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Abstract In this paper we introduce an extension of the Horn’s hypergeometric
function H11. Furthermore, we investigate the limit formulas, integral representations,
differentiation formulas, infinite sums, recursion formulas, Laplace, Mellin and fractional
Fourier transforms for the extended Horn’s hypergeometric function H11. Finally, we
discuss double Laplace and double Mellin transforms of this function.
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1 Introduction

Recently, special functions have become an active factor for the development of many scientific fields,
so most mathematicians have obtained different expansions of some special functions by adding some
extra parameters to their definitions, for example, see [1, 2]. The utility of special functions, functions
of matrix arguments and orthogonal matrix polynomials in many diverse fields of science, engineering
and other branches of knowledge is well established since decades and a huge amount of literature
already exists in this field with which the researchers in this field are well versed, so we do not give
here any exhaustive list of references in this direction. Directly discussing the contents of the paper in
hand, we observe that in Subsection 1.1, we recall some important definitions which are used in this
paper. In Section 2, we define the extended Horn’s hypergeometric function H11. In Section 3, we
obtain the limit formulas for this function. In Section 4, we establish the integral representations and
the differentiation formulas are derived for this function in Section 5. We prove some infinite sums in
Section 6 and the recursion formulas for this function are presented in Section 7. In Section 8 we give
the Laplace, Mellin and fractional Fourier transforms for this function. The fractional integration of
the extended Horn’s hypergeometric function is discussed in Section 9. The double Laplace and the
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double Mellin transforms for the introduced function are established in Section 10 and the conclusion
is given in the last section.
1.1 Preliminaries
In this subsection we recall some important definitions which are used in this paper.

Definition 1.1. The generalization of the extended gamma function is defined as (see, [7])

Γ(µ,ν)
p,q (z) =

∫ ∞

0

tz−1 exp(− tµ

p
− q

tν
)dt, (1.1)

(ℜ(z) > 0,ℜ(p) > 0,ℜ(q) > 0,ℜ(µ) > 0,ℜ(ν) > 0), Γ(1,1)
1,0 (z) = Γ(z) and Γ

(1,1)
1,q (z) = Γq(z).

Definition 1.2. Let z, µ ∈ C and ℜ(p) > 0,ℜ(q) > 0,ℜ(µ) > 0,ℜ(ν) > 0, the generalization of the
Pochhammer symbol is defined as ( see [8])

(z; p, q;µ, ν)n =

{Γ
(µ,ν)
p,q (z+n)

Γ(z)
,ℜ(p)>0,ℜ(q)>0,ℜ(µ)>0,ℜ(ν)>0,

(z)n ,p=1,q=0,µ=1,ν=0

, (1.2)

(z; p, q;µ, ν)m−n = (−1)n(z;p,q;µ,ν)m
(1−z−m)n

,

(z; p, q;µ, ν)m−n+1 = z(z + 1; p, q;µ, ν)m−n,

(z; p, q;µ, ν)m−n−1 = 1
z−1

(z − 1; p, q;µ, ν)m−n.

Definition 1.3. The Laplace transform of a function f(z) for ℜ(s) > 0 is defined as (see [6])

£{f(z) : s} =

∫ ∞

0

e−szf(z)dz. (1.3)

We also mention here that till date the Upadhyaya transform (see, Upadhyaya [11] and Upadhyaya et.
al. [12]) is the most robust and the most powerful generalization of all the different kinds of variants of
the above stated classical Laplace transform which are introduced by a number of researchers worldwide
into the mathematics research literature during the past three decades!

Definition 1.4. The Mellin transform of f(z) is defined as ( see [5])

M{f(z) : s} =

∫ ∞

0

zs−1f(z)dz. (1.4)

Definition 1.5. Let f ∈ Φ(R) then the fractional Fourier Transform of f(x) of order α is defined as
(see [3])

ℑα[f(x) : ω] =

∫
R

eiω
1
α
f(x)dx, ω > 0, (1.5)

where 0 < α ≤ 1.

Definition 1.6. The double Laplace transform of a function f(x, y) of two variables x and y, defined
in the first quadrant of the xy− plane, is defined for ℜ(r) > 0,ℜ(s) > 0 as (see [9])

£2{ f(x, y) } =

∫ ∞

0

∫ ∞

0

f(x, y) e−(rx+sy)dxdy. (1.6)

This is of utmost importance to further mention here in the context of the present definition that
the double Laplace transform of a function defined by (1.6) is a particular case of the Double Upad-
hyaya transform introduced in 2019 by Upadhyaya (for more details we refer the interested reader to
Upadhyaya [11]).

Definition 1.7. The double Mellin transform of a function f(x, y) of two variables x and y, defined
in the first quadrant of the xy− plane, is defined as ( see [10])

Mxy{ f(x, y) : r, s } =

∫ ∞

0

∫ ∞

0

f(x, y)xrysdxdy. (1.7)
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2 The extended Horn’s hypergeometric H11

In this section, we define the extended Horn’s hypergeometric function H11.

Definition 2.1. The extended Horn’s hypergeometric function H11 is defined by

p,qH
(µ,ν)
11 (α, β, γ; δ;x, y) =

∑∞
m,n=0

(α;p,q;µ,ν)m−n(β)n(γ)n
(δ)mm!n!

xmyn; |x| < ∞, |y| < 1, (2.1)

where (α; p, q, µ, ν)m is the extended Pochhammer symbol as defined in (1.2).

Special case: For p = 1, q = 0, µ = 1, ν = 0 we can directly see that (1.2) reduces to the conventional
Horn’s hypergeometric function H11 (see [13]) and the relation between the two is given by

1,0H
(1,0)
11 (α, β, γ; δ;x, y) = H11(α, β, γ; δ;x, y).

3 Limit formulas

In this section we present some limit formulas for the extended Horn’s hypergeometric function p,qH
(µ,ν)
11 .

Theorem 3.1. The following limit formulas for p,qH
(µ,ν)
11 hold true:

lim
α→∞

p,qH
(µ,ν)
11 (α, β, γ; δ;x/α , αy) = 0F1(−; δ;x) 2F0(β, γ;−; y), (3.1)

lim
β→∞

p,qH
(µ,ν)
11 (α, β, γ; δ;x,

y

β
) =p,q H

(µ,ν)
4 (α, γ; δ;x, y), (3.2)

lim
δ→∞

p,qH
(µ,ν)
11 (α, β, γ; δ; δx, y) = 1F0((α; p, q, µ, ν);−;x ) 2F1(β, γ; 1− α−m;−y), (3.3)

lim
γ→∞

p,qH
(µ,ν)
11 (α, β, γ; δ;x,

y

γ
) =p,q H

(µ,ν)
4 (α, β; δ;x, y), (3.4)

lim
ε→0

p,qH
(µ,ν)
11 (

α

ε
, β, γ; δ; εx, y/ε) = 0F1(−; δ;αx)2F0(β, γ;−; y/α), (3.5)

lim
ε→0

p,qH
(µ,ν)
11 (α, β, γ;

δ

ε
;x/ε, y) = 1F0((α; p, q, µ, ν);−;x/δ ) 2F1(β, γ; 1− α−m;−y), (3.6)

lim
ε→0

p,qH
(µ,ν)
11 (α,

β

ε
, γ; δ;x, εy) =p,q H

(µ,ν)
4 (α, γ; δ;x, βy), (3.7)

lim
ε→0

p,qH
(µ,ν)
11 (α, β,

γ

ε
; δ;x, εy) =p,q H

(µ,ν)
4 (α, β; δ;x, γy) (3.8)

and
lim
ε→0

p,qH
(µ,ν)
11 (α,

β

ε
,
γ

ε
; δ;x, ε2y) =p,q H

(µ,ν)
5 (α; δ;x, βγy). (3.9)

Proof. We have

lim
α→∞

p,qH
(µ,ν)
11 (α, β, γ; δ;x/α , αy) =

∞∑
m,n=0

(β)n(γ)nx
myn

(δ)mm!n!
· lim
α→∞

(α; p, q;µ, ν)m−n

(α)m−n

= H11(−, β, γ; δ;x, y) = 0F1(−; δ;x)2F0(β, γ;−; y),

which the desired result of (3.1). Similarly, we write

lim
β→∞

p,qH
(µ,ν)
11 (α, β, γ; δ;x,

y

β
) =

∞∑
m,n=0

(α; p, q;µ, ν)m−n(γ)nx
myn

(δ)mm!n!
· lim
β→∞

(β)n
(β)n

= p,qH
(µ,ν)
11 (α,−, γ; δ;x, y) = p,qH

(µ,ν)
4 (α, γ; δ;x, y),

which gives the desired result of (3.2). By using the same technique we can prove (3.3) and (3.4).
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Also, we can write

lim
ε→0

p,qH
(µ,ν)
11 (

α

ε
, β, γ; δ; εx, y/ε) = lim

ε→0

∞∑
m,n=0

(α
ε
; p, q;µ, ν)m−n(β)n(γ)n(εx)

m( y
ε
)n

(δ)mm!n!

= lim
ε→0

∞∑
m,n=0

(β)n(γ)nx
myn

(δ)mm!n!
·
(α
ε
; p, q;µ, ν)m−n

( α
αε

)m−n

=

∞∑
m,n=0

(β)n(γ)n(αx)
m( y

α
)n

(δ)mm!n!
· lim
ε→0

(α
ε
; p, q;µ, ν)m−n

(α
ε
)m−n

= 0F1(−; δ;αx)2F0(β, γ;−; y/α),

which proves the result of (3.5).
Similarly, we can write

lim
ε→0

p,qH
(µ,ν)
11 (α, β, γ;

δ

ε
;x/ε, y) = lim

ε→0

∞∑
m,n=0

(α; p, q;µ, ν)m−n(β)n(γ)n(
x
ε
)myn

( δ
ε
)mm!n!

=

∞∑
m,n=0

(α; p, q;µ, ν)m−n(β)n(γ)n(
x
δ
)myn

m!n!
· lim
ε→0

( δ
ε
)m

( δ
ε
)m

= 1F0((α; p, q, µ, ν);−;x/δ ) 2F1(β, γ; 1− α−m;−y).

thus showing the result of (3.6). In a similar manner we can prove (3.7), (3.8) and (3.9).

Theorem 3.2. The following limit formulas also hold true for p,qH
(µ,ν)
11 :

lim
β→∞

lim
γ→∞

p,qH
(µ,ν)
11 (α, β, γ; δ;x , y/(βγ)) = p,qH

(µ,ν)
5 (α; δ;x, y) (3.10)

and
lim

α→∞
lim
δ→∞

p,qH
(µ,ν)
11 (α, β, γ; δ;x/α , αδy) = exp(x) 2F0(β, γ;−; y). (3.11)

Proof. The proof of this theorem is parallel to that of Theorem 3.1.

4 Integral representations

In this section,we establish several integral representations for the extended Horn’s hypergeometric
function p,qH

(µ,ν)
11 .

Theorem 4.1. The following integral representations for the extended Horn’s hypergeometric function
p,qH

(µ,ν)
11 hold true:

p,qH
(µ,ν)
11 (α, β, γ; δ;x, y) =

1

Γ(α)

∫ ∞

0

tα−1exp(− tµ

p
− q

tν
) 0F1(−; δ;xt)2F0(β, γ;−; y/t)dt, (4.1)

p,qH
(µ,ν)
11 (α, β, γ; δ;x, y) =

1

Γ(β)

∫ ∞

0

tβ−1exp(−t) p,qH
(µ,ν)
4 (α, γ; δ;x, yt) dt, (4.2)

p,qH
(µ,ν)
11 (α, β, γ; δ;x, y) =

1

Γ(γ)

∫ ∞

0

tγ−1exp(−t) 1F1((α; p, q;µ, ν); δ;x) 1F1(β; 1− α−m;−yt)dt,

(4.3)
and∫ ∞

0

ts−1exp(−ρt) 1F1((α; p, q;µ, ν); δ;x) 1F1(β; 1− α−m;−yt)dt =
Γ(s)

ρs
p,qH

(µ,ν)
11 (α, β, s; δ;x,−y

ρ
).

(4.4)
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Proof. Using the integral formula of extended Pochhammer symbol (α; p, q;µ, ν) in the definition of
the extended Horn’s hypergeometric function p,qH

(µ,ν)
11 , we can write

p,qH
(µ,ν)
11 (α, β, γ; δ;x, y) =

∞∑
m,n=0

(α; p, q;µ, ν)m−n(β)n(γ)nx
myn

(δ)mm!n!

=
1

Γ(α)

∫ ∞

0

tα+m−n−1exp(− tµ

p
− q

tν
)

∞∑
m,n=0

(β)n(γ)nx
myn

(δ)mm!n!

=
1

Γ(α)

∫ ∞

0

tα−1exp(− tµ

p
− q

tν
) 0F1(−; δ;xt)2F0(β, γ;−; y/t)dt,

which is the required result of (4.1).
Also using integral formula of the Pochhammer symbol for the parameter β in the definition of the
extended Horn’s hypergeometric function p,qH

(µ,ν)
11 , we can write

p,qH
(µ,ν)
11 (α, β, γ; δ;x, y) =

1

Γ(β)

∫ ∞

0

tβ+n−1exp(−t) p,qH
(µ,ν)
11 (α,−, γ; δ;x, y) dt

=
1

Γ(β)

∫ ∞

0

tβ−1exp(−t) p,qH
(µ,ν)
4 (α, γ; δ;x, yt) dt.

which is proves (4.2). The proof of (4.3) is parallel to that of (4.2).
From (4.3), we can obtain the equality∫ ∞

0

ts−1exp(−ρt) 1F1((α; p, q;µ, ν); δ;x) 1F1(β; 1− α−m;−yt)dt =
Γ(s)

ρs
p,qH

(µ,ν)
11 (α, β, s; δ;x,−y

ρ
).

That can be regarded as the Laplace transform

£{f(t) : ρ} =

∫ ∞

0

e−ρtf(t)dx

Or the Mellin transform
M{f(t) : s} =

∫ ∞

0

ts−1f(t)dt

of the functions
ts−1

1F1((α; p, q;µ, ν); δ;x) 1F1(β; 1− α−m;−yt)

and
exp(−ρt) 1F1((α; p, q;µ, ν); δ;x) 1F1(β; 1− α−m;−yt)

,respectively.

5 Differentiation formulas

In this section, we give a few differentiation formulas for the extended Horn’s hypergeometric function
p,qH

(µ,ν)
11 .

Theorem 5.1. The following differentiation formulas for the function p,qH
(µ,ν)
11 hold true:

Dr
x[ p,qH

(µ,ν)
11 (α, β, γ; δ;x, y) ] =

(α)r
(δ)r

p,qH
(µ,ν)
11 (α+ r, β, γ; δ + r;x, y), (5.1)

Dr
y[ p,qH

(µ,ν)
11 (α, β, γ; δ;x, y) ] =

(−1)r(β)r(γ)r
(1− α)r

p,qH
(µ,ν)
11 (α− r, β + r, γ + r; δ;x, y), (5.2)

Dr
q [ p,qH

(µ,ν)
11 (α, β, γ; δ;x, y) ] =

(−1)r(ν+1)

(1− α)rν
p,qH

(µ,ν)
11 (α− rν, β, γ; δ;x, y) (5.3)

and

D(r,s)
x,y [ p,qH

(µ,ν)
11 (α, β, γ; δ;x, y) ] =

(α)r−s(β)s(γ)s
(δ)r

p,qH
(µ,ν)
11 (α+ r − s, β + s, γ + s; δ + r;x, y). (5.4)
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Proof. Differentiating (2.1) with respect to x yields

Dx[ p,qH
(µ,ν)
11 (α, β, γ; δ;x, y) ] =

∞∑
m,n=0

(α; p, q;µ, ν)m−n(β)n(γ)n
(δ)m(m− 1)!n!

xm−1yn

=

∞∑
m,n=0

(α; p, q;µ, ν)m+1−n(β)n(γ)n
(δ)m+1m!n!

xmyn =
α

δ
p,qH

(µ,ν)
11 (α+ 1, β, γ; δ + 1;x, y).

Repeating this process, we obtain

Dr
x[ p,qH

(µ,ν)
11 (α, β, γ; δ;x, y) ] =

(α)r
(δ)r

p,qH
(µ,ν)
11 (α+ r, β, γ; δ + r;x, y),

which is the desired result (5.1). The result of (5.2) follows in the same way as the result of (5.1).
Differentiating (2.1) with respect to q yields

Dq [ p,qH
(µ,ν)
11 (α, β, γ; δ;x, y) ] = Dq [

∞∑
m,n=0

(α; p, q;µ, ν)m−n(β)n(γ)n
(δ)mm!n!

xmyn ]

and
∂

∂q
(α; p, q;µ, ν)m−n =

1

Γ(α)
(
∂

∂q

∫ ∞

0

tα+m−n−1exp(− tµ

p
− q

tν
) dt ).

Taking derivatives under the integral symbol by using the Leibnitz rule, we get

∂

∂q
(α; p, q;µ, ν)m−n =

−1

Γ(α)

∫ ∞

0

tα−ν+m−n−1exp(− tµ

p
− q

tν
) dt

= − Γ(α− ν)

Γ(α)Γ(α− ν)

∫ ∞

0

tα−ν+m−n−1exp(− tµ

p
− q

tν
) = −Γ(α− ν)

Γ(α)
(α− ν; p, q;µ, ν)m−n.

Since
Γ(α− ν)

Γ(α)
= (α)−ν =

(−1)ν

(1− α)ν
.

Then, we can write

Dq [ p,qH
(µ,ν)
11 (α, β, γ; δ;x, y) ] =

(−1)(ν+1)

(1− α)ν
p,qH

(µ,ν)
11 (α− ν, β, γ; δ;x, y).

Repeating this process, we obtain

Dr
q (α; p, q;µ, ν)m−n = (−1)r(α)−rν (α− rν; p, q;µ, ν)m−n =

(−1)r(ν+1)

(1− α)rν
(α− rν; p, q;µ, ν)m−n.

Hence, we can write

Dr
q [ p,qH

(µ,ν)
11 (α, β, γ; δ;x, y) ] =

(−1)r(ν+1)

(1− α)rν
p,qH

(µ,ν)
11 (α− rν, β, γ; δ;x, y),

which is (5.3). Also differentiating (2.1) with respect to x and y, then repeating differentiation with
respect to x and y of orders r, s respectively and making some simple calculations yields (5.4).

Theorem 5.2. The following derivative formulas for (2.1) hold true:

Dr
y[y

β+r−1
p,qH

(µ,ν)
11 (α, β, γ; δ;x, y) ] = (β)r yβ−1

p,qH
(µ,ν)
11 (α, β + r, γ; δ;x, y), (5.5)

Dr
y[y

γ+r−1
p,qH

(µ,ν)
11 (α, β, γ; δ;x, y) ] = (γ)r yγ−1

p,qH
(µ,ν)
11 (α, β, γ + r; δ;x, y) (5.6)

and

Dr
x[x

δ−1
p,qH

(µ,ν)
11 (α, β, γ; δ;x, y) ] = (−1)r(1− δ)r xδ−r−1

p,qH
(µ,ν)
11 (α, β, γ; δ − r;x, y). (5.7)
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Proof. Multiplying (2.1) by yβ+r−1 and taking the derivative of order r with respect to y, we have
Dr

y[y
β+r−1

p,qH
(µ,ν)
11 (α, β, γ; δ;x, y) ]

= Dr
y[ y

β+r−1
∞∑

m,n=0

(α; p, q;µ, ν)m−n(β)n(γ)n
(δ)mm!n!

xmyn ]

=

∞∑
m,n=0

(α; p, q;µ, ν)m−n(β)n(β + n)r(γ)n
(δ)mm!n!

xmyβ+n−1

= (β)r yβ−1
∞∑

m,n=0

(α; p, q;µ, ν)m−n(β + r)n(γ)n
(δ)mm!n!

xmyn.

Thus, we obtain (5.5). Similarly we can prove (5.6). Multiplying (2.1) by xδ−1 and taking the derivative
of order r with to x, we can write

Dr
x[x

δ−1
p,qH

(µ,ν)
11 (α, β, γ; δ;x, y) ] = Dr

x[ x
δ−1

∞∑
m,n=0

(α; p, q;µ, ν)m−n(β)n(γ)n
(δ)m m!n!

xmyn ]

=

∞∑
m,n=0

(α; p, q;µ, ν)m−n(β)n(γ)n
(δ)m(δ +m)−rm!n!

xδ+m−r−1yn = (−1)r(1− δ)r xδ−r−1
p,qH

(µ,ν)
11 (α, β, γ; δ − r;x, y),

which is (5.7).

Theorem 5.3. The following partial differential equation for p,qH
(µ,ν)
11 holds true:

p7D2
p[p,qH

(µ,ν)
11 (α, β, γ; δ;x, y)] + 2p4Dp[p,qH

(µ,ν)
11 (α, β, γ; δ;x, y)]

− p3(α)2µ[p,qH
(µ,ν)
11 (α+ 2µ, β, γ; δ;x, y)] = 0. (5.8)

Proof. Differentiating (2.1) with respect to p, we can write

Dp [ p,qH
(µ,ν)
11 (α, β, γ; δ;x, y) ] = Dp [

∞∑
m,n=0

(α; p, q;µ, ν)m−n(β)n(γ)n
(δ)mm!n!

xmyn ].

Since we have
∂

∂p
(α; p, q;µ, ν)m−n =

1

Γ(α)
(
∂

∂p

∫ ∞

0

tα+m−n−1exp(− tµ

p
− q

tν
) dt ).

Taking derivatives under the integral symbol by using the Leibnitz rule, we get
∂

∂p
(α; p, q;µ, ν)m−n =

p−2

Γ(α)

∫ ∞

0

tα+µ+m−n−1exp(− tµ

p
− q

tν
) dt =

(α)µ
p2

(α+ µ; p, q;µ, ν)m−n.

Then, we get
∂

∂p
p,qH

(µ,ν)
11 (α, β, γ; δ;x, y) =

(α)µ
p2

p,qH
(µ,ν)
11 (α+ µ, β, γ; δ;x, y)

and
∂2

∂p2
(α; p, q;µ, ν)m−n =

−2(α)µ
p3

(α+ µ; p, q;µ, ν)m−n +
(α)2µ
p4

(α+ 2µ; p, q;µ, ν)m−n.

Thus, we obtain
∂2

∂p2
[p,qH

(µ,ν)
11 (α, β, γ; δ;x, y)] =

−2(α)µ
p3

[p,qH
(µ,ν)
11 (α+ µ, β, γ; δ;x, y)]

+
(α)2µ
p4

[p,qH
(µ,ν)
11 (α+ 2µ, β, γ; δ;x, y)].

Multiplying by p7, we get
p7D2

p[p,qH
(µ,ν)
11 (α, β, γ; δ;x, y) + 2p4 Dp[p,qH

(µ,ν)
11 (α, β, γ; δ;x, y)]

−p3(α)2µ[p,qH
(µ,ν)
11 (α+ 2µ, β, γ; δ;x, y) = 0,

which is the desired result (5.8).
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6 Infinite sums

In this section we prove some infinite sum formulas for the extended Horn’s hypergeometric function
p,qH

(µ,ν)
11 .

Theorem 6.1. For |t| < 1, the following infinite summation formulas for the extended Horn’s hyper-
geometric function p,qH

(µ,ν)
11 hold good:

∞∑
k=0

(α)k
k!

tk p,qH
(µ,ν)
11 (α+ k, β, γ; δ;x, y) = (1− t)−α

p,qH
(µ,ν)
11 (α, β, γ; δ;

x

1− t
, y(1− t)), (6.1)

∞∑
k=0

(β)k
k!

tk p,qH
(µ,ν)
11 (α, β + k, γ; δ;x, y) = (1− t)−β

p,qH
(µ,ν)
11 (α, β, γ; δ;x,

y

1− t
) (6.2)

and
∞∑

k=0

(γ)k
k!

tk p,qH
(µ,ν)
11 (α, β, γ + k; δ;x, y) = (1− t)−γ

p,qH
(µ,ν)
11 (α, β, γ; δ;x,

y

1− t
). (6.3)

Proof. Using the fact that

(1− t)α =

∞∑
k=0

(α)k
k!

tk,

we can write

(1− t)−α
p,qH

(µ,ν)
11 (α, β, γ; δ;

x

1− t
, y(1− t)) =

∞∑
m,n=0

(α; p, q; k, µ)m−n(β)n(γ)n
(δ)mm!n!

xmyn(1− t)−α+n−m

=

∞∑
k,m,n=0

(α; p, q; k, µ)m−n+k(β)n(γ)n
(δ)mk!m!n!

xmyntk =

∞∑
k=0

(α)k
k!

tk
∞∑

m,n=0

(α+ k; p, q; k, µ)m−n(β)n(γ)n
(δ)mm!n!

xmyn

=

∞∑
k=0

(α)k
k!

tk p,qH
(µ,ν)
11 (α+ k, β, γ; δ;x, y),

which proves (6.1). Also we can write

(1− t)−β
p,qH

(µ,ν)
11 (α, β, γ; δ;x,

y

1− t
) =

∞∑
m,n=0

(α; p, q; k, µ)m−n(β)n(γ)n
(δ)mm!n!

xmyn(1− t)−β−n

=

∞∑
k,m,n=0

(α; p, q; k, µ)m−n(β)n+k(γ)n
(δ)mk!m!n!

xmyntk =

∞∑
k=0

(β)k
k!

tk
∞∑

m,n=0

(α; p, q; k, µ)m−n(β + k)n(γ)n
(δ)mm!n!

xmyn

=

∞∑
k=0

(β)k
k!

tk p,qH
(µ,ν)
11 (α, β + k, γ; δ;x, y),

which gives (6.2). The same technique can be used to prove (6.3).

7 Recursion formulas for the extended Horn’s hypergeometric function
p,qH

(µ,ν)
11

In this section we present some recursion formulas for the extended Horn’s hypergeometric function
p,qH

(µ,ν)
11 . We start with the following theorem:
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Theorem 7.1. For n ∈ N and δ ̸= 0,−1,−2, . . ., the following two recursion formulas for the extended
Horn’s hypergeometric function p,qH

(µ,ν)
11 hold good:

p,qH
(µ,ν)
11 (α+ n, β, γ; δ;x, y) =p,q H

(µ,ν)
11 (α, β, γ; δ;x, y) +

x

δ

n∑
k=1

p,qH
(µ,ν)
11 (α+ k, β, γ; δ + 1;x, y)

−βγy
n∑

k=1

p,qH
(µ,ν)
11 (α+ k − 2, β + 1, γ + 1; δ;x, y)

(α+ k − 1)(α+ k − 2)
, α ̸= 1− k, α ̸= 2− k, k ∈ N,

(7.1)

and

p,qH
(µ,ν)
11 (α− n, β, γ; δ;x, y) =p,q H

(µ,ν)
11 (α, β, γ; δ;x, y)− x

δ

n∑
k=1

p,qH
(µ,ν)
11 (α− k + 1, β + 1, γ; δ + 1;x, y)

+βγy

n∑
k=1

p,qH
(µ,ν)
11 (α− k − 1, β, γ + 1; δ;x, y)

(α− k)(α− k − 1)
, α ̸= k, α ̸= 1 + k, k ∈ N.

(7.2)

Proof. Applying the transformation formula (α+ 1)m−n = (α)m−n(1 +
m−n

α
) in the definition of the

extension of the extended Horn’s hypergeometric function p,qH
(µ,ν)
11 , we get the contiguous formula:

p,qH
(µ,ν)
11 (α+ 1, β, γ; δ;x, y) =p,q H

(µ,ν)
11 (α, β, γ; δ;x, y) +

x

δ
p,qH

(µ,ν)
11 (α+ 1, β, γ; δ + 1;x, y)

− βγy

α(α− 1)
p,qH

(µ,ν)
11 (α− 1, β, γ; δ;x, y), d ̸= 0, α ̸= 0, α ̸= 1. (7.3)

Calculating the function p,qH
(µ,ν)
11 with the parameter α+n by (7.3) for n times, we obtain the required

result (7.1). Replacing α by α− 1 in (7.3), we get

p,qH
(µ,ν)
11 (α− 1, β, γ; δ;x, y) =p,q H

(µ,ν)
11 (α, β, γ; δ;x, y)− x

δ
p,qH

(µ,ν)
11 (α, β, γ; δ + 1;x, y)

+
βγy

(α− 1)(α− 2)
p,qH

(µ,ν)
11 (α− 2, β, γ; δ;x, y), d ̸= 0, α ̸= 1, α ̸= 2. (7.4)

By calculating the function p,qH
(µ,ν)
11 with the parameter α − n by (7.4) for n times, we obtain the

required result of (7.2).

Theorem 7.2. For α ̸= 1 the following recursion relations hold good for the extended Horn’s hyperge-
ometric function p,qH

(µ,ν)
11 :

p,qH
(µ,ν)
11 (α, β+n, γ; δ;x, y) =p,q H

(µ,ν)
11 (α, β, γ; δ;x, y)+

γy

α− 1

n∑
k=1

p,qH
(µ,ν)
11 (α−1, β+k, γ+1; δ;x, y),

(7.5)

p,qH
(µ,ν)
11 (α, β−n, γ; δ;x, y) =p,q H

(µ,ν)
11 (α, β, γ; δ;x, y)− γy

α− 1

n∑
k=1

p,qH
(µ,ν)
11 (α−1, β−k+1, γ+1; δ;x, y),

(7.6)

p,qH
(µ,ν)
11 (α, β, γ+n; δ;x, y) =p,q H

(µ,ν)
11 (α, β, γ; δ;x, y)+

βy

α− 1

n∑
k=1

p,qH
(µ,ν)
11 (α− 1, β+1, γ+ k; δ;x, y)

(7.7)
and

p,qH
(µ,ν)
11 (α, β, γ−n; δ;x, y) =p,q H

(µ,ν)
11 (α, β, γ; δ;x, y)− βy

α− 1

n∑
k=1

p,qH
(µ,ν)
11 (α−1, β+1, γ−k+1; δ;x, y).

(7.8)
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Proof. Applying the transformation formula (β +1)n = (β)n(1 +
n
β
) in the definition of the extended

Horn’s hypergeometric function p,qH
(µ,ν)
11 , we get the contiguous formula:

p,qH
(µ,ν)
11 (α, β+1, γ; δ;x, y) =p,q H

(µ,ν)
11 (α, β, γ; δ;x, y)+

γy

α− 1
p,qH

(µ,ν)
11 (α−1, β+1, γ+1; δ;x, y). (7.9)

Calculating the function p,qH
(µ,ν)
11 with the parameter β+n by (7.9) for n times, we obtain the required

result (7.5). Replacing β by β − 1 in (7.9),we get

p,qH
(µ,ν)
11 (α, β−1, γ; δ;x, y) =p,q H

(µ,ν)
11 (α, β, γ; δ;x, y)− γy

α− 1
p,qH

(µ,ν)
11 (α−1, β, γ+1; δ;x, y). (7.10)

Calculating the function p,qH
(µ,ν)
11 with the parameter β − n by (7.10) for (7.6) n times, we obtain the

required result. The proofs of (7.7) and (7.8) are similar to the proofs of (7.5) and (7.6).

Theorem 7.3. The extended Horn’s hypergeometric function p,qH
(µ,ν)
11 satisfies the identities:

p,qH
(µ,ν)
11 (α, β, γ; δ − n;x, y) =p,q H

(µ,ν)
11 (α, β, γ; δ;x, y) + αx

n∑
k=1

p,qH
(µ,ν)
11 (α+ 1, β, γ; δ − k + 2;x, y)

(δ − k)(δ − k + 1)
,

δ ̸= k − 1, k ∈ N
(7.11)

and

p,qH
(µ,ν)
11 (α, β, γ; δ + n;x, y) =p,q H

(µ,ν)
11 (α, β, γ; δ;x, y)− αx

n∑
k=1

p,qH
(µ,ν)
11 (α+ 1, β, γ; δ + k + 1;x, y)

(δ + k − 1)(δ + k)
,

δ ̸= 1− k,−k ∈ N.
(7.12)

Proof. From the relation
1

(δ − 1)m
=

1

(δ)m
+

m

(δ − 1)(δ)m
,

we can write

p,qH
(µ,ν)
11 (α, β, γ; δ − 1;x, y) =p,q H

(µ,ν)
11 (α, β, γ; δ;x, y)

+
αx

(δ − 1)δ
p,qH

(µ,ν)
11 (α+ 1, β, γ; δ + 1;x, y), δ ̸= 0, 1. (7.13)

Iterating this method on p,qH
(µ,ν)
11 with the parameter δ − n for n times, we obtain (7.11). Replacing

δ by δ + 1 in (7.13), we obtain

p,qH
(µ,ν)
11 (α, β, γ; δ + 1;x, y) =p,q H

(µ,ν)
11 (α, β, γ; δ;x, y)

− αx

δ(δ + 1)
p,qH

(µ,ν)
11 (α+ 1, β, γ; δ + 2;x, y), δ ̸= 0,−1. (7.14)

Iterating this method on p,qH
(µ,ν)
11 with the parameter δ + n for n times, we obtain (7.12).

8 Laplace, Mellin and Fractional Fourier Transforms

In this section we prove some results about the Laplace, Mellin and Fractional Fourier transforms [3,4]
of the function p,qH

(µ,ν)
11 .

Theorem 8.1. The Laplace transform of p,qH
(µ,ν)
11 is as follows :

£{xa−1
p,qH

(µ,ν)
11 (α, β, γ; δ;ωx, y) : s} =

Γ(a)

sa
2F1((α; p, q;µ, ν), a; δ;

ω

s
). 2F1(β, γ; 1− α−m;−y).(8.1)
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Proof. Applying the Laplace transform (1.3) on both sides of (2.1), we have

£{xa−1
p,qH

(µ,ν)
11 (α, β, γ; δ;ωx, y) : s} =

∫ ∞

0

xa−1e−sx[

∞∑
m,n=0

(α; p, q;µ, ν)m−n(β)n(γ)n(ωx)
myn

(δ)mm!n!
]dx

Putting sx = u, dx = du
s

, x = 0, u = 0 and x = ∞, u = ∞, we get

£{xa−1
p,qH

(µ,ν)
11 (α, β, γ; δ;ωx, y) : s} =

∞∑
m,n=0

[
1

sa+m
(

∫ ∞

0

e−uua+m−1du)
(α; p, q;µ, ν)m−n(β)n(γ)n ωmyn

(δ)mm!n!
]

=
1

sa

∞∑
m,n=0

(α; p, q;µ, ν)m−n(β)n(γ)nΓ(a+m) ωmyn

sm(δ)mm!n!
=

Γ(a)

sa

∞∑
m,n=0

(α; p, q;µ, ν)m−n(a)m(β)n(γ)n ωmyn

sm(δ)mm!n!

=
Γ(a)

sa

∞∑
m,n=0

(α; p, q;µ, ν)m(a)m(β)n(γ)n ωm(−y)n

(1− α−m)n(δ)mm!n!

=
Γ(a)

sa
2F1((α; p, q;µ, ν), a; δ;

ω

s
) 2F1(β, γ; 1− α−m;−y),

which is the desired result of (8.1).

Remark 8.2. We mention here in the context of Theorem 8.1 that the result of this theorem can be
further generalized by invoking the properties of the Upadhyaya transform (see, Upadhyaya [11] and
Upadhyaya et. al. [12]) and we propose to give that generalization of Theorem 8.1 in one of our future
communications.

Theorem 8.3. The Mellin transform of p,qH
(µ,ν)
11 is as follows :

M{e−x
p,qH

(µ,ν)
11 (α, β, γ; δ;ωx, y) : s} = Γ(s) 2F1((α; p, q;µ, ν), s; δ;ω) 2F1(β, γ; 1− α−m;−y). (8.2)

Proof. Applying the Mellin transform (1.4) on both sides of (2.1), we have

M{e−x
p,qH

(µ,ν)
11 (α, β, γ; δ;ωx, y) : s}

=

∞∑
m,n=0

(α; p, q;µ, ν)m−n(β)n(γ)nω
myn

(δ)mm!n!

∫ ∞

0

xs−1e−xxmdx

= Γ(s)

∞∑
m,n=0

(α; p, q;µ, ν)m(s)m(β)n(γ)nω
m(−y)n

(1− α−m)n(δ)mm!n!

= Γ(s) 2F1((α; p, q;µ, ν), s; δ;ω) 2F1(β, γ; 1− α−m;−y),

which is the desired result (8.2).

Theorem 8.4. The Fractional Fourier transform of p,qH
(µ,ν)
11 of order v for x < 0 is given by:

ℑv[ p,qH
(µ,ν)
11 (α, β, γ; δ;x, y) ] = (iω

1
v )−1

2F1((α; p, q;µ, ν), 1; δ;−(iω
1
v )−1) 2F1(β, γ; 1− α−m;−y).

(8.3)

Proof. Since, we have

p,qH
(µ,ν)
11 (α, β, γ; δ;x, y) =

∞∑
m,n=0

(α; p, q;µ, ν)m−n(β)n(γ)nx
myn

(δ)mm!n!

=

∞∑
m,n=0

(−1)n(α; p, q;µ, ν)m(β)n(γ)nx
myn

(1− α−m)n(δ)mm!n!
. (8.4)
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Applying the Fractional Fourier transform (1.5) on both sides of (8.4), we have

ℑv[ p,qH
(µ,ν)
11 (α, β, γ; δ;x, y) ] =

∞∑
m,n=0

(−1)n(α; p, q;µ, ν)m(β)n(γ)ny
n

(1− α−m)n(δ)mm!n!

∫ 0

−∞
eiω

1
v x xmdx.

Putting t = −iω
1
v x, dt = −iω

1
v dx, x = −∞, t = ∞ and x = 0, t = 0, we get

ℑv[ p,qH
(µ,ν)
11 (α, β, γ; δ;x, y) ] =

∞∑
m,n=0

(α; p, q;µ, ν)m(β)n(γ)n(−y)n

(1− α−m)n(δ)mm!n!

∫ ∞

0

e−t (− t

iω
1
v

)m
dt

iω
1
v

=

∞∑
m,n=0

(α; p, q;µ, ν)m(β)n(γ)n(−y)n(−1)m(i)−(m+1)(ω)−
m+1

v Γ(m+ 1)

(1− α−m)n(δ)mm!n!

= (iω
1
v )−1

2F1((α; p, q;µ, ν), 1; δ;−(iω
1
v )−1) 2F1(β, γ; 1− α−m;−y),

which is the desired result (8.3).
Special Case: For v = 1 the result gives the conventional Fourier transform of p,qH

(µ,ν)
11 :

ℑ[ p,qH
(µ,ν)
11 (α, β, γ; δ;x, y) ] = (iω)−1

2F1((α; p, q;µ, ν), 1; δ;−(iω)−1) 2F1(β, γ; 1− α−m;−y).

9 Fractional integration of the extended Horn’s hypergeometric function

Now we give below a theorem about the fractional integration of the extended Horn’s hypergeometric
function p,qH

(µ,ν)
11 .

Theorem 9.1. Let ξ, ϱ, η ∈ C with ℜ(ξ) > 0. Then the fractional integration of the extended Horn’s
hypergeometric function p,qH

(µ,ν)
11 is as follows:

Iξ,ϱ,η0,x [xρ−1
p,qH

(µ,ν)
11 (α, β, γ; δ;x, y) ] = xρ−ϱ−1 Γ(ρ)Γ(ρ+ η − ϱ)

Γ(ρ− ϱ)Γ(ρ+ η + ξ)

× 3F3((α; p, q;µ, ν), ρ, ρ+ η − ϱ; δ, ρ− ϱ, ρ+ η + ξ;x) 2F1(β, γ; 1− α−m;−y).

(9.1)

Proof. By Saigo [4],

Iξ,ϱ,η0,x xλ−1 = xλ−ϱ−1 Γ(λ)Γ(λ+ η − ϱ)

Γ(λ− ϱ)Γ(λ+ η + ξ)
.

Then we can write

Iξ,ϱ,η0,x [xρ−1
p,qH

(µ,ν)
11 (α, β, γ; δ;x, y) ] = Iξ,ϱ,η0,x [xρ−1

1F1((α; p, q;µ, ν); δ;x) 2F1(β, γ; 1− α−m;−y) ]

=

∞∑
m,n=0

(−1)n(α; p, q;µ, ν)m(β)n(γ)ny
n

(1− α−m)n(δ)mm!n!
Iξ,ϱ,η0,x [xρ+m−1]

=

∞∑
m,n=0

(−1)n(α; p, q;µ, ν)m(β)n(γ)ny
n

(1− α−m)n(δ)mm!n!
[ xρ−ϱ+m−1 Γ(ρ+m)Γ(ρ+ η − ϱ+m)

Γ(ρ− ϱ+m)Γ(ρ+ η + ξ +m)
]

= xρ−ϱ−1 Γ(ρ)Γ(ρ+ η − ϱ)

Γ(ρ− ϱ)Γ(ρ+ η + ξ)
3F3((α; p, q;µ, ν), ρ, ρ+ η − ϱ; δ, ρ− ϱ, ρ+ η + ξ;x)

× 2F1(β, γ; 1− α−m;−y),

which is the desired result (9.1).
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10 Double Laplace and double Mellin transforms

In this section we give two results concerning the double Laplace and the double Mellin transforms of
p,qH

(µ,ν)
11 . We remark in advance that the result of Theorem 10.1 below can be generalized further by

employing the double Upadhyaya transform (see, Upadhyaya [11]) which we shall do in a future work
of ours.

Theorem 10.1. The double Laplace transform of p,qH
(µ,ν)
11 is as follows :

£2{xa−1yb−1
p,qH

(µ,ν)
11 (α, β, γ; δ;ωx, ρy)}

=
Γ(a)Γ(b)

rasb
2F1((α; p, q;µ, ν), a; δ;

ω

r
) 3F1(β, γ, b; 1− α−m;−ρ

s
). (10.1)

Proof. Applying the double Laplace transform (1.6) on both sides of (2.1), we have

£2{ xa−1yb−1
p,qH

(µ,ν)
11 (α, β, γ; δ;ωx, ρy) }

=£{ xa−1
p,qH

(µ,ν)
11 (α, β, γ; δ;ωx, ρy) : r }£{ yb−1

p,qH
(µ,ν)
11 (α, β, γ; δ;ωx, ρy) : s }

=

∞∑
m,n=0

(α; p, q;µ, ν)m−n(β)n(γ)nω
mρn

(δ)mm!n!
{ (

∫ ∞

0

xa+m−1e−rxdx )(

∫ ∞

0

yb+n−1e−sydy ) }.

Putting rx = u, dx = du
r

, x = 0, u = 0 , x = ∞, u = ∞ and sy = z, dy = dz
s

, y = 0, z = 0, y = ∞,
z = ∞, we get

£2{ xa−1yb−1
p,qH

(µ,ν)
11 (α, β, γ; δ;ωx, ρy) }

=
1

ra+msb+n

∞∑
m,n=0

(α; p, q;µ, ν)m−n(β)n(γ)nω
mρn

(δ)mm!n!
{ (

∫ ∞

0

ua+m−1e−udu )(

∫ ∞

0

zb+n−1e−zdz ) }

=
Γ(a)Γ(b)

ra+msb+n

∞∑
m,n=0

(α; p, q;µ, ν)m−n(β)n(γ)n(a)m(b)nω
mρn

(δ)mm!n!

=
Γ(a)Γ(b)

ra+msb+n

∞∑
m,n=0

(α; p, q;µ, ν)m(β)n(γ)n(a)m(b)nω
m(−ρ)n

(δ)m (1− α−m)nm!n!

=
Γ(a)Γ(b)

rasb
2F1((α; p, q;µ, ν), a; δ;

ω

r
) 3F1(β, γ, b; 1− α−m;−ρ

s
),

which is the desired result (10.1).

Theorem 10.2. The double Mellin transform of p,qH
(µ,ν)
11 is as follows :

Mxy{e−(x+y)
p,qH

(µ,ν)
11 (α, β, γ; δ;ωx, ρy) : r, s}

= Γ(r)Γ(s) 2F1((α; p, q;µ, ν), r; δ;ω) 3F1(β, γ, s; 1− α−m;−ρ). (10.2)

Proof. Applying the double Mellin transform (1.7) on both sides of (2.1), we have

Mxy{e−(x+y)
p,qH

(µ,ν)
11 (α, β, γ; δ;ωx, ρy) : r, s}

=

∞∑
m,n=0

(α; p, q;µ, ν)m−n(β)n(γ)nω
mρn

(δ)mm!n!
{ (

∫ ∞

0

xr−1e−xxmdx )(

∫ ∞

0

ys−1e−yyndy ) }

= Γ(r)Γ(s)

∞∑
m,n=0

(α; p, q;µ, ν)m(r)m(β)n(γ)n(s)n ωm(−ρ)n

(1− α−m)n(δ)mm!n!

= Γ(r)Γ(s) 2F1((α; p, q;µ, ν), r; δ;ω) 3F1(β, γ, s; 1− α−m;−ρ),

which is the desired result (10.2).
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11 Concluding remarks

In this paper we explored some properties of the extended Horn’s hypergeometric function p,qH
(µ,ν)
11

which includes the limit formulas, integral representations, differentiation formulas, infinite sums, re-
cursion formulas, the Laplace, Mellin, fractional Fourier transforms, the fractional integration formula
and the double Laplace and the double Mellin transforms of this function. The results given in this
paper can be applied to probability theory, astrophysics, biological sciences and engineering.
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