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Abstract In the present work, we discuss the union operation and strong arc domina-
tion on fuzzy graphs. We determine the bounds for the strong arc domination number of
fuzzy graphs. Further, this new domination parameter is discussed in the union of fuzzy
graphs. Some basic theorems and results are obtained in the union of fuzzy graphs.
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1 Introduction

Zadeh introduced the concept of fuzzy relations [1]. Rosenfeld [5] introduced the notion of a fuzzy
graph and several fuzzy analogs of graph-theoretic concepts such as path, cycles, connectedness and
etc. The work on fuzzy graphs was also done by Monderson and Nair [3], Debnath [10], and Yeh and
Bang [11]. The concept of domination in graphs was introduced by Ore in 1962 [2] and further studied
by Cockayne and Hedetniemi [12]. Bhutani and Rosenfeld [8] and Bhutani et al. [9] introduced the
concept of strong arcs in the fuzzy graph.

Nagoorgani and Chandrasekaran [7] discussed domination in fuzzy graphs utilizing strong arcs. In this
paper, we determine the upper bound of strong arc domination number of fuzzy graphs and we discuss
the strong arcs in the union of fuzzy graphs. We recall some basic definitions in fuzzy graphs and
introduce some new definition and notation. For graph-theoretic terminology, we refer to Harary [6].

2 Preliminaries

Definition 2.1. Fuzzy graph G(o, p) is a pair of function o : V — [0,1] and p: V x V — [0, 1] such
that p(u,v) < o (u) Ao (v) for all u,v € V.

Definition 2.2. The fuzzy graph H (7, p) is called a fuzzy subgraph of G(o, p) if 7 (u) < o (u) for all
win V and p (u,v) < p(u,v) for all w,v in V.
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Definition 2.3. A fuzzy subgraph H (7, p) is said to be a spanning subgraph of G(o, u) if 7 (u) = o(u)
for all w in V. In this case, the two graphs have the same fuzzy node set, but they differ only in the
arc weights.

Definition 2.4. Let G(o, 1) be a fuzzy graph and 7 be fuzzy subset of o, that is, 7 (u) < o (u) for all u
in V. Then the fuzzy subgraph of G(o, 1) induced by 7 is the maximal fuzzy subgraph of G(c, ) that
has fuzzy node set 7. Evidently, this is just the fuzzy graph H (7, p) where p (u,v) = 7(u)A7(v)Ap(u, v)
for all u,v in V.

Definition 2.5. The underlying crisp graph of a fuzzy graph G(o,u) is denoted by G* = (¢*, u*),
where 0" ={u € V|o(u) >0} and p* = {(u,v) € VXV | p(u,v)>0}.

Definition 2.6. A fuzzy graph G (o, p) is a strong effective fuzzy graph if p (u,v) = o (u) A o (v) for
all (u, v) € u* and is a complete fuzzy graph if p (u,v) = o (u) Ao (v) for all u,v in o*. Two nodes
u and v are said to be neighbors if p (u,v) > 0.

Definition 2.7. A fuzzy graph G (o, ) is said to be bipartite if the node set V' can be partitioned
into two non-empty sets Vi and Vs such that p(vi,v2) = 0 if v1,v2 € Vi or vi,ve € Vo. Further if
w(v1,v2) > 0 for all v1 € Vi and ve € Va then G is called a complete bipartite graph and it is denoted
by Ks,,0, Where o1 and o2 are respectively the restrictions of ¢ to V; and Va.

Definition 2.8. The complement of a fuzzy graph G(o, 1) is a subgraph G (7, 11) where @ = ¢ and

7 (u,v) =0 (u) Ao (v) — p(u,v) for all u,v in V. A fuzzy graph is self-complementary if G = G.
Definition 2.9. The order p and size q of a fuzzy graph G(o, u1) is defined as p =~ .\, o (u) and ¢ =
Z(u,v)eE /L(u7 ’U).

Definition 2.10. The degree of a vertex w is defined as the number of arcs incident at v and is denoted
by d (u).

Definition 2.11. An arc (u,v) of the fuzzy graph G(o, ) is called an effective edge if p (u,v) = o(u) A
o(v) and effective edge neighborhood of w € V' is Ne (u) = {v € V : edge (u,v) is effective}. N. [u
Ne (u)U{u} is the closed neighborhood of v. The minimum cardinality of effective neighborhood §. (G) =
min {|N¢ (u)] : v € V(G)} . The maximum cardinality of effective neighborhood is

A, (G) = max {|N. (v)| : ueV(G)}.

Definition 2.12. A path p in a fuzzy graph G(o, ) is a sequence of distinct nodes vo, v1, ..., v, such
that u(vi—1,v;) > 0 where 1 < i < n and n is called the length of p. The path p is called vo — vy
path. A path is called a cycle if vo = v, and n > 3. Two vertices z,y in a fuzzy graph G(c, u) are said
to be connected if there exists an  — y path in G(o, u). The strength of the path p is defined to be
Ni—; m(vi—1, vg). A single vertex is considered as a path of length zero.

Definition 2.13. A fuzzy graph G (o, 1) is said to be a fuzzy cycle if G (o, ) is itself a cycle. A fuzzy
cycle G (o, 1) with n vertices is denoted by Cy (o, ). A fuzzy graph G(o, ) is said to be a fuzzy path
if G (o, p) is itself a path. A fuzzy path G(o, u) with n vertices is denoted by P, (o, i1).

Definition 2.14. Two nodes that are joined by a path are said to be connected. The relation of
connectedness is reflexive, symmetric and transitive. If u and v are connected by means of length & ,
then p* (u,v) = sup {u (u,v1) A p(vi,v2) A ... A p(vk—1,v) | w,v1,v2,...,v in such path p}

Definition 2.15. The strongest path joining any two nodes u, v is a path corresponding to the maxi-
mum strength between v and v . The strength of the strongest path is denoted by u* (u,v).

,uoo(u,v):sup{uk(u,v) |k:1,2,...,oo}.

Example 2.16. In the fuzzy graph of Fig. 1, w,v,x is a w — x path of length 2 and its strength is
0.3. Another w — z path is w,u, v,z of length 3 and strength 0.4. The strength of the strongest path
joining w and z is pu*° (w,z) = sup {0.3,0.4} = 0.4.

Definition 2.17. A node is a fuzzy cut node of G(o, ) if removal of it reduces the strength of the
connectedness between some other pair of nodes. That is, w is a fuzzy cut node of G(o, u) iff there
exist u, v such that w is on every strongest path from u to v.
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Fig. 1: Graph of Example 2.16.

3 Domination in fuzzy graph using strong arcs

Definition 3.1. Let G(o,u) be a fuzzy graph. Let u,v be two nodes of G(o, ). We say that u
dominates v if the edge (u,v) is an effective edge. A subset D of V is called a dominating set of
G(o, ) if for every v € V — D, there exists u € D such that v dominates v . A dominating set D
is called a minimal dominating set if no proper subset of D is a dominating set. The minimum fuzzy
cardinality taken over all minimal dominating sets of a graph G is called the effective edge domination
number and is denoted by vg (G) and the corresponding dominating set is called minimum effective
edge dominating set. The minimum number of elements in the minimal effective edge dominating set
is denoted by N[ye (G)].

Definition 3.2. An arc (u,v) of a fuzzy graph G(o, ) is called a strong arc if ™ (u,
otherwise it is called a non-strong arc. A strong neighborhood of w € V is N (u)
arc(u,v) is strong}. N [u] = N (u) U {u} is the closed neighborhood of w.

)

v) = p(u,v
= eV

v

Definition 3.3. Let G(o,u) be a fuzzy graph. Let u,v be two nodes of G(o, ). We say that u
dominates v if the arc (u,v) is strong. A subset D of V is called a strong arc dominating set of G(o, 1)
if for every v € V — D, there exists u € D such that v dominates v. A strong arc dominating set
D is called a minimal strong arc dominating if no proper subset of D is a strong arc dominating set.
The minimum cardinality taken over all minimal dominating sets is called the strong arc domination
number, denoted by ~:(G) and the corresponding dominating set is called the minimum strong arc
dominating set.

Definition 3.4. A fuzzy graph G(o, i) is said to be a strong fuzzy graph if all of its edges are strong
arcs.

Definition 3.5. Let v be a vertex in a fuzzy graph G(o, ). We define 0° (v) = max{u(v,z)/z € V}
that is o® (v) is the maximum of the weights of the edges incident at v.

Theorem 3.6. Let G (o, 1) be a fuzzy graph and if arc (z,y) in Gis such that o° (z) = p(z,y) then
(z,y) is a strong arc.

Proof. Suppose (z,y) is not a strong arc then there exist a path p : x = wo,21,...,2m = y such
that s, > p (z,y), which implies that u (2;,x:41) > p(x,y) for all ¢ =0,1,2,...,m — 1. In particular
p(zo,x1) = p(x,z1) > p(z,y). This implies that o° (z) > p(x,y). This is a contradiction, therefore,
the proof.

O
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Theorem 3.7. If (z,y) be an arc in the fuzzy graph G(o,u) such that x is an end vertex, then it is a
strong arc.

Proof . Let (z,y) be an arc and z is an end vertex. Therefore o° (x) = p[(z, y)]. By Theorem 3.6,
(z,y) is a strong arc.

O

Theorem 3.8. If an edge is a strong arc in a fuzzy graph G(o, u) then it is not the weakest arc of any
cycle.

Proof. Let C,, be any cycle of G(o, ) and let z1, 2, ..., z, be the edges of C,,. Let x; = (u,v) be an
edge of C), such that pu(z;) < p(z;), 7=1,2, ...,n. Now Cp, — {x;} is a w — v path in G(o, 1) and it
has a strength > p(z;). This implies that ; cannot be a strong arc.

O

Remark 3.9. 1. If a fuzzy graph G(o, 1) has n end vertices then it has at least n strong arcs.

2. Let G(o, ) be a fuzzy graph with n vertices namely ui,us,...,u,. Then every dominating set
of G(o, ) contains u; or Ng(u;), 1 =1,2,...,n.

Theorem 3.10. Let G(o, ) be a fuzzy graph with |V(G (o,p))| = 2n+ 1,n € Z. If G(o, ) has no
isolated vertices then there exist a vertex u in G(o,pu) such that |[Ns(u)| > 2.

Proof. Suppose each vertex u of G(a, u1) has [Ns(u)| = 1, then 37, Ns [u] = 2n. therefore |(G (o, 1)) =
> wey Ns [u] = 2n. This is a contradiction.

O
Theorem 3.11. Let G(o, p) be a fuzzy graph. If Ns(u) =0 for some u € V|G (o, )], then d (u) = 0.

Proof. Suppose d (u) > 0 then we can find an edge in G(o, 1) such that ° (u) = p (uzx) . This implies
that (u,z) is a strong arc and hence N (u) # 0. O

Remark 3.12. By the above Theorems 3.10 and 3.6, we conclude that each non-isolated vertex u of
a fuzzy graph G(o, p) strongly dominates at least one vertex of G (o, ) .

Theorem 3.13. Let G(o, ) be a fuzzy graph with p vertices. If G(o, ) has no isolated vertices then
Vs (G) < g'

Proof. By the Theorem 3.10 and Remark 3.9 the result follows. O

Definition 3.14. The crown graph C,.K; is the graph obtained from a cycle C,, by attaching the
pendant edges at each vertex of the cycle.

Theorem 3.15. Let G be a crown graph C,.Ki. Then for the fuzzy graph G(o,u), s (G) =n.

Proof. By the definition of G(o, 1), it has exactly n end vertices namely u1, u2, . . ., un. By the Theorem
3.7 each end vertex u; strongly dominates a unique vertex of C,. Therefore, D = {u,,ua,...,u, } is
a minimal strong arc dominating set. Therefore ~,[G (o, pn)] = n.

O

Definition 3.16. The star graph S,, of order n is a tree on n nodes with one node having a vertex
of degree n — 1 and the other n — 1 nodes having vertex degree 1. That is the star graph S, is the
complete bipartite graph K .

Theorem 3.17. Let G be a star graph Sn. Then for the fuzzy graph G(o, p), vs[G] = 1.

Proof. By the definition of G(o,u), there exist a vertex u in G such that d (u) =n — 1 and also G
has n — 1 end vertices. By the Theorem 3.7, G(o, 1) has exactly n — 1 strong arcs. But G(o, ) gas

exactly n — ledges. Therefore D = {u} is a strong arc dominating set.
O
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4  Strong arcs in union of fuzzy graphs

Definition 4.1. Consider the union G = G1 U G2, of two graphs G1 = (V4, X1) and G2 = (Va, X»).

Let o; be a fuzzy subset of V; and let u; be a fuzzy subset of X;, ¢ = 1,2. Define the fuzzy subsets

o1 Uos of X1 U X> as follows

(o, Uo2) (u) =01 (u) if ue Vi — Vs,

( ) (u) =02 (u) ifueVa—Vi,

( ) (u) = max{oi1 (u),02 (u)} if weVinVs,

(11 U pi2) (1, 0) = pus (w,0) iF (u,0) € X1 — X,

( ) (
(

(g1 U p2) (u,v) = max {p1 (u,v), po(u,v)} if (u,v) € X1NXo.
The fuzzy graph G = (01 U 02, p1 U p2) is the union of the fuzzy graphs Gi(o1, 11) and G2 (o2, p2) .

Remark 4.2. 1. We denote the union of the fuzzy graphs Gi(o1, 1) and Ga(o2, u2) simply by
G1 UGs.
2. If Gi(o1,p1) and Go(o2, p2) are two fuzzy graphs then G = G1 U G2 is also a fuzzy graph.

Theorem 4.3. Let G1(o1, pu1) and Ga(o2, p2) be two fuzzy graphs with the strong arc dominating sets
D1 and Do respectively. If Vi N Vo = () then D1 U D2 is a strong arc dominating set of G1 U Ga.

Proof. Since V1 N Vo = 0, then G1 U G» is disconnected and so any strong arc in Gi(o1,p1) and
G2(o2, p2) are the strong arcs of G1 U G2. Hence if D1 and D are the strong arc dominating sets of
Gi(o1,p1) and Ga(o2, p2) then D1 U D is a strong arc dominating set of G1 U Ga. O

Corollary 4.4. Let G1 (01, p1) and G2 (02, p2) be two fuzzy graphs. If ViNVa = 0, then, vs (G1 U G2) =
¥s (G1) + 75 (G2) .

Remark 4.5. 1. Let Gi(o1, 1) and Ga(o2, u2) be two fuzzy graphs. A strong arc in Gi(o1, u1)
need not be a strong arc in G1 U G2. Likewise, a strong arc in G2 (o2, u2) need not be a strong
arc in G1 U G2. Hence in general, v (G1 U G2) # vs (G1) + 7s (G2) .
2. Let Gi(o1, p1) and Ga(o2, p2) be two fuzzy graphs having strong arc dominating sets D1 and D2
respectively. D1 U Dy is a strong arc dominating set of G1 U G2 iff every strong arc of G1 (o1, 1)
is a strong arc of G1 U G2 and every strong arc of Ga(o2, u2) is a strong arc of G1 U Ga.

u(0.4)
u(0.8)

x(0.6)

v(0.7) 0.8 .5
(0.9 V(0.9)
G1(01, 1) G2(02, 112) GLU G

Fig. 2: Graph of Example 4.6.

Example 4.6. In the above figure (Fig. 2) the arc (z,u) is a strong arc in G1(o1, p1), but it is not a
strong arc in G1 U Ga.

Theorem 4.7. Let Gi(o1, p1) and Ga(o2, u2) be two fuzzy graphs. If x = (u,v) is a non-strong arc in
Gi(o1,p1), then it is a non-strong arc in G1 U Ga.

Proof. Let x = (u,v) be a non- strong arc in Gi(o1,u1). Then there exist a u — v path p, u =
UL, U2, ..., Uy = v in Gi(o1, 1) such that whose strength s, > p(u,v). Let this path p be also in
G1 UG, Also if any edge (uq,uiy1) of p belongs to X1 N Xo then (1 U pa)(wi, wiy1) > pa(u,, wiy1).
This implies that s, in G1(o1, p1) < s, in G1 U Ga. Therefore p (u,v) < s, < s, in G1 UG2. Hence
z = (u,v) is not a strong arc in G1 U Gs.

O
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Corollary 4.8. Let Gi(o1,p1) and Ga(o2, u2) be two fuzzy graphs. If © = (u,v) is a non-strong arc
in Ga(o2, p2) then it is a non-strong arc in G1 U Ga.

Theorem 4.9. Let G1(o1, 1) and Ga(o2, p2) be two fuzzy graphs with vertex sets Vi and Va respec-
tively. If Vi N'Va = {u} then any strong arc in Gi(o1, 1) is a strong arc in G1 U Ga.

Proof. Let x = (u,v) be a strong arc in G1 (o1, p1). Then for any u—v path p, u = w1, uz,...,un = v,
sp < p(u,v). Since Vi N'Va = {u}, by definition of G1 U G2, there is no u — v path in G; U G2 other
than that in G1 (o1, pu1). Hence the strength of the u — v path in G1(0o1, 1) is equal to the strength of
the u — v path in G1 U Gs. Therefore for any v — v path p in G1 U G2, s, < p(u,v). Hence x = (u,v)is
a strong arc in G1 U Ga.

O

Corollary 4.10. Let G1(01, 1) and G2(o2, p2) be two fuzzy graphs with vertex sets Vi and Va respec-
tively. If Vi N'Va = {u} then any strong arc in G2(o2, u2) is a strong arc in G1 U Gas.

Corollary 4.11. Let Gi(o1,p1) and Ga(o2, u2) be two fuzzy graphs with the strong arc dominating
sets D1 and D2 respectively. If Vi NVa = {u} then D1 U D3 is a strong arc dominating set of G1 U Ga.

Corollary 4.12. Let G1(o1,p1) and G2(o2, p2) be two fuzzy graphs with vertex sets Vi and Va respec-
tively. If Vi N Vo = {u} then vs (G1 U G2) = vs (G1) + 75 (G2) .

Theorem 4.13. Let Gi(o1, 1) and Ga(o2, u2) be two fuzzy graphs with exactly one edge (xz,y) in
common. Let (u,v) be an arc in G1(o1, p1) such that p(x,y) < p(u,v). If (u,v) be a strong arc in
Gi(o1, p1) then it is a strong arc in G1 U Ga.

Proof. Let (z,y) be an arc common to both Gi(o1,p1) and Ga(o2, pu2). Let (u,v) be a strong arc
in Gi(o1,p1). Therefore, for any path p: w =wu1,u2,...,un = v in Gi(o1,p1), $p < p(u,v). Since
G1(0o1, 1) and Gz (o2, p2) share exactly one edge (z,y), we have a w — v path p; of G1 UG2 containing
an edge (z,y), or, all the edges of p1 are in G1(o1,p1). Since, u(x,y) < p(u,v), in both the cases
5on < plu,0).

O

Definition 4.14. Let (z,y) be an M — arc in G2(o2, p2). If p(z,y) < p(u,v) for all (u,v) in G1 (o1, p1)
then we say that the fuzzy graph Gi(o1, 1) strongly dominates the fuzzy graph Ga(o2, pu2) and it is
denoted by G2S8G.

Theorem 4.15. Let G1(o1, 1) and Ga(o2, u2) be two fuzzy graphs. If GoSG1 then any strong arc in
Gi(o1,p1) is a strong arc in G1 U Ga.

Proof. Let (x,y) be a strong arc in G1(o1, pu1). Suppose it is not a strong arc in G; U G2 then there
exists an  — y path pi: = zo,21,,...,Zn = y in G1 U G2 such that s,, > p(z,y). This implies
that (pq U po) (@i, @ip1) > pa(x,y) for all 4 = 0,1,...,n — 1. If all the edges of p1 are in G1(o1, 1)
then it is a (z,y) path in Gi(o1,p1). Since (z,y) is a strong arc in Gi(o1, pt1), there exists an edge
(zi,zi+1) such that 1 U po[(zi, i+1)] = pa[(zi, zi+1)] < pa(z,y). This is a contradiction. Suppose
not all the edges of p1 are in G1(o1, p1), then there exists an edge (xg, zr+1) of p1 which belongs to
X2 — X1. Now s, > p(z,y) implies that pi U po(zk, zr41)] > pa(z,y). That is, g1 U po[(xk, Tet1)]
= py[(z, Try1)] > pi(z,y). This contradicts the fact that G2SG1.

O

Remark 4.16. Let G1(o1, 1) and Ga(o2, p2) be two fuzzy graphs. If GoSG1 then any strong arc in
G2(o2, p2) need not be a strong arc in G1 U G2 and hence vs (G1 U G2) # v (G1) + s (G2) .

Example 4.17. In the figure below (Fig. 3) G28G1, the arc (d,z) is a strong arc in Ga2(o2, u2) but
it is not a strong arc in G1 U Ga.
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Fig. 3: Graph of Example 4.17.

5 Conclusion

In this paper, the strong arc domination number of some fuzzy graphs is obtained. Also, we have
determined the upper bound for the strong arc domination number of fuzzy graphs. We have done
a complete analysis of strong arcs in the union of fuzzy graphs. We shall work on this strong arc
domination parameter in the Cartesian product of fuzzy graphs in our forthcoming papers.
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