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1 Introduction

Multiple hypergeometric functions attract a lot of interest in mathematics research on account of
their broad area of application in mathematical sciences and also due to their frequent applications
in other phsical and engineering sciences. The study of multiple hypergeometric functions of scalar
arguments has a rich history as can be seen by going through the monographs of Slater [5], Exton [13]
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and Srivastava and Karlsson [16], besides others. A number of multiple hypergeometric functions
are introduced by a number of researchers at different times, an account of some of these may be
found in the above works [5,13,16]. Although considerable work exists in the literature for multiple
hypergeometric functions of scalar arguments, yet little has been achieved in the direction of studying
multiple hypergeometric functions of matrix arguments. Towards the study of multiple hypergeometric
functions of matrix arguments the pioneering work of Mathai [4,7] deserves a special mention. Motivated
by these works of Mathai [4,7] and the fact that the functions of matrix arguments play a crucial role
in statistical distribution theory besides other fields of engineering sciences, the first author wrote his
doctoral dissertation [2] (see also, [1]) more than a decade and a half earlier wherein, he made the
first systematic attempt to define and study the properties of a number of multiple hypergeometric
functions of matrix arguments in succession to the works of Mathai [4,7-9]. Our study of multiple
hypergeometric functions of matrix arguments continues and herein we aim to define the Exton’s
triple hypergeometric function X» of matrix arguments (see, Exton [6]) and establish some integral
representations for the same, which generalize the corresponding results recently deduced by Choi et
al. [14] for this function. We aim to prove our results for the case of functions of real symmetric positive
definite matrix arguments by invoking the Mathai’s matrix transform technique [15] and then also state
without proof the corresponding results for functions of complex (Hermitiain positive definite) matrix
arguments.

Talking about the organization of the paper we state the preliminary results and definitions in the first
section of the paper for functions of real symmetric positive definite matrix arguments. The Exton’s
X5 function of real symmetric positive definite matrix arguments is defined in section 2 and a number
of integral representations are proven for this function in section 3 of the paper and the corresponding
results for functions of complex matrix arguments are stated in section 4.

We now explain the notations used by us in this paper. A > 0 means that the matrix A is positive
definite, A2 represents the symmetric square root of the matrix A, A’ denotes the transpose of the
matrix A, Re(.) the real part of (.), while |A| denotes the determinant of the matrix A. 0 < X < [
means that X > 0and I—X > 0, i.e.. all the eigenvalues of X lie between 0 and 1 (see, Mathai [4, p.3]).
The matrix transform (M-transform) of a function f(X) of a (p X p) real symmetric positive definite
matrix X is defined by Mathai [15] as follows:

My(p) = [ X ax (1)
X>0
for X > 0 and Re(p) > (p — 1)/2, whenever My(s) exists. We state below the necessary preliminary

definitions and results which we will frequently use in section 3 to esatblish our results:

Theorem 1.1. Mathai [3, (2.24), p.23] - Let X and Y be (p X p) symmetric matrices of functionally
independent real variables and A a (p X p) non singular matriz of constants. Then,

Y = AXA = dY = |APTdX (1.2)

and
Y =aX = dY = a?"tV/2gx (1.3)

where a is a scalar quantity.

Theorem 1.2. Gamma integral (Mathai [4, (2.1.3), p.33 and (2.1.2), p. 32]) -
/ | x| @FD/2emtr (B g x — | B|7°Ty(a) (1.4)
X>0
for Re(a) > (p —1)/2, where,
[p(a) = 7P D40 (@)(a - 1) - D(a — 251 (1.5)
for Re(a) > (p—1)/2 and tr(X) denotes the trace of the matriz X.

Theorem 1.3. Type-1 Beta Integral (Mathai [/, (2.2.2), p.34])-

_ a—(p+1)/217 _ y1B—i1)/2 1y _ Lp(@)Tp(8)
By(a, B) = /0<X<,'X‘ PR - x ey - TR0 (16)

for Re(a) > (p—1)/2,Re(B) > (p —1)/2.
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Theorem 1.4. Type-2 Beta Integral (Mathai [/, (2.2.4), p.36])-

_ a—(p+1)/2 —(at8) v _ Lp()'p(B)
By(enf) = | ¥l Ty ety = Ol (L.7)

for Re(a) > (p—1)/2,Re(B) > (p—1)/2.

Theorem 1.5. (Mathai [4, (6.13), p. 84] )- Forp=2,

4—pprp(a;1 —p) Ly (%—Fi—ﬁ)) _ Ly (a—
LEDL () D

)2p) (1.8)

Definition 1.6. (Mathai [4, (2.3.5), p.38]) The M-transform of the multiple hypergeometric function
~Fs of matrix argument
oFs=rFslar,...,ar;b1, ..., bs; —X]

is given by

i=1
for Re (ai — p,bj —p,p) > (p—1)/2, i=1,...,r;j=1,...,s.

Definition 1.7. (Mathai [4, c.f. (2.3.5), p.38]) The M-transform of the Lauricella function Fo of n
variables

Fe =Fe(a,byery ... en; =Xy, —X5)
is given by
{H{F (c])Fp(pj)}}Fp(a—m— =)y (b—p1— .. = pn)
M (Fo) = = (1.10)
L'y (a)T'p (b) { _1_[1 Ly (¢ pj)}
j=
for Re (pj,c; —pj,a—p1— ... —pnyb—p1—...—pn) > (p—1)/2,5=1,...,n.

Theorem 1.8. (Mathai [}, (2.3.6), p.38]) For a (p X p) real symmetric positive definite matriz X such
that 0 < X < I,

I
2B [a, b0 —X] = 2: a)/ |y o= ®FD/2|p _yjeme D2 1 xy | Thdy (1.11)
- 0

Iy (c
Iy (@) Ty (
for Re(a,c—a) > (p—1) /2.
Definition 1.9. (Mathai [4, (3.2.6), p.55]) For the Appell’s function Fj of matrix arguments Fy =
F4 [aa b7 c, Cl; _X7 _Y]

M (Fy) = / / |X‘P1—(P+1)/2|Y‘P2—(;D+1)/2F4 [a,b; c, C/;—X,—Y] dXdy
X>0JY>0

Ly () Ty () Tp(a—p1—p2)Tp (b= p1 — p2) Tp (p1) Ty (p2) (1.12)
Iy (a)Tp () p(c—p1)Tp (¢ = p2) .

for Re (a — p1 — p2,b — p1 — p2, ¢ — p1,¢ — pa, p1,p2) > (p— 1) /2.

nnnnnnnnnnn
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2 Definitions of the Exton’s function X35 of matrix arguments

We define in this section the Exton’s triple hypergeometric function X2 of matrix arguments for the
case of real symmetric positive definite matrices (see also Upadhyaya [11,12]).

Definition 2.1. The Exton’s function X2 of matrix arguments

ai,ai; ai,ai1; Qai,az;
C1; C2; C3;

XQ:XQ[ |7X,7Y,7Z]

is defined as that class of functions which has the following M-transform:

M(Xg):/ / / ‘X|p1—(p+1)/2‘Y|p2—(p+1)/2|Z|ps—(p+1)/2><
X>0JY>0J2Z>0

Xo { Ay A, a1, a2 |—X,—Y,—Z] dxdydz
C1; C2; C3;

_ (a1 —2p1 —2p2 — p3) Tp (a2 — p3) T'p (c1) I'p (c2) I'p (c3)
= T, (@) Ty (a2) Ty (1 — p) Ty (e2 — p2) Ty (es — p) L7 P Tw (P2 Do (ps)  (21)

for Re (a1 — 2p1 — 2p2 — p3, a2 — p3,ci — pi,pi) > (p—1) /2, i=1,2,3.

3 Integral representations of the Exton’s function X5 of matrix arguments

We now, establish a number of integral representations of the Exton’s triple hypergeometric function
X5 in this section when the argument matrices are real symmetric positive definite. The following
theorem gives the matrix generalization of equation (1.2) p.348 of Choi et al. [14].

Theorem 3.1.
X { ai,a1; ai,a1; a1, as; |—X7—Y,—Z}

C1; C2; C3;

1 /°° —tr(8)| gja1—(p+1)/2 / 3.1
= — e S =P (]Fl ;Cl;—SXS X ( . )
B, () Jo 151 ( )

()Fl ( ;C25 *SYS/) 1F1 (CLQ;Cg; *Sl/zzsl/z) dS
for Re(a1) > (p—1) /2.

Proof. Taking the M-transform of the right side of (3.1) with respect to the variables X,Y, Z and the
parameters p1, p2, p3 respectively we get

/ / / |X|Pl*(P+1)/2|Y|P2*(P+1)/2|Z|p37(p+1)/20F1( ;cl;—SXS')x
X>0JY>0J2Z>0

(3.2)
oF ( 5ea—SYS') 1Py (a2;63; —51/2251/2) dXdydz

Invoking the transformations
X1 =5X8,Y, =SYS, 7, = SY* 752
with
dX, = |S|PH X, dy; = |S|PTaY, dz, = |S|*P TV 2dz

(from (1.1)) and
X3 = IS1” X[, Vil = [S]* Y], | Z1] = |8]1 2|

in (3.2) yields

|S‘—2p1—2p2—93 fx1>0 fy1>0 le>0 ‘Xl|p1_(p+1)/2‘Y1|p2_<p+l)/2|21‘ps_(p+1)/2><
oFt (s —X1)oFy ( se—Y1) 1 Fy (az;es;—2Z1) dX1dY1dZ,

nnnnnnnnnnn
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which, on writing the M-transform of the involved functions with the help of (1.9) gives

S| 2o 2e2rs Ly (e1) Ty (p1) Dy (e2) Uy (p2) Tp (c3) Uy (p3) ' (a2 — p3) (3.3)
Lpler=p1) Tplcz—p2) Tples—ps)  Tp(az)
Substituting this expression on the right side of (3.1) gives
Lp(c)Tp(p1)  Tp(c2) Ty (p2) I'p (3) I'p (p3) I'p (a2 — p3) %
Ip(a)Tp(cr—p1) Tplecz—p2) Tples—ps)  Tplaz)
/oo e*tT(S) ‘S|a1*2pl*2P2*P3*(p+1)/2ds

0
which on integrating T by using a Gamma integral ((1.4)) gives M (X3) as given by (2.1). O

It is worthwhile to mention here that the above theorem presents a Laplace type integral (i.e., an
integral involving the Laplace transform) for the function X5, while it remains an interesting open
problem to investigate a more generalized form of this result in terms of an Upadhyaya integral, i.e., an
integral involving the Upadhyaya transform of the function X (for more details see, Upadhyaya [17]).
The following is the generalization of equation (2.1) p.348 of Choi et al. [14].

Theorem 3.2.
X { G101, @141 G103y g g
C1; C2; C3;
T'p (e1) /1 —d—(p+1)/2 d—(p+1)/2
- 7|1~ I -7~ 3.4
La-or@ ) =1 " (34)
X { (ll,?;; a1,31.; al,gz.; | = (I—=T)2X(I —T)"2,—Y,~7| dT
) 2 3y

for Re(c1 —d,d) > (p—1)/2.

Proof. On taking the M-transform of the right side of (3.4) with respect to the variables X,Y, Z and
the parameters p1, p2, p3 we have

/ / / |X [P~ (D 2y o= (/2| s = (01 /2
X>0JY>0J2Z>0

X, | 0 anaanax . p . myl2xr Y2y, — 7| dXdYdZ.
d; C2; cs; T

(3.5)

Applying the transformations,
Xi=I-T)'*XU-1)""*vi=Y,Z1=2
with
dX, = |I = T|""™V/24X,dy, = dY,dZ, = dZ

(from (1.1)) and
[Xao| = [T =T|X], ] = Y], [Z:] = |Z]

in (3.5) generates

‘I_T‘_pl/ / / |X1|p1_(p+1)/2‘yl|P2—(p+1)/2|21|03—(p+1)/2><
x1>0Jy1>0/2,>0

ai,a; ai,al; ai, az;
Xz[ 5|

— X1, Y1, 71| dX1dY1dZ,
d; c2; cs3;

which on writing the M-transform of the X» function ((2.1))gives

-1 Uy (a1 = 2p1 = 2p2 = ps) Up (a2 = p3) Ty (d) Uy (c2) Tp (€3) I (p1) Up (p2) T (p3)
Iy (a1) T'p (a2) Tp (d = p1) Tp (2 — p2) Tp (c3 — ps3)
Substituting this expression on the right side of (3.4) and integrating out T' by using a type-1 Beta
integral ((1.6)) produces M (X3) as given by (2.1). O
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The following theorem gives the generalization of equation (2.2) p.348 of Choi et al. [14] and can be
proved on the same lines as Theorem 3.2.

Theorem 3.3.
X2 [ ai,ai; ai,a; ai, az; |7X,7Yv, *Z:|

C1; C2; C3;

_ I'p (c3) /I |T|C3—d—(p+1)/2|[ _ T|d—(p-&-1)/2>< (3.6)
Ly (es —d)Tp (d) Jo

X { a1, an; A, a1 al’“"” |- X,-Y, — (I—T)I/QZ(J—T)W} T
C1; C2;

for Re(cs —d,d) > (p—1) /2.

Similarly, the following theorem can also be proved:

Theorem 3.4.
XQ [ ai,an; ai,a; ai,az; |7X’7YV’ *Z:|

C1; C2; C3;
I'p (c2) /I —d—(p+1)/2 d—(p+1)/2
= — T|? P I-T P 3.7
(e —d) (@) Jo =] g (3.7)

X [ a1,01; 4141 anaz _(I_T)l/Qy(I_T)1/27_Z:| AT
c1; c2; d;
for Re(c2 —d,d) > (p—1) /2.
The following theorem generalizes equation (2.6) p.349 of Choi et al. [14] for the case of (2 x 2) matrices:

Theorem 3.5. For p =2,

ai,a1; ai,ai; ai,as;
X2 ) ) ) ) ) )
C1; C2; C3;

|_X7_K_Z:|

—c3

I+ S/2A51/2

a I
_ Iy (33) |I+A| 3 |S|a2—(p+1)/2u _ S|63—a2—(p+1)/2
Fp az Fp( 3—(12

—ay

X

—1/2

ai 1 -1/2

o Lar
2 T2 "1

1/2
‘I—i— (I—|—Sl/2ASl/2) (I—|—A)1/251/QZSI/2(I—|—A)1/2(1—|—Sl/2ASl/2)
{ (I + A)V2S5/2 2842

Zicr, o — 4 {1 T (1 n SWAS”?)
(1 + 82 (1 + 51/2A51/2)_1/2}_1X {1 +(1+ 51/2A51/2>_1/2 (I + A)/25M2 7542
(I+8)"2 (1+57245"2) _1/2}_1, 4 {I + (14572482 T4 Ay 2s 2802
(1 +8)"2 (14 51/2/\31/2)_1/2}11/ {1 +(1+ 51/2/\51/2)_1/2 (I + N)/25M2 7512

—1/2)
(1+A)1/2(1+51/2A51/2) } ds (3.8)

where Re (c3 — az,a2) > (p—1) /2.
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Proof. We take the M-transform of the right side of (3.8) with respect to the variables X,Y, Z and
the parameters p1, p2, p3 to obtain

/ / / |X|ﬂ1*(p+1)/2|Y|sz(p+1)/2‘Z|03*(p+1)/2X
x>0Jy>0J2Z>0

—1/2
F [ 2+ 1a +i c1, ca; f4{1+ (1+sl/2A51/2) (I+A)/28Y2 282

27 2

—1/2
(I + A)? (1 + 31/2A51/2) } {I + (1 + sl/QAsl/Q) (I+A)Y28Y2 782
)/2 /2 p\g1/2 1/2 5 o172\ "2 1/2 a1/2  al/2 (3.9)
I+A/(I /As/) } —4{I+(I+S/AS/) (I+A)V282728"2%
—1/2
(I + A)Y? (I+ sl/QAsl/Q) } {1 + (I + 51/21\51/2) (I+A)Y28Y% 782
(I+M)'? (I + 51/2A51/2) } ] dXdydz
For a fixed Z, let us make the transformation,
—-1/2 —1/2
71 = (1 + 51/2/\51/2) (I+A)Y28Y2Z8Y2( + A)/? (1 + 81/2A51/2) (3.10)

and further we apply the following transformations of the variables X and Y,
X1 =4I+ 2Z) ' XU+ Z) "\ Vi =4I+ Z) "YU + Z,) "
with (from (1.1))
dX, = 4P(P+1)/2|]+ Zl‘f(zﬁl)dX’ dy, = 41J(P+1)/2|]Jr Zl‘*(zwl)dy

and
X1 =471+ 22| 2 |X|, V1| = 4P|1 + Z:| 2 Y],

on account of which (3.9) becomes

4*P(P1+ﬂ2)/ |Z‘Ps (p+1) /2|I+Z |201+2p2 ale|: / |X1|P1*<P+1)/2|Y'1‘P2*(P+1)/2X
zZ> Y1 >0

X1>0
al 1 al

Fy|l—+ =, — ;—=X1,—Y1 | dXadYa | .
4|:2 +2 2 +4ﬂ017027 1, 1:| 1 1:|

The above expression on writing the M-transform of the Fy function gives

4 P(P1+p2) Iy (e1) (71 % P1— p2) ( + Z — p1 — pz) Ty (p1) Ty (p2) %
Fp(%*‘%)rp(%l"‘i)rp(cl—Pl)rp( 2 — p2)

/ |Z|p3_(p+l)/2|f—|—Z1|291+2p2_a1dZ. (3.11)
Z>0

An application of (1.8) simplifies (3.11) to the form

I'p (a1 —2p1 — 2p2) Tp (1) T'p (e2) I'p (p1) Ty (p2) / |Z|Ps =02 4 gy 2ot gy (309
I'p(a1) Ty (e1 = p1) T'p (c2 — p2) Z>0

Now from (3.10) it follows that

~(p+1)/2
Zy = |14 82ASY2 T A 5|0

and .
2] = |1+ 820821+ Al18]12)

nnnnnnnnnnn
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which renders (3.12) as

Ly (a1 —2p1 —2p2) U'p (€1) Tp (c2) T'p (p1) T'p (p2) | o - - 1/2 \ q1/2|%?
ST I+ A"+ S7*AS X
Ty @) Ty (e2 — p) Ty (c2 — pa) S

/ |Z1|p3_(p+1>/2|1+Z1|_<a1_2p1_2p2_p3+P3)d21. (3.13)
Z1>0

Integrating out Z; in (3.13) by using a type-2 Beta integral ((1.7)) gives

psTp (a1 —2p1 — 2p2 — p3) Ty (1) Tp (c2) Tp (1) Tp (p2) T (p3)

S|7P3 I+ A|7P3 |1+ SY/2A8M? :
[SI77 I + A T, (1) Ty (e1 — p1) Ty (2 — p2)
(3.14)
Substituting this expression on the right side of (3.8) yields
az—ps Lp (01 = 2p1 = 2p2 — p3) Uy (c1) T'p (2) T'p (¢3) Tp (p1) T'p (p2) T'p (p3)
[T+ Al X
I'p (a2) T'p (es — a2) I'p (a1) T'p (e1 — p1) Tp (c2 — p2)
/I |S|a27p3*(p+1)/2|1 _ S|C3*a2*(p+1)/2 I+ 8Y2A82 p37c3d5 (3.15)
0
On comparing the S-integral in (3.15) with (1.11), we can observe that (3.15) can be written as
[+ AP Uy (a1 = 2p1 = 2p2 = p3) Uy (a2 — p3) Ty (1) Up (2) Tp (e3) U (p1) U (p2) T'p (p3)
[y (a1) Ty (a2) Tp (c1 — p1) Tp (c2 = p2) T'p (3 — p3)
211 a2 — p3, 3 — p3jes — ps; —A]. (3.16)
Further, it is obvious that
2Fi[az —ps,es = psies — ps;—A] = 1Fo[az — p3; 5 —A] = [T+ A7, (3.17)

With the help of (3.17), (3.16) at once gives M (X32) in conformity with (2.1), thereby proving the
desired result. O

The following theorem generalizes equation (2.4) p.349 of Choi et al. [14] for the case of (2 x 2) matrices:
Theorem 3.6. Forp =2,

ai,ai; ai,ai; a17a2;|
C1; C2; C3;

X [ - X,-Y, fz]

I
p(a‘2)IP(C(?;) '02) / |S‘ ’ ( 1)/ |I S|Cd 27( 1)/ ‘ 51/2 Sl/ ’ 1)(
3 0 Z

a  la 1 . 172 50172\ 7! 1/2 o172\ 7t
F4{2 + 505 e e 4(1+s Zs ) X(I+S z8 ) ,
—4(1 + 51/2251/2) Y(I + 51/2251/2) ] s (3.18)

where Re (s — az,az) > (p— 1) /2.

Proof. On taking the M-transform of (3.18) with respect to the variables X, Y, Z and the parameters
p1, P2, p3 We get

al

fX>0 fy>o fz>0 |X|p1f(p+1)/2|Y|02*(p+1)/2‘Z|03*(p+1)/2’[ + 51/2231/2‘7 x
—1 -1
Fil% + 4,9+ Le e —4(I+S”22S”2) X(I+SWZS”2) ; (3.19)

~a(1+8275%2) _1Y(I + 5127512 _1] AXdYdZ.

* “
‘%ﬁ:ﬁ AS
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Applying the transformations Z, = S/2Z5Y2 (which gives, dZ; = |S|**P/2dZ and |Z:| = |5]|Z])
and . B

Xy =4(1+8Y228Y2) X (1+81225"?)

-1 —

Vi =4(1+84228Y2) v (1+5225'/2)

along with
dX, = 4P(P+1)/2|I_|_ Zl‘_(p+1)dX, dy; = 4P(P+1)/2|I_|_ Zl\_(p+1)dY

and

|X1| =471 + 22|72 X[, [Va| = 47| + Z1| 2 |V
n (3.19) leads us to

4~ p(p1+p2)|s‘ P3 / / |X1|P1*(p+1)/2‘Yl|pz*(p+1)/2|Z1|Ps*(p+1)/2><
Y1>0J Z1>0

X1>0

a Ll a 1'01,02;X1,—Y1]dX1dY1dZ1

I+ (a1—2p1—2p2— P3+P3>F
‘ + 1| 2 279 47

which on writing the M-transform of the Fy function ((1.12)) and integrating out Z; by utilizing a
type-2 Beta integral ((1.7)) gives
a4

2)F -, P2)F (p1) L (p2) Tp (p3)

1
4*p(p1+pz)|s‘fp3 FP( 1
S+ i) L'y (a1 1) 'y (c2 — p2)

—p
(il +1

2 2
I'p (a1 —2p1 —2p2 — p3) I'p (1) T'p (c2
I'p (a1 — 2p1 — 2p2)

A simple application of (1.8) reduces the last expression into the form
BRE I'p (a1 —2p1 —2p2 — p3) I'p (1) I'p (c2) I'p (p1) I'p (p2) I'p (p3)
[y (a1)Tp (er = p1) Ty (c2 — p2)

which on substitution on the right hand side of (3.18) and integrating out S by using a type-1 Beta
integral ((1.6)) gives M (X3). O

The next theorem generalizes the result of equation (2.3) p.348 of Choi et al. [14]:

Theorem 3.7.
X2 [ ai,al; ai, i, ai, az; |_X,_K —Z:|

C1; C2; C3;
_ Ty (a) /I |S‘a17(p+1)/2|1 _ Slafalf(p+1)/2><
Ip(a1) Ty (a—a1)
X, [ ROV B3 S e —51/2251/2] ds (3.20)
1, 2, 33

for Re(a —ai,a1) > (p—1) /2.

Proof. This theorem can be proved by taking the M-transform of the right side of (3.20) with
respect to the variables X,Y,Z and the parameters pi,p2, p3, then employing the transformations
X, = SXS', Yy = SYS', Z, = SY2Z5"? and then writing the M-transform of the X function in-
volved to achieve
5| 20120205 Uy (a=2p1 = 2p2 = p3) Up (a2 = p3) Up (1) Up (e2) Uy (3)
L'y (a)Tp (a2) Tp (c1 — p1) Tp (c2 — p2) Tp (c3 — ps)
L'y (p1) Tp (p2) T'p (p3)

which on substitution on the right side of (3.20) and integrating out S by using a type-1 Beta integral
((1.6)) gives M (X2). O

In the next theorem we prove the matrix generalization of equation (2.12) p.350 of Choi et al. [14]:
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Theorem 3.8. Forp =2,

ai,ai; ai,ai; ai,az;
X2
C1; C2; C3;

|_X7_K_Z:|

I
_ Dp(ar+a2) / |§[ar=@HD/2|f _ glea=(rH1)/2
I'p (a1) T (a2) Jo

1
Fés) [al +azx 1 a1ta

1 ’ /
2, . —4SXS', —4SY
2 +27 2 +4,C1,C2,C3, S 57 SY s )

—4(I - 8)/28 27812 (1 - 5)1/2] s (3.21)
where Re (a1,a2) > (p—1) /2.

Proof. Taking the M-transform of the right side of (3.21) with respect to the variables X,Y, Z and
the parameters p1, p2, p3 respectively, we have

/ / / |X[P1= D 2|y pa= 0 1/2) gps— (0412,
X>0JY>0JZ>0

1
Fés) [al tax 1 aitaz

1 ’ /
5 + ok 5 + 1,C1,C2,C3,—4SXS ,—4SY S| (3422)

—A(I — 8)28Y2 Z8Y2(1 — $)V? | dXdY dZ

which on the application of the transformations
X, =45XS5' Y1 =48Y S, 2, = A(I — S)/2S5Y2 z8Y2 (1 — $)'/?
along with
dX, = 41?(1?-&-1)/2|S|p+1dX7 dy, = 4p(p+1)/2‘5|p+ldy7
dZ, = 4P(P+1)/2‘I _ S'(P+1)/2|5|(P+1)/2dz

and
|X1| = 47|S?|X|, [Ya| = 47|S)? Y|, | Z1| = 47 |T — S||S| | Z]

and then writing the M-transform of the Lauricella function Fg’) ((1.10)) produces

4~ P(P1+p2+p3) |S|—2p1—2ﬂ2—p3 = S‘—ps Ty (e1) Ty (e2) Tp (e3) Ty (p1) Tp (p2) T (p3) «
Lp(er = p1) Ty (c2 = p2) T'p (3 — p3)
Ly (52 +5—pr—p2—p3) Tp (52 + 1 — p1 — p2 — ps)
Ty (9522 + 3) Tp (522 + 3)

The above expression on an application of (1.8) reduces to

|S|*2m*2pzfp3 I — S|~ I'p(e1)T'p (c2) T'p (e3) I'p (p1) T'p (p2) I'p (p3)
I'p (1 —p1)Tp (2 — p2) T'p (e3 — p3)
I'p (a1 + a2 — 2p1 — 2p2 — 2p3)
I'p (a1 + az)

X

which on substitution on the right side of (3.21) and then integrating out S by the application of a
type-1 Beta integral ((1.6)) gives M (X2) in agreement with (2.1). O

4 Corresponding results for functions of complex matrix argument

In this section we write the analogous results for definition 2.1 and some of the results proven in section
3, when the argument matrices are Hermitian positive definite. It is our customary to state these parallel
results in the light of the remarks made by the first author in section 4 of his paper [12, pp. 213-215].
We emphasize that all the matrices appearing in this section of the paper are (p X p) complex Hermitian

nnnnnnnnnnn
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positive definite matrices and for the information of the interested reader we refer to Mathai [7, Chapter
3] where the results corresponding to the Jacobians of (complex) matrix transformations and the
corresponding definitions of the type-1 and type-2 Beta integrals of complex matrix arguments can be
found. We also mention that we use the same notation here for complex matrices as we have used
in the preceding sections of this paper, whereas in the work of Mathai [7], the complex matrices are
represented by placing a tilde (~) sign over the symbol of the matrix. Another important point to
be noted in this context is that the complex analogues of the results of the Theorems 3.5, 3.6 and 3.8
have a different structure (see, Mathai [7, Chapter 6, p.399]) so we do not be give them here. It is well
established in the literature that the complex analogues of the relevant definition (i.e., def.2.1) and
results proved in the preceding sections 2 and 3 can be easily written down by replacing the expression
(p+ 1) /2 appearing in the power of the determinants of the various matrices involved in the integrands
of the results deduced above by p and the condition of convergence of the integral, which in the case
of real symmetric positive definite matrices is Re (.) > (p — 1) /2, then the same has to be replaced by
the expression Re(.) > (p — 1) in the complex case (see Mathai [7, pp. 364-365] and see also Mathai
and Provost [10]). We also point out that the complex analogues of the definitions and results given
in section 1 above from (1.1) through (1.12) except the result of Theorem 1.5 ((1.8)) are available in
Mathai [7, Chapters 3 and 6]. Applying the complex analogues of the various preliminary definitions and
results mentioned in section 1 of this paper from the monograph of Mathai [7, Chapter3] and following
the parallel steps as used by us in deriving the results in section 3 above the complex analogues of the
above results, which we list below, can be easily deduced. A detailed and vivid description regarding
this can be found in Mathai [7, Chapters 5 and 6]. One thing ought to be remarked here is that in this
section of the paper |A| stands for the absolute value of the determinant of the matrix A of complex
elements.

The following is the definition of the Exton’s triple hypergeometric function X> of complex arguments
which is simply the complex analogue of the Definition 2.1:

Definition 4.1. The Exton’s triple hypergeometric function X5 of complex matrix arguments

ai,ai; as,ai; a17a2,|
C1; C2; C3;

X2=X2[ X,—K—Z]

is defined as that class of functions which has the following matrix-transform (M-transform):

X2 / / / |X‘P1 P|Y|P2 P|Z|P3 PX
X>0JY>0J2Z>0

2[‘“"“’ Loy anLaz vy Z}dXdeZ

C1; C2; C3;

_ Dp(ar —2p1 —2p2 — p3) Ty (a2 — p3) Tp (c1) Tp (c2) T'p (c3)
= T L, (@) Ty (@) Ty (1 — p1) Ty (e — po) Ty (05 —ps) L7 PO TP ()T ps) 0 (41)

for Re (a1 — 2p1 — 2p2 — ps,a2 — p3,ci — pi,pi) > (p— 1), i=1,2,3.

The following Theorems 4.2 — 4.5 are respectively the complex analogues of Theorems 3.1 — 3.4 and
Theorem 4.6 is the complex analogue of Theorem 3.7.

Theorem 4.2.

ai,ai;, ai,ai;, ai,az;
X2 ’ .7 ) .7 ’ .7 | _ X, _Y7 _Z
C1; C2; C3;

1 /°° —tr(8) | gJa1—p / 4.2

= e S|Py ;e1; —SX S x (4.2)
L'y (a1) Jo 151 ( )

0F1 ( ;cQ;fSYS’) 1F1 ((12;83;751/2251/2) dS

for Re(a1) > (p—1).
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Theorem 4.3.

X, { ai,ai; ai,ar; ai,az; |—X, -Y,—Z
C1, C2; C3;
Fp (Cl) /1 c1—d— d—
s e v UL ) . (4:3)
Iy =d)Ty(d) Jo
X { ai,a1; ai,ai; 4, az; | — (I—T)l/QX(I—T)l/Q,—Y, —zZ\|dr
d; c2; C3;
for Re(c1 —d,d) > (p—1).
Theorem 4.4.
X, ai,a1; ai,ai; ai,a2; | -X,-Y,-Z
C1; C2; C3;
Fp (CS) /I cg—d— d—
__ *trpl@) |T|° PIT —-T|“Px (4.4)
Fp (63 _d) Fp (d) 0
X ai,ai; ai,ai; ai,as; |—X,—Y,—(I—T)l/2Z(I—T)1/2 dT
C1; C2; d;
for Re(cs —d,d) > (p—1).
Theorem 4.5.
X, [ a1,a1; a1,a1; ai1,as; |- X,-Y,-Z
C1; C2; C3;
Fp (02) /I co—d— d—
. tplC2) |T|2~“7PIT —T|* Px (4.5)
Ty (c2—d)Tp(d) Jo
X2 ai,al; ai,al; al, az; |7X’7(1-7T)1/2y(1—7T)1/2’7Z dT
| c1; C2; d;
for Re(cz —d,d) > (p—1).
Theorem 4.6.
D L e *Z]
L c1; C2; C3;
L, (a) / - —a1-
_ Salpl_sa al PX 46
I'p(a1) p (@ = a1) Jo 1 | | o
Xy | @G 06 602 psxs’,—sys’,fslﬂzsm] ds
C1; C2; C3;

forRe(a —ai,a1) > (p—1).
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