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1 Introduction

Few years ago, Glanyi [8] proclaimed that any f gratifies the Jordan-von Neumann functional equation

2f(x) +2f(y) =f(xy)+f(xy ")
if f gratifies the functional inequality
12 (@) + 2f (y) = f(zy )l = || (y)]] (1.1)

Glényi [9] and Fechner [5] ratified the H-US of the functional inequality (1.1). Park, Cho and Han [18]
investigated and ratified the H-US of the Cauchy additive functional inequality

f @)+ F W)+ I = |[f (z+y+2)]] (1.2)

and the Cauchy-Jensen additive functional inequality

£ @)+F @) +2£ (] = 1127 (ZE+2)]. (1.3)

and they also ratified the H-US of (1.2) and (1.3) in Banach spaces. The Hyers-Ulam Stability is
consequence of study of Ulam’s [1] problem regarding stability of group homomorphism by various
mathematicians namely Hyers’ [10], Aoki [2], Th.M. Rassias [19], G&vruta [7] under various adaptations.
Park [16,17] introduced additive p-functional inequalities and ratified their H-US in Banach spaces and
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non-Archimedean Banach spaces. In this paper, we introduce and ratify generalized H-US of cubic
(p1, p2)-functional inequality

where

F(Fl (:E,y, Z)7t) = min(F(plFQ(xv Y, Z),t),F(szg(:E,y, Z)7t)) (1'4)

Fi(z,y,z)=flke+(k+Dy+(k+2)2) - fkx — (k+1)y— (k+2)2)
=2f((k+1)y+(k+2)z)— fkx+ (k+1)y) — f(kz+ (k+2)2)
+f (kz — (k+ 1) y) + f(kz — (k+2)2) + 2f ((k + Dy) + 2f((k +2)
Fo(z,y,z) =8f((kx + (k+ 1y + (k+2)2)/2) — f(kx — (k+ 1)y — (
—2f(k+1)y+ (k+2)z) — f(kx + (k+ 1)y) — f(kz + (k +2)2)
+fkz — (k+1y) + flkx — (k+2)2) + 2f (K + D)y) + 27 ((k + 2)2)
2(F3(x,y,2)) =8f((kx+ (k+ D)y + (k+2)2)/2) — f(kx — (k+ 1)y — (k + 2)2)
—2f((k+1Dy+ (k+2)z) — f(kx + (k+ 1)y) — f(kx + (k + 2)z)
+8f((kx — (k+1)y)/2) + f(kx — (k+2)z) + 2f(E+ 1)y) + 2f((k + 2)2)

z)
k+2)z)

in fuzzy normed space, where k is a positive integer greater than one; p1, p2 € R\{0} with {i+%}<l.

2

Preliminaries

Katsaras [11] defined the concept of fuzzy norm on a linear space in 1984. Since then, various mathe-
maticians [3,6,12,20] have defined fuzzy norms on a vector space from various points of view.

Definition 2.1. ( [3,15]): If X is a real vector space, then a function F' : X x R — [0,1] is a fuzzy
norm on X if for every a,b € X and all r,m,n € R, we have:

FN1.
FN2.
FN3.
FN4.
FN5.
FNe6.

F(a,n) =0 for n =0,

a=0iff F(a,n) =1 for all n>0,

F(ra,n) = F(a, ﬁ) ifr#0,

F(a+b,m+n)=min{F(a,m), F(b,n)},

limy o0 F'(a,n) = 1, where F(a,.) is a non-decreasing function on R,

F(a,.) is continuous on R, for a # 0,

then the pair (X, F') is called a fuzzy normed vector space.

Definition 2.2. ( [3,15]):

1.

Let (X, F) be a fuzzy normed vector space. A sequence {a,} in X is said to be convergent if 3
an a € X such that lim,— o F(a,—a,r) =1 for all r>0, where F—lim,,_,ocan=a (a is the limit
of the sequence {a,}).

Let (X, F') be a fuzzy normed vector space. A sequence {a,} in X is said to be a Cauchy sequence
if for each e>0 and each r>0 there exists an ng € N such that for all n > no and all m>0,we
have F(antm—an,r) > 1—¢.

The fuzzy norm is said to be complete if every Cauchy sequence is convergent and the fuzzy
normed vector space is called a fuzzy Banach space.

A mapping f:X — Y where X and Y are fuzzy normed vector spaces is continuous at a point
ap € X if for each sequence {a,} converging to ap € X, the sequence {f(an)} converges to f(ao).
If f:X — Y is continuous at each a € X, then f:X — Y is said to be continuous on X.

Definition 2.3. ( [13]): Let X be a set. A function d: X x X — [0,00) is called a generalized metric
on X if d gratifies the following conditions:

1.
2.
3.

nnnnnnnnnn

d(z,y) = 0 if and only if z=y for all z,y € X,
d(z,y) =d(y,z) for all z,y € X,
d(z,z) < d(z,y)+d(y, z) for all z,y,z € X.
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Theorem 2.4. ( [/]): Let (X,d) be a complete generalized metric space and G:X — X a strictly
contractive mapping with Lipschitz constant L<1. Then, for all x € X, either d(G"z, G" " x) =co, for
alln € {0,Z"} or there exists a positive integer no such that

1. d(G"x,G"'x) < oo for all n > no,

2. the sequence {G"x} converges to a fized point y* of G,

3.y is the unique fized point of G in the set Y={y € X:d(G™°z,y) < oo},

4. d(y,y") < (1/(1=L))d(y, Gy) for ally € Y.

Throughout the paper, suppose that p; and ps are fixed nonzero real numbers with {i+pi2}<1 and
k is a positive integer greater than one. Also X and Y be real fuzzy normed space and fuzzy Banach
space respectively with norm F(.,¢).

3 Cubic pi, po- functional inequality

Lemma 3.1. Let f:X — Y be a mapping with f(0) = 0 and gratifies (1.4) for all z,y,z € X and all
t>0. Then f is cubic.

Proof. Suppose that function f gratifies (1.4). By letting y = 2 = 0 in (1.4), we get
. kx kx
1< min(F(or (87 () 7 (k)).0), (0287 (E5)— f (k) 1)

< Fllprtp) 815~ (ka)). 20 =F(SI G0 1)
Therefore,
1) =5 (3

Now from (1.4) and (3.1) we get

F(Fi(z,y,2),t) < min(F(p1 Fi(, y, z),t),F(p2—2F1 (z,y,2),t))

:min(F(%Fl(:v,y,z) ),F(%Fl(w,y,z) L)

"2|p1] "|p2|

1 1
S F(F; x,Y,z), ot t
i.e.,

F(Fi(x,y,2).t) > F(Fi(z,y, z>,§>

where, C:{ier%}, Putting ICI% instead of t, we get

F(F, ——) > F(F, —)

L ,-1/) = 1, T 1n
¢t I<]

Thus, for all n € Z+ we have, F(Fy,t)) > F(F, ﬁ)
Since (<1, therefore by taking limit n — oo and using (FN5) from the Definition 2.1, we get
F(Fi(z,y,z2),t) =1 for all z,y,z € X, and hence Fi(z,y,z) = 0. So, f:X — Y is cubic. O
Theorem 3.2. Let U:X? — [0,00) be a function such that

U(z,y,2) < =V(2z,2y,22)

oo

for some L<1 and for all z,y,z € X. Let f:X —Y be a mapping with f(0) =0 and satisfying

t

min(F(Fi(z,y, Z),t)7m

) < min(F(png(x,y,z),t),F(ngg,(x,y, Z)vt)) (32)

nnnnnnnnnnn
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where,
Fi(z,y,2) = flke + (k+ 1)y + (k+2)z) — f(kx — (k+ 1)y — (k +2)z)
=2f((k+ Dy + (k+2)z) — f(ke + (k+ 1)y) — f(kx + (k+ 2)z)
+f(kx — (E+1)y) + flkx — (k+2)2) + 2f ((k + D)y) + 2f ((k + 2)z)
Fy(z,y,2) = 8f((kz + (k + 1)y + (k +2)2)/2) — f(kx — (k+ 1)y — (k + 2)z)
=2f((k+ Dy + (k+2)z) — f(kx + (k+ 1)y) — f(kx + (k+ 2)2)
+fkr — (k+1)y) + flkx — (k+2)2) + 2f (K + D)y) + 2f((k + 2)z)
2(Fs(z,y,2)) = 8f((kx + (k + )y + (k4 2)2)/2) — f(kx — (k + 1)y — (k + 2)2)
=2f((k+ Dy + (k+2)z) — f(kx + (k+ 1)y) — f(kz + (k + 2)2)
+8f((kx — (k+ 1)y)/2) + f(kx — (k+2)z) + 2f ((k+ L)y) + 2f ((k + 2)z)

for all x,y,z € X and all t>0. Then C(z) =F—lim, 8" f(5%) ezists for all z € X and defines a
cubic mapping C:X — 'Y such that

o~ — — T

(2—2L)kt

F(f(2)=C(a),t) > (2—2L)kt+n¥(z,0,0)

(3.3)

for all x € X, t>0, where, nZﬁﬁ-ﬁ.

Proof. Let y=2z= 0 in (3.2), we get

Ry S M 8 ()= (ke).0). a8 ()= (k) 1)

< min(F((3F(5)= (k). 1) Plpa (87 () (k). o)

< PG~ (k). (D7) 5)

F(f(x)—8f(g),%) > m

Now let us consider the set S={g:X — Y} and a generalized metric on S, such that

t
t+¥(x,0,0)

(3.4)

d(g,h) =inf(e € RT:F(g(z)—h(z),et) = , for all z € X, for all t>0),

where inf(¥) = +oo. Next, using the Lemma 2.1 ( [14]) we can say that (S,d) is complete. Now, let
us consider a linear mapping A:S — S such that

Ag(@) = 89(3)

for all x € X. Let g,h € S with d(g,h) =y. Then

t
Flo(@)=h()t) 2 g

for all x € X, t>0. Therefore,

F(Ag(z)—Ah(z),Lt) =F(8g(x/2)=8h(x/2),Lyt) =F(9(z/2)—h(z/2), (Lyt/8)

Lt Lt
> 8 > 8 - t
T Ly P(2/2,0,0) T £4LW(2,0,0) t+¥(z,0,0)

for all z € X,t>0. Hence d(Ag, Ah) =L~, i.e. d(Ag, Ah) =Ld(g,h) for all g,h € S. Also using (3.4),

we can say that

n
d(f, Af) < —.
(1. Af) < 3t
Now, by Theorem 2.4, there exists a mapping C' : X — Y such that:

* “
‘%ﬁ:ﬁ AS
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1. C is a fixed point of A, i.e.,
C(z) = 80(%) (3.5)

for all z € X. Since the mapping C' is a unique fixed point of A in the set
T= (g € S:d(f,9) < 0),
thus C' is a unique mapping satisfying (3.5) such that there exists an € € (0,00) satisfying

t

F(f(z)=C(z),et) > (0,0

forall x € X.
2. d(A"f,C) — 0 as n — oco. This implies that C(z) =F—lim, 8" f(5%) V = € X.
d(f,C) < :27d(f, Af), which implies that d(f,C) < 3:-5—. And thus inequality (3.3) is ratified.

min(F (8" F1 8"t),

T Yy =z
(2n’2n72n)’

S min(F(S p1F2( ) 8 t) F(S p2F3(

on’ 2" 2n
for all z,y € X, all t>0 and all n € N. So,

z Y 2 /8" )
T (t/8%) + (L /8")¥(x,y, 2) (3.6)

. n T z z
< min(F (8" p1Fa(5 s oo 57): ), F(8"p2Fs (5, oy 52):1))

Since limy s o6 R t/8" = 1forall z,y € X for all £>0, therefore by Lemma 3.1 the mapping

- )4 (L7 /87 (2,5,2)
C:X — Y is cubic.

O

Corollary 3.3. Let ¢ > 0 and p be a real number with p>3.Let X be a normed vector space with norm
[I.l| and (Y, N) be a fuzzy normed vector space. Let f:X —Y be a mapping with f(0) =0 and

t

min (F (90208 i Tl

) = min(F(p1 F2(z,y, 2),t),F (p2 F3(z,y, 2),t)) (3.7)

where Fi(z,vy,z,),Fa(z,y, 2, ),F3(z,y,2,) are as defined earlier for all z,y,z € X and all t>0. Then
C(z) =F—-lim, 8" f(5%) exists for all x € X and a cubic mapping C:X =Y such that

2(kP—k3)kt
F(f(z)-C(z)t) > 2(kp—k3)kt+ns||kz| |

(3.8)

for all x € X, t>0, where n= ‘—&— |p2‘

[p1

Proof. The proof follows from the Theorem 3.2 by taking ¥(z,y,z) =s(||z||?+||yl|®+]|z||") for all
z,y,2 € X and L= |k|>~? and we get desired result. O

Theorem 3.4. Let U:X® — [0,00) be a function such that

Ty z)
27272
for some L<1 and for all x,y,z € X. Let f : X — Y be a mapping with f(0) =0 and satisfying (3.2).

Then C(z) =F — limnﬁoos%f(Z"m) ezists for all x € X and defines a cubic mapping C : X — Y such
that

U(z,y,2) < SLU(Z

(2 — 2L)8kt

F(f@) = C@)D 2 535k + n0(2,0,0)

forallz e X, t>0, wheren— \+\p2\

(3.9)

nnnnnnnnnnn
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Proof. It follows from (3.4) that, F(3f(z) — f(%), {4%) >

) for all z € X and all t > 0. Now
consider the linear mapping A : S — S such that

t
) 16k /) = 49 (x,0,0

Ag(a) = £ (20)

for all x € X, where (S,d) is the generalized metric space as defined in the Theorem 3.2. Then
d(f,Af) < —-. Hence

16k "
d < —0
(f,0) < 16k — 16kL
which ratifies the inequality (3.9) and the rest of the proof can be easily generated from the previous
Theorem 3.2. O

Corollary 3.5. Let ¢ > 0 and p be a real number with 0 < p < 3. Let X be a normed vector space
with norm ||.|| and (Y, N) be a fuzzy normed vector space. Let f: X — Y be a mapping with f(0) =0
and satisfying (3.7). Then C(z) = F — limp o0 5 f(2") exists for all ¥ € X and a cubic mapping
C: X =Y such that

(2K3 —2kP)8kt

F(f(z) — C(x),t) > (2k3—2kP)8kt + nsk3||x||P

(3.10)
forall x € X, t > 0, where, 77:\711|+ﬁ'

Proof. The proof follows from the Theorem 3.4 by taking ¥(z,y, z) = <(||z||” + ||y||® + ||2||") for all
z,y,z € X and L = |k|P~® and thus we get the desired result. O
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