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1. INTRODUCTION 

 

Every researcher in Number Theory is familiar with the subject of Diophantine equations. In fact, Number 

theory is the great and rich intellectual heritage of man-kind and essentially a man-made world to meet his 

ideals of intellectual perfection. No doubt that number is the essence of mathematical calculations and one may 

discover beautiful patterns in numbers. Recognizing number patterns is also an important problem solving skill. 

It is worth to quote the remark “There is strength in numbers, but organizing those numbers is one of the great 

challenges” by the mathematician John C. Mather and one may call “Mathematics as the science of patterns” as 

remarked by Ronald Graham. 

 

The numbers that can be represented by a regular geometric arrangement of equally spaced points are called 

Figurate numbers [1]. In [2], the relations among the pairs of special m-gonal numbers generated through the 

solutions of the binary quadratic equation 12 22
−= xy  are determined. In [3], the relations among special 

figurate numbers through the equation 110 22
+= xy are obtained. In [4], employing the solutions of the 

Pythagorean equation, the relations between the pairs of special polygonal numbers such that the difference in 

each pair is a perfect square is obtained. Also, Bert Miller [5] has defined a number known as Nasty number as 

follows: A positive integer n is a Nasty number if cdabn == and dcba −=+  or dcba +=− where a, b, c 

and d are non-zero distinct positive integers. 
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 In this paper, a few interesting relations among the polygonal and centered polygonal numbers are 

obtained through employing the distinct integer solutions of the corresponding Pell equations. 

2. NOTATIONS  

� Polygonal number of rank n with size m 
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� Centered Polygonal number of rank n with size m 
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3. METHOD OF ANALYSIS 

 

Relation: 1 

Consider the Pell equation 

   12 22
+= xy                    (1)  

The general solution of (1) is  

  
nnnn gxfy

22

1
,

2

1
==  

where, ( ) ( ) ( ) ( ) 1111

223223,223223
++++

−−+=−++=
nn

n

nn

n gf  

Observation: 

Let { }sn be a sequence of positive integers defined by 

  ( ) .....6,4,2,0,2
8

1
=+= sfn ss  

Note that  
snt ,64  is a perfect square. 

 

Relation: 2 

Consider the Pell equation 

   43 22
+= xy        (2)  

The least positive solution of (2) is 0 02 , 4.x y= =  

To find the other solutions of (2), consider the positive Pell equation  

   13
22

+= xy  

whose general solution ( )nn yx ~,~  is given by 

  ( ) ( ) n

nn

n fy
2

1
3232

2

1~ 11

=
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 −++=

++

 

  ( ) ( ) ,.....2,1,0,1,
32

1
3232

32
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−==
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where, ( ) ( )
1 1

2 3 2 3
n n

n
f

+ +

= + + −  and ( ) ( )
1 1

2 3 2 3
n n

n
g

+ +

= + − − .  

Applying the Brahmagupta lemma between the solutions ( )00 , yx  and ( )nn yx ~,~ , the sequence of integer solutions 

to (2) are given by  

  
nnnnn gfxyyxx

3

2~~
001 +=+=

+
 

  nnnnn gfxDxyyy 32~~
001 +=+=+  

Observation: 

Let { }1+sn be a sequence of positive integers defined by 

  ( )1

1
2 3 2 , 1,1,3,5, .

6
s s s

n f g s
+

= + + = − …  
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Note that  
1,84

+snt  is a Perfect square. 

 

Relation: 3 

Consider the Pell equation 

   16
22

+= xy                     (3)  

The general solution of (3) is  

  
nnnn gxfy

62

1
,

2

1
==  

where, ( ) ( ) ( ) ( ) 1111

625625,625625
++++

−−+=−++=
nn

n

nn

n gf
.
 

Observation: 

Let { }sn be a sequence of positive integers defined by 

  ( ) .....6,4,2,0,2
12

1
=+= sfn ss  

Note that  
snt ,54  is a Perfect square. 

 

Relation: 4 

Consider the Pell equation 

   96 22
+= xy         (4)  

The least positive solution of (4) is 
0 0

6 , 15.x y= =  

To find the other solutions of (4), consider the positive Pell equation  

   16 22
+= xy  

whose general solution ( )nn yx ~,~  is given by 

  ( ) ( ) n

nn

n fy
2

1
625625

2

1~ 11

=




 −++=

++

 

  ( ) ( )
1 11 1

5 2 6 5 2 6 , 1,0,1,2,
2 6 2 6

n n

n n
x g n

+ + = + − − = = −
  

…ɶ  

with ( ) ( )
1 1

5 2 6 5 2 6
n n

n
f

+ +

= + + −  and ( ) ( )
1 1

5 2 6 5 2 6
n n

n
g

+ +

= + − − . Applying the Brahmagupta 

lemma between the solutions ( )00 , yx  and ( )nn yx ~,~ , the sequence of integer solutions to (4) are given by  

  
nnnnn gfxyyxx

62

15
3~~

001 +=+=
+

 

  
1 0 0

15
3 6 .

2
n n n n ny y y Dx x f g

+
= + = +ɶ ɶ  

Observation: 

Let { }1+sn be a sequence of positive integers defined by 

  ( ) ,....3,2,1,0,1,66615
12

1
1 −=−+=+ sgfn sss  

Note that  66
1,12 −

+snCt  is a Nasty number. 

 

Relation: 5 

Consider the Pell equation 

   920 22
+= xy        (5)  

The least positive solution of (5) is 0 0
6 , 27.x y= =  

To find the other solutions of (5), consider the positive Pell equation  

   120 22
+= xy  

whose general solution ( )nn yx ~,~  is given by 
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  ( ) ( )
n

nn

n fy
2

1
549549

2

1~ 11

=




 −++=

++

 

  ( ) ( )
1 11 1

9 4 5 9 4 5 , 1,0,1,2,
4 5 4 5

n n

n n
x g n

+ + = + − − = = −
  

…ɶ  

with, ( ) ( )
1 1

9 4 5 9 4 5
n n

n
f

+ +

= + + − and ( ) ( )
1 1

9 4 5 9 4 5 .
n n

n
g

+ +

= + − −  Applying  the Brahmagupta 

lemma between the solutions ( )00 , yx  and ( )nn yx ~,~ , the sequence of integer solutions to (5) are given by  

  
nnnnn gfxyyxx

54

27
3~~

001 +=+=
+

 

  
1 0 0

27
6 5 .

2
n n n n ny y y Dx x f g

+
= + = +ɶ ɶ  

Observation: 

Let { }1+sn be a sequence of positive integers defined by 

  ( )1

1
27 12 5 6 , 1,1,3,5,

20
.

s s s
n f g s

+
= + + = − …  

Note that  
1,72

+snt  is a Perfect square. 

 

Relation: 6 

Consider the Pell equation 

   924
22

+= xy          (6)  

The least positive solution of (6) is 0 03 , 15.x y= =  

To find the other solutions of (6), consider the positive Pell equation  

   124 22
+= xy  

whose general solution ( )nn yx ~,~  is given by 

  ( ) ( ) n

nn

n fy
2

1
625625

2

1~ 11

=




 −++=

++

 

  ( ) ( )
1 11 1

5 2 6 5 2 6 , 1,0,1,2,
4 6 4 6

n n

n n
x g n

+ + = + − − = = −
  

…ɶ  

with ( ) ( )
1 1

5 2 6 5 2 6
n n

n
f

+ +

= + + −  and ( ) ( )
1 1

5 2 6 5 2 6
n n

n
g

+ +

= + − − .  Applying the Brahmagupta 

lemma between the solutions ( )00 , yx  and ( )nn yx ~,~ , the sequence of integer solutions to (6) are given by  

  
nnnnn gfxyyxx

64

15

2

3~~
001 +=+=

+
 

  1 0 0

15
3 6 .

2
n n n n ny y y Dx x f g

+
= + = +ɶ ɶ  

Observation: 

Let { }1+sn be a sequence of positive integers defined by 

  ( )1

1
5 2 6 2 , 1, 0,1,2,3,

4
.s s sn f g s

+
= + − = …−  

Note that  
1,33

+snt  is a Perfect square. 

 
Relation: 7 

Consider the Pell equation 

   2524 22
+= xy           (7)  

The least positive solution of (7) is 
0 0

1 , 7.x y= =  

To find the other solutions of (7), consider the positive Pell equation  
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   124 22
+= xy  

whose general solution ( )nn yx ~,~  is given by 

  ( ) ( ) n

nn

n fy
2

1
625625

2

1~ 11

=




 −++=

++

 

  ( ) ( )
1 11 1

5 2 6 5 2 6 , 1,0,1,2,
4 6 4 6

n n

n n
x g n

+ + = + − − = = −
  

…ɶ  

with ( ) ( )
1 1

5 2 6 5 2 6
n n

n
f

+ +

= + + − and ( ) ( )
1 1

5 2 6 5 2 6 .
n n

n
g

+ +

= + − − Applying  the Brahmagupta 

lemma between the solutions ( )00 , yx  and ( )nn yx ~,~ , the sequence of integer solutions to (7) are given by  

  
nnnnn gfxyyxx

64

7

2

1~~
001 +=+=+

 

  
1 0 0

7
6 .

2
n n n n ny y y Dx x f g

+
= + = +ɶ ɶ  

Observation: 

Let { }1+sn be a sequence of positive integers defined by 

  ( ) ,....3,2,1,0,1,2627
4

1
1 −=−+=+ sgfn sss  

Note that  62
1,3 −

+snt  is a Nasty Number. 

 

Relation: 8 

Consider the Pell equation 

   2540 22
+= xy                        (8)  

The least positive solution of (8) is 0 015 , 95.x y= =  

To find the other solutions of (8), consider the positive Pell equation  

   140
22

+= xy  

whose general solution ( )nn yx ~,~  is given by 

  ( ) ( ) n

nn

n fy
2

1
1061910619

2

1~ 11

=




 −++=

++

 

  ( ) ( )
1 11 1

19 6 10 19 6 10 , 1,0,1,2,
4 10 4 10

n n

n n
x g n

+ + = + − − = = −
 

…


ɶ  

with ( ) ( )
1 1

19 6 10 19 6 10
n n

n
f

+ +

= + + −  and ( ) ( ) 11

1061910619
++

−−+=
nn

ng .  

 

 Applying Brahmagupta lemma between the solutions ( )00 , yx  and ( )nn yx ~,~ , the sequence of integer solutions to 

(8) are given by  

  
nnnnn gfxyyxx

104

95

2

15~~
001 +=+=+

 

  1 0 0

95
15 10 .

2
n n n n ny y y Dx x f g

+
= + = +ɶ ɶ  

Observation: 

Let { }1+sn be a sequence of positive integers defined by 

  ( ) ,....3,2,1,0,1,210619
4

1
1 −=−+=+ sgfn sss  

Note that  
1,35

+snt  is a Perfect square. 

 
 

Relation: 9 
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Consider the Pell equation 

   42
22

−= xy                      (9)  

The least positive solution of (9) is 2,2 00 == yx  

To find the other solutions of (9), consider the positive Pell equation  

   12
22

+= xy  

whose general solution ( )nn yx ~,~  is given by 

  ( ) ( ) n

nn

n fy
2

1
223223

2

1~ 11

=




 −++=

++

 

  ( ) ( )
1 11 1

3 2 2 3 2 2 , 1,0,1,2,
2 2 2 2

n n

n nx g n
+ + = + − − = = −

  
…ɶ  

with ( ) ( )
1 1

3 2 2 3 2 2
n n

n
f

+ +

= + + −  and ( ) ( )
1 1

3 2 2 3 2 2 .
n n

n
g

+ +

= + − −  Applying the Brahmagupta 

lemma between the solutions ( )00 , yx  and ( )nn yx ~,~ , the sequence of integer solutions to (9) are given by  

  
nnnnn gfxyyxx

22

1~~
001 +=+=+

 

  1 0 0 2 .n n n n ny y y Dx x f g
+

= + = +ɶ ɶ  

Observation: 

Let { }1+sn be a sequence of positive integers defined by 

  ( ) ,....3,2,1,0,22
4

1
1 =−+=+ sgfn sss  

Note that  22
1,8 +

+snCt  is a Perfect square. 

 

Relation: 10 

Consider the Pell equation 

   33 22
−= xy                                               (10)  

The least positive solution of (10) is 
0 0

2 , 3.x y= =  

To find the other solutions of (10), consider the positive Pell equation  

   13 22
+= xy  

whose general solution ( )nn yx ~,~  is given by 

  ( ) ( ) n

nn

n fy
2

1
3232

2

1~ 11

=




 −++=

++

 

  ( ) ( )
1 11 1

2 3 2 3 , 1,0,1,2,
2 3 2 3

n n

n n
x g n

+ + = + − − = = −
 

…


ɶ  

with ( ) ( )
1 1

2 3 2 3
n n

n
f

+ +

= + + −  and ( ) ( )
1 1

2 3 2 3
n n

n
g

+ +

= + − − .  Applying the Brahmagupta lemma 

between the solutions ( )00 , yx  and ( )nn yx ~,~ , the sequence of integer solutions to (10) are given by  

  nnnnn gfxyyxx
2

3~~
001 +=+=+  

  1 0 0

3
3 .

2
n n n n ny y y Dx x f g

+
= + = +ɶ ɶ  

Observation: 

Let { }1+sn be a sequence of positive integers defined by 

  ( ) ,....5,3,1,6323
12

1
1 =−+=+ sgfn sss  

Note that  
1,64

+snCt  is a Perfect square. 

 

Relation: 11 
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Consider the Pell equation 

   1510
22

−= xy        (11)  

The least positive solution of (11) is 0 02 , 5.x y= =  

To find the other solutions of (11), consider the positive Pell equation  

   110 22
+= xy  

whose general solution ( )nn yx ~,~  is given by 

  ( ) ( ) n

nn

n fy
2

1
1061910619

2

1~ 11

=




 −++=

++

 

  ( ) ( )
1 11 1

19 6 10 19 6 10 , 1,0,1,2,
2 10 2 10

n n

n n
x g n

+ + = + − − = = −
 

…


ɶ  

with ( ) ( )
1 1

19 6 10 19 6 10
n n

n
f

+ +

= + + − and ( ) ( )
1 1

19 6 10 19 6 10 .
n n

n
g

+ +

= + − −  Applying the  

Brahmagupta lemma between the solutions ( )00 , yx  and ( )nn yx ~,~ , the sequence of integer solutions to (11) are 

given by  

  
nnnnn gfxyyxx

102

5~~
001 +=+=+

 

  
1 0 0

5
10 .

2
n n n n n

y y y Dx x f g
+

= + = +ɶ ɶ  

Observation: 

Let { }1+sn be a sequence of positive integers defined by 

  ( )1

1
5 2 10 10 , 0,1,2, .3,

20
s s s

n f g s
+

= + = …−  

Note that  22
1,10 +

+snCt  is a Perfect square. 

 

Relation: 12 

Consider the Pell equation 

   615
22

−= xy                      (12)  

The least positive solution of (12) is 0 01, 3.x y= =  

To find the other solutions of (12), consider the positive Pell equation  

   115 22
+= xy  

whose general solution ( )nn yx ~,~  is given by 

  ( ) ( ) n

nn

n fy
2

1
154154

2

1~ 11

=




 −++=

++

 

  ( ) ( )
1 11 1

4 15 4 15 , 1,0,1,2,
2 15 2 15

n n

n n
x g n

+ + = + − − = = −
  

…ɶ  

with ( ) ( )
1 1

4 15 4 15
n n

n
f

+ +

+ + −=  and ( ) ( ) 11

154154
++

−−+=
nn

ng .  

Applying Brahmagupta lemma between the solutions ( )00 , yx  and ( )nn yx ~,~ , the sequence of integer solutions to 

(12) are given by  

  
nnnnn gfxyyxx

152

3

2

1~~
001 +=+=+

 

  1 0 0

3 15
.

2 2
n n n n ny y y Dx x f g

+
= + = +ɶ ɶ  

Observation: 

Let { }1+sn be a sequence of positive integers defined by 
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  ( ) ,....3,2,1,0,6153
12

1
1 =−+=+ sgfn sss  

Note that  1510
1,12 +

+snCt  is a Perfect square. 

 

Relation: 13 

Consider the Pell equation 

   7120
22

−= xy        (13)  

The least positive solution of (13) is 0 02 , 3.x y= =  

To find the other solutions of (13), consider the positive Pell equation  

   120 22
+= xy  

whose general solution ( )nn yx ~,~  is given by 

  ( ) ( ) n

nn

n fy
2

1
549549

2

1~ 11

=




 −++=

++

 

  ( ) ( )
1 11 1

9 4 5 9 4 5 , 1,0,1,2,
4 5 4 5

n n

n n
x g n

+ + = + − − = = −
  

…ɶ  

with ( ) ( )
1 1

9 4 5 9 4 5
n n

n
f

+ +

= + + −  and ( ) ( )
1 1

9 4 5 9 4 5 .
n n

n
g

+ +

= + − −  Applying the Brahmagupta 

lemma between the solutions ( )00 , yx  and ( )nn yx ~,~ , the sequence of integer solutions to (13) are given by  

  
nnnnn gfxyyxx

54

3~~
001 +=+=+

 

  
1 0 0

3
2 5 .

2
n n n n n

y y y Dx x f g
+

= + = +ɶ ɶ  

Observation: 

Let { }1+sn be a sequence of positive integers defined by 

  ( ) ,....4,2,0,6543
20

1
1 =++=+ sgfn sss

 

Note that  42
1,7 +

+snt  is a Perfect square. 

 

Relation: 14 

Consider the Pell equation 

   1524 22
−= xy         (14)  

The least positive solution of (14) is 0 0
1, 3.x y= =  

To find the other solutions of (14), consider the positive Pell equation  

   124 22
+= xy  

whose general solution ( )nn yx ~,~  is given by 

  ( ) ( ) n

nn

n fy
2

1
625625

2

1~ 11

=




 −++=

++

 

  ( ) ( )
1 11 1

5 2 6 5 2 6 , 1,0,1,2,
4 6 4 6

n n

n n
x g n

+ + = + − − = = −
  

…ɶ  

with ( ) ( )
1 1

5 2 6 5 2 6
n n

n
f

+ +

= + + − and ( ) ( )
1 1

5 2 6 5 2 6
n n

n
g

+ +

= + − − . Applying the Brahmagupta 

lemma between the solutions ( )00 , yx  and ( )nn yx ~,~ , the sequence of integer solutions to (14) are given by  

  
nnnnn gfxyyxx

64

3

2

1~~
001 +=+=+

 

  1 0 0

3
6 .

2
n n n n ny y y Dx x f g

+
= + = +ɶ ɶ  
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Observation: 

Let { }1+sn be a sequence of positive integers defined by 

  ( )1

1
3 2 6 6 , 0,1,2,3,

12
.s s sn f g s

+
= + = …−  

Note that  
1,3 +snCt  is a Perfect square. 

 

 

Relation: 15 

Consider the Pell equation 

   2324 22
−= xy        (15)  

The least positive solution of (15) is 0 0
1, 1.x y= =  

To find the other solutions of (15), consider the positive Pell equation  

   124
22

+= xy  

whose general solution ( )nn yx ~,~  is given by 

  ( ) ( ) n

nn

n fy
2

1
625625

2

1~ 11

=




 −++=

++

 

  ( ) ( )
1 11 1

5 2 6 5 2 6 , 1,0,1,2,
4 6 4 6

n n

n n
x g n

+ + = + − − = = −
  

…ɶ  

with ( ) ( )
1 1

5 2 6 5 2 6
n n

n
f

+ +

= + + −  and ( ) ( )
1 1

5 2 6 5 2 6
n n

n
g

+ +

= + − − . Applying the Brahmagupta 

lemma between the solutions ( )00 , yx  and ( )nn yx ~,~ , the sequence of integer solutions to (15) are given by  

  nnnnn gfxyyxx
64

1

2

1~~
001 +=+=+  

  1 0 0

1
6 .

2
n n n n ny y y Dx x f g

+
= + = +ɶ ɶ  

Observation: 

Let { }1+sn be a sequence of positive integers defined by 

  ( )1

1
2 6 2 , 0,1, .2,3,

4
s s sn f g s
+

= + − …=  

Note that  62
1,3 +

+snt  is a Nasty Number. 

 

Relation: 16 

Consider the Pell equation 

   2130 22
−= xy                      (16)  

The least positive solution of (16) is 
0 0

1, 3.x y= =  

To find the other solutions of (16), consider the positive Pell equation  

   130 22
+= xy  

whose general solution ( )nn yx ~,~  is given by 

  ( ) ( )
n

nn

n fy
2

1
3021130211

2

1~ 11

=




 −++=

++

 

  ( ) ( )
1 11 1

11 2 30 11 2 30 , 1,0,1,2,
2 30 2 30

n n

n n
x g n

+ + = + − − = = −
 

…


ɶ  

where, ( ) ( )
1 1

11 2 30 11 2 30
n n

n
f

+ +

= + + − and ( ) ( ) 11

3021130211
++

−−+=
nn

ng .  

Applying Brahmagupta lemma between the solutions ( )00 , yx  and ( )nn yx ~,~ , the sequence of integer solutions to 

(16) are given by  
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nnnnn gfxyyxx

302

3

2

1~~
001 +=+=+

 

  1 0 0

3 30
.

2 2
n n n n n

y y y Dx x f g
+

= + = +ɶ ɶ  

Observation: 

Let { }1+sn be a sequence of positive integers defined by 

  ( )1

1
3 30 6 , 0,1,2,3,

12
.s s sn f g s

+
= + = …−  

Note that  1510
1,6 +

+snCt  is a Perfect square. 
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