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Abstract:

In this paper, different choices of positive and negative Pell equations are considered. Employing the non-zero
integer solutions of each of the above choices of positive and negative Pell equations, the relations among the
special polygonal numbers are exhibited.
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1. INTRODUCTION

Every researcher in Number Theory is familiar with the subject of Diophantine equations. In fact, Number
theory is the great and rich intellectual heritage of man-kind and essentially a man-made world to meet his
ideals of intellectual perfection. No doubt that number is the essence of mathematical calculations and one may
discover beautiful patterns in numbers. Recognizing number patterns is also an important problem solving skill.
It is worth to quote the remark “There is strength in numbers, but organizing those numbers is one of the great
challenges” by the mathematician John C. Mather and one may call “Mathematics as the science of patterns” as
remarked by Ronald Graham.

The numbers that can be represented by a regular geometric arrangement of equally spaced points are called
Figurate numbers [1]. In [2], the relations among the pairs of special m-gonal numbers generated through the

solutions of the binary quadratic equation y* =2x>—1 are determined. In [3], the relations among special

figurate numbers through the equation y*>=10x"+1are obtained. In [4], employing the solutions of the
Pythagorean equation, the relations between the pairs of special polygonal numbers such that the difference in
each pair is a perfect square is obtained. Also, Bert Miller [5] has defined a number known as Nasty number as
follows: A positive integer n is a Nasty number if n=ab=cdand a+b=c—d or a—b=c+d where a, b, ¢
and d are non-zero distinct positive integers.
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In this paper, a few interesting relations among the polygonal and centered polygonal numbers are
obtained through employing the distinct integer solutions of the corresponding Pell equations.

2. NOTATIONS
»  Polygonal number of rank n with size m

. =n 1+—(n_1)(m_2)
| 2
» Centered Polygonal number of rank n with size m
Ctm,n = o (Z + l) +l

3. METHOD OF ANALYSIS

Relation: 1
Consider the Pell equation

y?=2x+1 1)
The general solution of (1) is
1 1

=7 sy X, ==&,
Yn 5/ 2\/53

where, f, =(3+242) " +(-2v2]" | g, =(+2v2) " -(-2v2)"

Observation:
Let {n,}be a sequence of positive integers defined by

n&=é(f&+2) , §=0,2,4,6....

Note that 47, is a perfect square.

Relation: 2
Consider the Pell equation

v =3x"+4 @)
The least positive solution of (2) is X, = 2, Vo = 4.
To find the other solutions of (2), consider the positive Pell equation
2 2
y =3x"+1

whose general solution (%,,7,) is given by

5= Mbe) b L

%, = %[(uﬁ)"“—(z—ﬁ)"“}:%g” ., n=-10,1,2,....

A AN NRYERN WP EING (AN

Applying the Brahmagupta lemma between the solutions (x,, y,) and (%,,7, ), the sequence of integer solutions
to (2) are given by

- - 2
Xt =XV, ¥ Yo%, = f + Egn

Yot = YoV + DxoX, =21, + \/ggn
Observation:
Let {n,,,}be a sequence of positive integers defined by

n,, :%(2fx +43g,+2), s=-1135,..
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Note that 4z, ~is a Perfect square.

Relation: 3
Consider the Pell equation

y=6x>+1 3)
The general solution of (3) is
1 1
Yn =5 Xn —mé’n
where, f, = (5+2v6) " +(5-2J6 )", ¢, =[5+2v6) " ~(5-26) "

Observation:
Let {n, }be a sequence of positive integers defined by

Note that 475, is a Perfect square.

Relation: 4
Consider the Pell equation

y>=6x"+9 (4)
The least positive solution of (4) is x, =6, y, =13.
To find the other solutions of (4), consider the positive Pell equation
2 2
y =6x"+1

whose general solution (%,,7,) is given by

5= Ube2de b2 )L,

.1 w1
xnzm[(5+2\/g) —(5-2V6) l}zmg,ﬂ n=-10,12,...

with f, = (5 +2\/€)H+l +(5 ~2V6 )n+1 and g = (5 +2./6 )n+1 —(5 -2J6 )n+1 . Applying the Brahmagupta

lemma between the solutions (x,, y,) and (%,,7, ), the sequence of integer solutions to (4) are given by

~ ~ 15
‘er-l :xoyn +y0‘xn =3fn +mgn

- . 15
ylH—l = y()yn +D‘x()‘xn :7](;1 +3\/ggn’

Observation:
Let {n,,,}be a sequence of positive integers defined by

n, = é(lsjg +616g, —6), s=-1,0,12.3,....

Note that 6Ct,,, —6 isa Nasty number.

Relation: 5
Consider the Pell equation

y>=20x"+9 )
The least positive solution of (5) is x, =6, y, = 27.
To find the other solutions of (5), consider the positive Pell equation

y* =20x* +1

whose general solution (%,,7,) is given by
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5= o als)” o) L,

o1 w1
xnzm[(9+4£) —(9-445) l}zmg”, n=-10,12,...

n+l n+l n+l n+l
with, f = (9+4\/§) +(9—4\/§) and g = (9+4\/§) —(9—4\/5) . Applying the Brahmagupta
lemma between the solutions (x,, y,) and (%,,7, ), the sequence of integer solutions to (5) are given by

~ ~ 27
‘er-l :xoyn +y0‘xn =3fn +mgn

- . 27
yn+1 = y()yn +D‘x()‘xn :?f‘n +6\/§gn’

Observation:
Let {n,,,}be a sequence of positive integers defined by

n., :21—0(2711 +1245,+6), s=-11.35....

Note that 2¢;, is a Perfect square.

Relation: 6
Consider the Pell equation

y?=24x"+9 (6)
The least positive solution of (6) is X, = 3, Vo = 15.
To find the other solutions of (6), consider the positive Pell equation

y? =24x* +1

whose general solution (%,,7,) is given by
5.~ Mool -2 L
- 1 n+l n+l 1
i =m[(5+2\%) —~(s-2v6) J:mgn . n=-1012,...

n+l n+l n+l n+l
with f = (5 + 2\/6) + (5 - 2\/6) and g = (5 + 2\/6) - (5 - 2\/6) . Applying the Brahmagupta
lemma between the solutions (x,, y,) and (%,,7, ), the sequence of integer solutions to (6) are given by
15

X, = XY, + VX =§f +—
n+l Oyn yO n 2 n 4—\/ggn

~ ~ 15 \/_
ylH—l = y()yn +D‘x()‘xn :?ﬁz +3 6gn’

Observation:
Let {n& +1}be a sequence of positive integers defined by

n,, :%(st +24/6g,-2), s=-1,0,1.2.3,....

Note that 37, = is a Perfect square.

Relation: 7
Consider the Pell equation

y? =24x*+25 @)
The least positive solution of (7) is x, =1, y, =7.

To find the other solutions of (7), consider the positive Pell equation
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y? =24x"+1

whose general solution (%,,7,) is given by

5.2 b2 )L

- 1 [ n+l n+l 1

i =——|(5+246) —(5-26 Jz—gn , n=-10,12,...

e 5l s-2le) =
n+l n+l n+l n+l

with f = (5 + 2\/8) + (5 - 2\/8) and g = (5 + 2\/8) - (5 - 2\/6) .Applying the Brahmagupta
lemma between the solutions (x,,y,) and (%,,7, ), the sequence of integer solutions to (7) are given by

X, =XV, + VX, = lf +L

n+l Oyn yO n 2 n 4\/6 gn
~ .1

yn+1 = y()yn + D‘x()‘xn = Eﬁz +\/ggn’

Observation:
Let {n,,, }be a sequence of positive integers defined by

n.. =%(7fs +26g. —2), s=-1,0,1,2,3,....

Note that 27, —6 is a Nasty Number.

Relation: 8
Consider the Pell equation

y> =40x* +25 (¥
The least positive solution of (8) is X, = 15, Vo = 95.
To find the other solutions of (8), consider the positive Pell equation

y? =40x" +1

whose general solution (%,,7,) is given by

3. =%[(19+6\/E)’“ +(19—6\/E)’“} =%f,,
i, =ﬁ[(19+6\/ﬁ)m —(19—6@)“} =ﬁgn ,
with f = (19+6\/E)"+1 +(19_6\/E)"+1 and g, = (19+ 6@)1“ —(19—6\/E)1+1 .

n=-1,0,1,2,...

Applying Brahmagupta lemma between the solutions (x,, y,) and (%,, 7, ), the sequence of integer solutions to
(8) are given by

X —x§+y5c'—15f+ 25 g
n+l 07n 0%n 2”4\/5”

ylH—l = y()j)n +D‘x()in :9_25](;1 +15\/Egn’

Observation:
Let {n,,,}be a sequence of positive integers defined by

n., =i(19f5 +6y10g, —2), s=-1,0,1,2,3,....

Note that 5t;, = is a Perfect square.

Relation: 9
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Consider the Pell equation
y>=2x>-4 ©)]
The least positive solution of (9) is x, =2, y, =2
To find the other solutions of (9), consider the positive Pell equation
2 2
vy =2x"+1

whose general solution (%,,7,) is given by
5, = |br2v2) " +b-2v2) "= 2,
1 |: n+l n+l 1
i =——(3+242) -(3-242 }:—g” , n=-1,0,1,2,...
S5 B2 -(-22) =
with f = (3 + 2\/5)“1 + (3 — 2\/5)“1 and g = (3 + 2\/5)“1 — (3 —2\2 )nﬂ . Applying the Brahmagupta
lemma between the solutions (xo, yo) and (')En, v, ), the sequence of integer solutions to (9) are given by

~ ~ 1
Xput = XY+ YoX, = +m8n

ynH = y()j)n + Dx()‘;én = f;l +\/§gn’
Observation:
Let {"3- +1}be a sequence of positive integers defined by

1
Mo =Z(fs +2g,-2), 520123,
Note that 2Cty, +2 is a Perfect square.

Relation: 10
Consider the Pell equation

v =3x*-3 (10)
The least positive solution of (10) is X, = 2, Yo = 3.
To find the other solutions of (10), consider the positive Pell equation
2 2
y =3x"+1

whose general solution (%,,7,) is given by
5= Mbe) b )]
1 n+l n+l 1
i=—r0|(2+3) —(2-43 }:— , n=-10,12,...
n 2\/§ |:( ) ( ) 2\/§ &n
with f, = (2+\/§)”+1 +(2_\/§)”H and g, = (2+\/§)”+1 _(2—\5)”H . Applying the Brahmagupta lemma
between the solutions (x,, y,) and (¥,,7, ), the sequence of integer solutions to (10) are given by

. V3
Xy = XY, + Yok, = [, + 5 &

- . 3
ynH = y()yn +D‘x0xn :5](;1 +\/§gn’

Observation:
Let {n,, }be a sequence of positive integers defined by

nmzé(3fx+2«/§gs—6), s=13,5,..

Note that 4Ct,, =~ isa Perfect square.

Relation: 11

276 Bulletin of Pure and Applied Sciences
Vol. 38E (Math & Stat.) No.1/January- June 2019



Special characterizations of Polygonal numbers through Pell equations

Consider the Pell equation

y> =10x"-15 (11)
The least positive solution of (11) is X, = 2, Vo = 5.
To find the other solutions of (11), consider the positive Pell equation

y* =10x* +1

whose general solution (%,,7,) is given by
i,,=l[(19+6\/ﬁy+1+(19—6\/57“}=
i, 2\/7[(19+6\/_) ~(19-6v10)" } mg}”
with f, =(19+6\/E) +(19—6\/E)"“and g :(19+6\/E) —(19—6\/5)"“, Applying the

Brahmagupta lemma between the solutions (xo, yo) and (')En, v, ), the sequence of integer solutions to (11) are

n=-1,0,1,2,...

given by
X1 = X0V, + YoX, = f, +Lg
n+l 0n 0%n n 2\/5 n
5 oo
ynH y0y11+DxO _E‘ﬁz-’- 10gn’
Observation:
Let {n,, }be a sequence of positive integers defined by

_LO(st"‘z\/ﬁgx_lO)’ s=0,1,2,3,....

Note that 2Ct,,, +2 is a Perfect square.

Relation: 12
Consider the Pell equation

y =15x>-6 (12)
The least positive solution of (12) is X, = 1, Vo = 3.
To find the other solutions of (12), consider the positive Pell equation

y* =15x"+1

whose general solution (%,,7,) is given by
5=l o) -
o 1 n+ n+l _
e E S T
with fn _ (4+\/E)n+1 +(4_\/B)n+1 and g = (4+ \/E)Hl _ (4_ \/E)HI_

Applying Brahmagupta lemma between the solutions (xo, yo) and (')En, v, ), the sequence of integer solutions to

n=-1,0,12,...

(12) are given by

~ ~ 1
Xpi1 = XoYu + Yok zafn +m8n

J15

3
+Dx,% == f +~"g .
ynH yOyn O 2 f;z 2 gn

Observation:
Let {n,,,}be a sequence of positive integers defined by
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1
n., =E(3fs ++/15g, —6), §=0,12,3,....
Note that 10Ct,,, = +15 is a Perfect square.

Relation: 13
Consider the Pell equation

y?=20x"-71 (13)
The least positive solution of (13) is X, = 2, Vo = 3.
To find the other solutions of (13), consider the positive Pell equation

y* =20x*+1

whose general solution (%,,7,) is given by
5, = %[(9+4\/§)”“ +(9—4\/§)”“} - %fn
i =ﬁ[(9+4\/§)"+1 —(9—4\/5)"“} =ﬁgu  n=—1,0,12,..
with f = (9 + 4\/5 )n+l + (9 — 4\/§)n+l and g = (9 + 4\/5)“1 - (9 - 4\/5)“1 . Applying the Brahmagupta

lemma between the solutions (xo, yo) and (')En, v, ), the sequence of integer solutions to (13) are given by

~ ~ 3
Kot = X0V, + YoX, = [, +m8n

- . 3
ynH = yOyn +Dx0xn :5]“11 +2\/§gn’

Observation:
Let {n,,,}be a sequence of positive integers defined by

n,, = 2i0(3fx +44/5g, +6), 5=0,24,....

Note that 27,, +4 isa Perfect square.

Relation: 14
Consider the Pell equation

y*> =24x"-15 (14)
The least positive solution of (14) is x, =1, y, = 3.
To find the other solutions of (14), consider the positive Pell equation

y? =24x"+1

whose general solution (%,,7,) is given by

5= M2 b2 ] L

.1 w1
xnzm[(5+2\/g) —(5-2V6) l}ng”, n=-10,12,...

with f = (5 + 2\/6 )M + (5 — 2\/6 )M and g = (5 + 2\/6 )M — (5 — 2\/6 )M . Applying the Brahmagupta

lemma between the solutions (x,, y,) and (%,,7,), the sequence of integer solutions to (14) are given by

~ ~ 1 3
Xyl = XYy T Yo X, = Efn +m8n

- . 3
ynH = yOyn +Dx0xn :E‘ﬁz +\/ggn’
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Observation:
Let {n,,}be a sequence of positive integers defined by

:%(3fs+2\/€g5—6), $=0,1,2,3,....

Note that Ct,, = is a Perfect square.

s+l

Relation: 15
Consider the Pell equation

y>=24x"-23 (15)
The least positive solution of (15)is x, =1, y, =1.
To find the other solutions of (15), consider the positive Pell equation

y: =24x"+1

whose general solution (%,,7,) is given by

5 =%[(5+2\/€)”“+(5—2\/€T“}=1
x,;ﬁ[(sux/ﬁ)" ~(5-2v6 )1} \Eg”’

n+l n+l n+l
with f = (5 + 2\/6) + (5 - 2\/6) and g = (5 + 2\/6) - (5 - 2\/6) . Applying the Brahmagupta
lemma between the solutions (x,, y,) and (%,,7,), the sequence of integer solutions to (15) are given by

~ ~ 1 1
Xyt = XY, T Yo X, = Efn +m8n

=-1,0,1,2,...

- . 1
ynH = yOyn +Dx0xn :E‘fn +J€gﬂ'

Observation:
Let {"3- +1}be a sequence of positive integers defined by

“LY(r26g —2), 5=0.123....
4( S S )

Note that 27, +6 is a Nasty Number.

Relation: 16
Consider the Pell equation

y>=30x> =21 (16)
The least positive solution of (16) is X, = 1, Yo = 3.
To find the other solutions of (16), consider the positive Pell equation

y* =30x*+1

whose general solution (%,,7,) is given by

y =%[(11+2\/%)”“+(11—2\/%)”“]=—

.1 w

xn_—zm[(nu\/@) ~(11-2v30)" } 2\/%&1,
where, fn=(11+2\/%)" +(11- 2\/7) and g, = (11+2\/_) (11—2@)”1

Applying Brahmagupta lemma between the solutions (x,, y,) and (%,,7, ), the sequence of integer solutions to

-1,0,1,2,...

(16) are given by
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X, =XV, + YoX, = +—
n+l Uyn yU n 2fn zmgn

- . 3,430
ynH = y()yn +Dx0xn zz‘ﬁz +7gn’

Observation:
Let {n,, }be a sequence of positive integers defined by

=534, +308,-6), 5=0.123...

Note that 10C7,, +15 is a Perfect square.
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