixed point of f.

From the above theorem, we obtain the following results as special cases.

Theorem 2.3 Let (X, d;) be compete q multiplicative metric space and f : X — X beamap satisfying the condition

dq(fx,fy) < dq(x,y)™

forallx,y € X, 0 <hy <1. Then f has a unique fixed point in X.

Theorem 2.4 Let (X, dj) be compete g multiplicative metric space and f : X — X beamap satisfying the condition
dq(fx,fy) < (dq(x fy)-dq(y, fx)"

forall x,yeX, 0 < h, < % Then f has a unique fixed point in X.

Theorem 2.5 Let (X, dj) be compete g multiplicative metric space and f = X — X beamap satisfying the condition
dq(fx,fy) < (dq(x,fx).dq(y, fy)"

forall x,y€X, 0 < h; < % Then f have a unique fixed point in X.

Theorem 2.6 Let (X, d;) be compete g- multiplicative metric space and f : X — X be a map said to be a Zamfirescu

satisfying the condition is true:

L dq(fx. fy) < dq(x,y)™

2 dq(fx,fy) < (dq(x, fy).dq(y, fx))"

3 dq(fx, fy) < (dq(x, fx).dq(y, fy)"s

Vx,y€X hi1€[0,1)and h, s € [0, %) TBhen f has a unique fixed point in X.

Corollary 2.1 Let (X, d;) be a g- multiplicative metric space and f = X — X be a contraction map. If
(X, dy) is complete, then f has a unique fixed point.

Theorem 2.7 Let (X, d;) be compete g-multiplicative metric space and T, f : X — X be a map. Assume that © is a
family of all continuous real functions 0: [1,0)® — [1, ) exists satisfying (01) and (62) such that

0 (dq(Tx,Ty),dq(fx, fy), dq(fx,Tx),dq(fy, Ty),dq(fx,Ty),dq(fy,Tx)) < 1, (16)
forall x € X, and f is continuous. Then f has unique fixed point.

3. Common fixed point theorems in g-multiplicative metric spaces

Definition 3.1 Let ® be a family of all continuous real functions 6: [1,00)* — [1, o) and the following conditions:
a (m) u<6(u v, Vu.v )or(a) u<6b(uov 0 Xx).

b. (1) u<6(v,vu.v,1,uv) or (b)) x <0(u, v, u, u).

then there exists a real number 0 <h <1 such that u <v".

Now we define the following conditions:
Condition (I) : Let X be a g- multiplicative metric space and S, T be two self-mappings of X such that for
all x, y € X satisfying the condition:
dy(Sx, Ty) < O(dg(x, ), do(x, Sx), dy(y, Ty), \/dqCx, T¥)-dq (7, 50)) 17)

Condition (II): Let X be a g- multiplicative metric space and S, T be two self-mappings of X such that
for all x, y € X satisfying the condition:

dy(Sx, Ty) < 0(dy(x, y), \/dq(x,Sx).dq(y, Ty), 1, dy(x, Ty).dq(y, Sx)) (18)

Theorem 3.1 Let X be a g- multiplicative metric space and S, T be two continuous self-mappings of X
satisfying the condition (I). Then S and T have a unique common fixed point in X.
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Proof: For a given xo € X and n 21, take x1, x2 € X such that x; = Sxo and x> = Tx1. In general we
define a sequence of elements of X such that x2,+1 = Sx2, and x2, = Tx2,-1 forn=0,1,2,3, - .
Now for all u € X, by condition (I), we obtain
dq(x2n+1/ x2n) = dq(stH/ Tx2n—1)
< 0(dq(x2nx2n —1),dq(x2n,5x2n),dq(x2n — 1,Tx2n — 1),
Jdq(x2n,Tx2n — 1) + dq(x2n — 1,5x2n))

= 0(dgq(x2n,x2n — 1),dq(x2n,x2n + 1),dq(x2n — 1,x2n),
\/dq (x2n,x2n).dq (x2n —1,x2n+ 1))

= 0(dgq(x2n,x2n —1),dq(x2n,x2n + 1),dq(x2n,x2n — 1),

Jdq (x2n — 1,x2n + 1))
=0(dq(x2n,x2n — 1),dq(x2n,x2n + 1),dq(x2n,x2n — 1),
\/dq (x2n —1,x2n).dq (x2n,x2n + 1))
Hence from definition 3.1 (a1), we have
dq(.’X2n+1, X2n) < [d,,(xzm X2n-1)]" (19)

where, 0 <h <1. Similarly, we have
dg(x2n, Xon-1) < [dg(x2n-1, X20-2)]" (20)
Hence from (19) and (20), we have

dq(Xon+1,%2n) < [dq(xzn-1, 35271—2)]’12

on continuing this process, we get
2n
dq(xXan+1,%2n) < [dq(x1, %0)]"

For every n >m, we have
dq(xn, xm) < du](xn, xn—l) + dq(xn—L xn—Z) + ot dq(xm+1, xm)

n—1 n—2_, ... m
< [dq(x1/x0)](h +h +---+h")

hm
< [dq(x1, x0) ] .

Since 0 < h <1, by Definition 3.1 (f_—h) < 1as m — . Hence d,;(xp, x;n) 24 1 as n,m — oo. This
shows that {x,} is a Cauchy sequence in X. Hence there exists a point z in X such that x,, = z as
n — oo, It follows from the continuity of S and T that Sz = Tz = z. Thus z is a common fixed point of
Sand T.
Uniqueness Let w be another common fixed point of S and T, that is Sw = Tw = w. Then, we have
dy(z,w) = dy(Sz Tw)

< 0(dy(z, W), dqg(z, Sz), do(w, Tw), \/dq(z, Tw).dq(w,Sz))

< 0(dy(z, w), 1,1, dg(z, W), *)
By Definition 3.1 (a2) and the inequality (*), we get

dyg(z, w) < 1.

Hence z = w and for all u € X. Thus z is a unique common fixed point of S and T.
Corollary 3.1 Let X be a g- multiplicative metric space and T be a self-mapping of X satisfying the condition

dq(Tx,Ty) < 6(dq(x,¥),dq(x,Tx),dq(y,Ty),y/ dq(x,Ty).dq(y, Tx))(21)

forall x,y €X. Then T has a unique fixed point in X.
Proof:  The proof of corollary has immediately follows from above Theorem 3.1 by taking f = T. This
completes the proof.

We prove the following theorem using the condition (II).
Theorem 3.2 Let X be a q- multiplicative metric space and f, T be two continuous self-mappings of X
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satisfying the condition (II). Then f and T have a unique common fixed point in X.

Proof: For a given xo € X and n 21, take x1, x2 € X such that x; = Sxo and x> = Tx1. In general we
define a sequence of elements of X such that x2,+1 = Sx2, and x2, = Tx2,-1 forn=20,1,2,3, --.
Now for all u € X, by condition (II), we obtain

dq(Xzns1,X2n) = dq(Sx2n, TXz0_1)

< 0(dq(xzn,x2n-1), \/( dq(Xzn-1), TX2n-1).Adq(X2n, SX2n) ,
dq (X2, TX2n-1),dq(X2n-1,5X25,) )
=0(dq(x2n,X2n-1), \/( dqXzn_1,X2n)-Aq(X2n, X2n41)
dq(xXzn,X2n ), dq(X2n , X2n41) )

=0(dq(x2n,X2n-1), \/( dq(Xzn—1,%X2n)-Aq(Xon, X2n+1)
1,dq(X2n, X2n+1) )

= 0(dq(xz2n,X2n-1), \/( dq(Xzn—1,X2n)-Aq(X2n, X2n+1)
1,dq(xzn—1,%2n) + dq(xan,X2n41) )
Hence from Definition 3.1 (b1), we have

dg(x2n+1, X21) < dg(X2n, X2n-1)" where 0 < h < 1. (22)

Similarly, we have

dq(xz2n,X2n-1) < dq(Xz2n—1 ,X2n—2 "
(23)
Hence from (22) and (23), we have

2
dq(xXzn41,%2n) < dq(X2n—1 ,X2n—2 D"

on continuing this process, we get
2n
dq(xanys1,%2n) < dq(x1,%0)"

For every n > m, we have
dQ(xnrxm ) = dQ(xn rxn—l) + dCI(xn—lrxn—Z) + + dq(xm+1 Jxm)

= [dQ(x1/xo)](hn_1+hn_2+m+hm)
nm
< [dq(x1,x0)]1-R .

Since 0 < h <1, by Definition 3.1, (%) <1 as m — «. Hence dq(x, ,x,;,) as n,m — . This

shows that {x,}is a Cauchy sequence in X. Hence there exists a point z in X such that x, — z as
n — oo, It follows from the continuity of S and T that Sz =Tz = z. Thus z is a common fixed point of
Sand T.

Uniqueness Let w be another common fixed point of S and T, that is Sw = Tw = w. Then, we have

dy(z, w) = dq4(Sz, Tw) (24)
< 0(dq(z,w),/dq(w,Tw).dq(z,Sz), (25)
dq(z,Tw),dq(w,Sz))
< 0 (dq(z,w),1,dq(z,w),dq(z,w)). (26)
By Definition 3.1 (b2) and the inequality (26), we get
dg(z, w) <0.
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Hence z = w and for all u € X. Thus z is a unique common fixed point of S and T.
Corollary 3.2 Let X be g- multiplicative metric space and T be a self-mapping of X satisfying the con- dition

do(Tx, Ty) < 0(dq(x, y), \/ dq(x,Tx).dq(y,Ty), de(x, Ty), de(x, Ty).ds(y, Tx)) (27)

forall x,y€X. Then T has a unique fixed point in X.
Proof:  The proof of corollary has immediately follows from above Theorem 3.2 by taking f = T. This
completes the proof.

Theorem 3.3 Let (X, dy) be a g-multiplicative metric space and T, f : X — X be self-mappings such that TX < fX.
Assume that, for all x, y € X, the following condition holds:

d(Tx,Ty) < [d(fx, fy)lald(fx, TX)IB[A(fy, TV, (28)
where,0 a+b+c<1. If TX & f Xand fX isacomplete subspace of X, then T and f have
a coincidence point. Moreover, if T and f are coincidentally commuting, then T and f have a unique common fixed
point.
Proof: Let xo be an arbitrary point in X. Hypothesis, TX € fX. There is x1 € X such that
fx1 = Txo, in general fx,;+1 = Txy.
If we set x = xn, ¥ = X, in (28), we get

d(Tan, Txn) = d(fxn/fxn+1)

< ld(fxn-a, fxn)] - [d(fxn-1, Toxw-1)] [d(fxn, fxne)]
= [d(fxn-1, fxn)]%[d(fxn-1, fxu)]0.[d(fxn, fxn+1)]€
A(F o, 1) < [A(fXp, frn )]io¢ 29)
then we have 0 <a+ b+ c<1. This implies h = % < 1. Hence, for all n =1, we have
dq(fxnrfxn+1) = [dq(fxn—%'fxn)]h
= [dq (fxn—z' fxn—l)]h

< [dq(fXn—z, fxn_2)]"

< [dq(fxna, fxn-3)]""
< [dq(fxo, fxDI™"
= dq(fxn, fXns1) < [dq(f X0, fx)]" (30)

Consider n, m € N with n > m. From (ii) of Definition 2.1, we conclude inductively that
n—1

= dq(fxm fr) < | [do(Fxnfrien)

i=m
n—1

dq(frm fr) < | [1daCro 00"

i=m
(o]

dq(fxm frn) < | [1daCro 00"

i=m

We utilize the fact that the logarithmic is a continuous and increasing function. This leads to

log dq (fxpm, fx) <log | [[dy(fxo, fx)1"]

Rt log [dy(fxo,fx1)]

(o]
i=m
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= log [dy(fxo. fx)] ) R
hm =m
= log [dq(fxo, fx)] 7=, h €[01)
sum of a Geometric progression. As 11, n — o, we get
log [dqg(fxm, fxn)] —4 O (31)

We use the fact that the exponential function is continuous. We apply the exponential function on both
sides of (31) and get

dg(fXm, fxn) —4¢ 1 as m,n — o
This makes {fx,} a multiplicative Cauchy sequence by Lemma 2.1.
From assumption, we know that X is complete. This means that there is z € X such that lim,. x, = z.
From the construction of the sequence {fx,}, we have fx,, = Tx,,,. Taking n — o, we have

lim fx,, = z=Ilim Tx,.

n—oo n—oo

Asz € X, thereisw € X suchthat fw = z, we claim that w is a fixed point of fand T.
Letx = x, and y = win (9). Then we have

d(Txn, Tw) < [d(fxn, fw)]2[d(frn, Txn)]P[d(fw, Tw)]e
d(z, Tw) < [d(z 2)lld(z 2)][d(z, Tw)]*

Then we have

=d(z, Tw) <1

=d(z, Tw) = 1 ((i) of Definition2.1)
=>z= Tw.
Thus w is a coincidence point for fand T because Tw = z = fw.
If f and T are coincidentally commuting at point w, then we have
fTw = Tfw = fz = Tz. (32)

We claim that z is a common fixed point of fand T. Put x = w,y = z in (28).
d(Tw, Tz) < [d(fw, f))[d(fo, Tw)P[d(f T
d(z fz) < [ )1 P )1 dz f2) < (4G )T,

which is a contraction. Hence

=d(z,fz) <1

= d(z, fz) 1 ((i) of Definition2.1)

z = Tw. by (i) Definition 2.1 and 32.

= Therefore, z is a common fixed point of f and T

Prove that, z is an unique common fixed point of fand T. Put x = w,y = z in (28).
d(Tz, Tz*) < [d(fz, fz9)]°ld(fz, T2)1°[d(fz*, Tz*)]°,

d(z ) < [d(z )1z P, 2] dz ) < [d(z )]
which is a contraction. Hence

=d(z,z) <1

=d(z,z) = 1 ((i)of Definition2.1)*

= z = z*Tw. by (i) Definition 2.1 and (32).

Therefore, z is an unique common fixed point of fand T.

Corollary 3.3 Let (X, d;) be a g-multiplicative metric space and T, f: X — X be self-mappings such that TX € fX.
Assume that, for all x, y € X, the following condition holds:

d(Tx,Ty) < [d(fx, fy)]% (33)
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where,0 < a < 1. IfTX € fX and f X is a complete subspace of X, then T and f have a coincidence point.
Moreover, if T and f are coincidentally commuting, then T and f have a unique common fixed point.

Corollary 3.4 Let (X, d;) be a g-multiplicative metric space and T, f: X — X be self-mappings such that TX € fX.
Assume that, for all x, y € X, the following condition holds:

d(Tx,Ty) < [d(fx, TP [d(Fy, TV, (34)
where, 0< b+ c < 1L If TX < f X and f X isacomplete subspace of X, then T and f have a coincidence
point. Moreover, if T and f are coincidentally commuting, then T and f have a unique common fixed point.

4. AN APPLICATION TO THE FIXED-CIRCLE PROBLEM
In this section, we focus on the geometric properties of common fixed points when they are not unique. We
prove a new common fixed-circle result on a g- multiplicative metric space. For more details, (see, e.g., [19-
22]). To do this, we define the following notions: 'Now, we state the following definitions.
Definition 4.1 (Multiplicative ball) Let (X, d;) be a ¢ multiplicative metric space, x € X and € > 1.
Then
B(xo,€) = {x: dq(x,,x) < €},
is called q-open ball of radius € with center x.
Definition 4.2 (1) Letd; : X > X ande € R withe > 0ore = 6. Then the set

Cépe = Clxo,m) = {x: dq(x,x0)}

(2) Letdq: X » X ande €Rwithe >0o0re = 6. Then the set
B[x,,€] = B(x,€) U C% .

is called a closed ball centered at x, with radius €.

(3) Thecircle U CZ, & (or the closed ball B[x, , €] is called as the fixed circle (or fixed disc) of a self-
mapping T if Tx = x forallx € CZ o (or x € B[xo,€], respectively.

We give the following fixed-circle (or fixed-disc) results:

Theorem 4.1 Let X be a g-multiplicative metricspace, T : X — X beaself-mapping, xo € X and
€ = infrex {dq(Tx,x): Tx + x}. . (35)
If T satisfies the following conditions, then CZ, . is a fixed circle of T :

(1) If Tx # x, then

dq(Tx,x) < 6(dq(x,x,),dq(Tx,x),dq(x,Txs) ,+/dq(x,Tx,).dq(Tx,x) ),

where§ € @.

(2)Txy, = xo.

Proof: Case 1: Let ¢ = 0. Then we have
dq(x,xy) =1 = max{dq(x,x5)} =1

= dq(x,x9) =1 forall i =1,2,...d
= x = X,
= Cagoe = {xo}
Using the condition (2), we know Tx, = X, and so C} . is a fixed circle of T.
Case2: Lete>0and x € CZ. CZ. with Tx # x. By the definition of €, we have € < dq(Tx,x).
Using the conditions (1), (2) and the property of 8, we obtain

dq(Tx,x) < 0 (dq(x, x0),dq(Tx,x),dq(x, Txg) ,\/dq(x, Txo).dq(Tx,x) ),

< 0(€dq(Tx,x),de ,\[e.dq(Tx,x) )

From Definition 3.1 (a1), we have

dq(Tx,x) < €", h € (0,1),
which is a contradiction with the definition of €. Therefore, it should be Tx = x. Consequently, C,?Oe is
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a fixed circle of T.

Corollary 4.1 Let X be a g-multiplicative metric space, T : X — X be a self-mapping, xo, € X and r be defined as in
(35). If T satisfies the following conditions, then T fixes the closed ball B[xo, p] with p <€ (or Blxo, €] is the fixed disc of T
):
(W) IfT # x then

dq(Tx,x) < B(dq(x, X0),dq(Tx,x),dq(x,Txy) ,A/dq(x, Txy).dq(Tx, x) ) where € ©.
(2) TxO = Xg -

Proof: The proof can be easily seen by the similar arguments used in the proof of Theorem 4.1.
Theorem 4.2 Let X be a g-multiplicative metricspace, T : X — X be aself-mapping, xo € X and r

be defined as in (35). If T satisfies the following conditions, then Cfoe is a fixed circle of T :
(W IfT # x then

dq(Tx,x) < 0 (dq(x, x0) ,\/dq(x,Txp).dq(Tx,x) ,1, dq(Tx,x).dq(x,Txp))
where 0 € ©.

(2) Txo = xo.

Proof: Case 1: Let € = 0. Then we have C,%oe

= {xo}. Using the condition (2), we know Txo = xo
and so (g  is a fixed circle of T.

Case2: Lete > Oand x € C,Zcoe with T # x. By the definition of €, we have ¢ < dq(Tx,x). Using
the conditions (1), (2) and the property of 0, we obtain

dq(Tx,x) < B(dq(x,xo) ,\/dq(x,TxO).dq(Tx,x) ,1, dg(Tx,x) + dq(x,TxO))

< 6(e ,V(dq(x,Tx_0).dq(Tx,x) ) ,1, dq(Tx,x)+ €)
From Definition 3.1 (b1), we have

dq(Tx,x) < e, h €(0,1),
which is a contradiction with the definition of r. Therefore, it should be Tx = x. Consequently, Cfoe is
a fixed circle of T.
Corollary 4.2 Let X be a g-multiplicative metric space, T : X — X be a self~mapping, xo € X and € be defined as in
(35). If T satisfies the following conditions, then T fixes the closed ball B[xo, p] with p < € (or B[xo, €] is the fixed disc of T
() IfT # x then

dq(Tx,x) < B(dq(x,xo) ,\/dq(x,TxO).dq(Tx,x) ,1, dg(Tx,x) + dq(x,TxO))

where § € 0.
(2T xy = x,.
Proof: The proof can be easily seen by the similar arguments used in the proof of Theorem 4.2.

5. CONCLUSION

In this paper, we introduced the concept of g-multiplicative metric spaces. We studied some of the fixed
point theorems in these spaces.
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