
Bull. Pure Appl. Sci. Sect. E Math. Stat.
39E(2), 277–288 (2020)
e-ISSN:2320-3226, Print ISSN:0970-6577
DOI 10.5958/2320-3226.2020.00029.6
©Dr. A.K. Sharma, BPAS PUBLICATIONS,
115-RPS-DDA Flat, Mansarover Park,
Shahdara, Delhi-110032, India. 2020

 

Bulletin of Pure and Applied Sciences
Section - E - Mathematics & Statistics

Website : https : //www.bpasjournals.com/

On the characteristic roots and heart of a class of rhotrices over a
finite field ∗

P.L. Sharma1,†, Arun Kumar2 and Arun Kumar Sharma3

1. Department of Mathematics and Statistics, Himachal Pradesh University,
Shimla, India.

2. Department of Mathematics, Government Post Graduate College,
Ghumarwin, Bilaspur, India.

3. Department of Computer Science and Engineering, National Institute of Technology,
Hamirpur, Himachal Pradesh, India.

1. E-mail:
 

plsharma1964@gmail.com

2. E-mail: arunch.925@gmail.com , 3. E-mail: arunksharma96@gmail.com

Abstract Matrices play an important role in various branches of mathematics such
as coding theory, combinatorics and cryptography. Rhotrices are represented by coupled
matrices. The use of rhotrices in cryptography doubles the security of messages which
travel over insecure channels. We consider rhotrices of 3-dimension and derive some prop-
erties related to their characteristic roots. Further, we take a special class of rhotrices of
n-dimension and discuss its properties.
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1 Introduction

The concept of rhotrix was introduced by Ajibade [2] in 2003. A rhotrix is defined as a mathematical
array, which is in some way, between (2×2)-dimension[

a b
c d

]
and (3×3)-dimension  a b c

d e f
g h i


matrices. The rhotrix of dimension three is defined by

R3 =


〈 a

b c d
e

〉
: a, b, c, d, e ∈ ℜ

 (1.1)
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Here, h(R3)= c is the heart of rhotrix and all the entries of rhotrix are real numbers. Ajibade [2] also
discussed the following operations of addition and scalar multiplication.

Let R5 =

〈 a
b c d

e f h(R5) h i
j k l

m

〉
and Q5 =

〈 n
o p q

r s h(Q5) u v
w x y

z

〉
be 5-dimensional rhotrices,

then the addition of these rhotrices is defined as

R5 +Q5 =

〈 a
b c d

e f h(R5) h i
j k l

m

〉
+

〈 n
o p q

r s h(Q5) u v
w x y

z

〉

=

〈 a+ n
b+ o c+ p d+ q

e+ r f + s h(R5) + h(Q5) h+ u i+ v
j + w k + x l + y

m+ z

〉
. (1.2)

The scalar multiplication αR5 for the real scalar α is defined as

αR5 = α

〈 a
b c d

e f h(R5) h i
j k l

m

〉
=

〈
αe

αa
αb αc αd
αf αh(R5) αh αi
αj αk αl

αm

〉
. (1.3)

The row-column multiplication of rhotrices is discussed in [6] as follows:

For R3 =

〈 a
b c d

e

〉
and Q3 =

〈 f
g h j

k

〉
,

R3 o Q3 =

〈 a
b c d

e

〉 〈 f
g h j

k

〉
=

〈 af + dg
bf + eg ch aj + dk

bj + ek

〉
.

A method of converting a rhotrix to a coupled matrix is discussed in [8]. Various problems involving
the m×m and the (m− 1)× (m− 1) matrices can be easily solved by coupled matrix simultaneously,
see [4,15]. The heart-oriented multiplication is discussed in [1,5].
The row-column multiplication of n-dimensional rhotrices is discussed by Sani [7]. The rhotrix of
n-dimension is given by

Rn =

〈
a11

a21 c11 a12

a31 c21 a22 c12 a13

.. .. .. .. ..
an1 .. .. .. .. .. a1n

.. .. .. .. ..
ann−2 cn−1n−2 an−1n−1 cn−2n−1 an−2n

ann−1 cn−1n−1 an−1n

ann

〉
= ⟨aij , clk⟩ ,

The total number of elements in Rn (n is always an odd number ≥ 3) is given by |Rn| = n2+1
2

, where
Rn = ⟨aij , clk⟩is the coupled matrix with i, j = 1, 2, ..., t; l, k = 1, 2, ..., t− 1 for t = n+1

2
.
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Further, for two coupled rhotrices Rn=⟨ai1j1 , cl1k1⟩ and Qn=⟨bi2j2 , dl2k2⟩, the multiplication is defined
as

Rn oQn = ⟨ai1j1 , cl1k1⟩ o ⟨bi2j2 , dl2k2⟩ =

〈
t∑

i2j1=1

(ai1j1 bi2j2) ,

t−1∑
l2k1=1

(cl1k1 dl2k2)

〉
. (1.4)

The inverse of the rhotrix

R3 =

〈 a
b e d

c

〉
is defined as

R−1
3 =

〈 c
ac−bd

− b
bd−ac

1
e

− d
bd−ac

a
ac−bd

〉
. (1.5)

Matrices are important in cryptography. Some cryptosystems are based on matrices, such as Hill
cipher, see [3]. The rhotrices are represented as coupled matrices. Therefore, the use of rhotrix in
cryptography means the use of the double matrices which increase the security of the cipher. The
properties of rhotrices are discussed in [9–14,16].
We discuss some properties of rhotrices Rn = ⟨aij , clk⟩ over a finite field F2 which satisfies the following
condition:

P : αij =

{
1 if i+ j = even,
0 if i+ j = odd.

(1.6)

2 The main results

Theorem 2.1. Let R be a rhotrix of 3-dimension which satisfies the condition P of (1.6) and
λ1, λ2, λ3 be the characteristic roots of R. Then λ2

1, λ2
2, λ2

3 are the characteristic roots of R2 over
the finite field F2.

Proof. Let

R =

〈 a11

0 c11 0
a22

〉
(2.1)

be the rhotrix satisfying the condition P of (1.6). Now, the characteristic roots of R are given by

|R− λI| = 0,

That is, ∣∣∣∣∣∣
a11 − λ

0 c11 − λ 0
a22 − λ

∣∣∣∣∣∣ = 0.

This gives

λ3 + (a11 + a22 + c11)λ
2 + (a11c11 + a22c11 + a22a11)λ+ (a11a22c11) = 0. (2.2)

Since, λ1, λ2, λ3 are the characteristic roots of R, therefore, there exists a non-zero vector X such that

RX = λX,

where, X = (x1, x2, x3) is a non-zero vector corresponding to the characteristic roots λ1, λ2, λ3.
Thus, we get 〈 a11

0 c11 0
a22

〉 x1

x2

x3

 =

 λ1

λ2

λ3

 x1

x2

x3

 (2.3)

Multiplying both sides by R, we get〈 a11

0 c11 0
a22

〉 〈 a11

0 c11 0
a22

〉 x1

x2

x3

 =

〈 a11

0 c11 0
a22

〉 λ1

λ2

λ3

 x1

x2

x3

 ,
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that is, 〈 a11a11

0 c11c11 0
a22a22

〉 x1

x2

x3

 =

〈 a11

0 c11 0
a22

〉 x1

x2

x3

 λ1

λ2

λ3

 (2.4)

Using (2.3) in (2.4), we get〈 a11a11

0 c11c11 0
a22a22

〉 x1

x2

x3

 =

 λ1

λ2

λ3

 λ1

λ2

λ3

 x1

x2

x3

 ,

=

 λ1

λ2

λ3

2  x1

x2

x3

 ,

=

 λ2
1

λ2
2

λ2
3

 x1

x2

x3

 . (2.5)

Since, x = (x1, x2, x3) is a non-zero vector, therefore, it is clear from the above equation that λ2
1, λ

2
2, λ

2
3

are the characteristic roots of the rhotrix R2.

Theorem 2.2. Let R be a rhotrix of 3-dimension satisfying the condition P of (1.6). Then there exists
an invertible rhotrix S, such that S−1RS and R have the same characteristic roots (eigenvalues).

Proof. Let the rhotrix be

R =

〈 a11

0 c11 0
a22

〉
.

Let λ1, λ2, λ3 be its characteristic roots. Therefore,

λ3 + (a11 + a22 + c11)λ
2 + (a11c11 + a22c11 + a22a11)λ+ (a11a22c11) = 0.

Let the rhotrix

S =

〈 b11
0 d11 0

b22

〉
be non-singular.
Therefore, the inverse of S rhotrix is given by

S−1 =

〈 1
b11

0 1
d11

0
1

b22

〉
. (2.6)

Now,

S−1RS =

〈 1
b11

0 1
d11

0
1

b22

〉〈 a11

0 c11 0
a22

〉〈 b11
0 d11 0

b22

〉
,

=

〈 1
b11

0 1
d11

0
1

b22

〉〈 a11b11
0 c11d11 0

a22b22

〉
,

=

〈 a11

0 c11 0
a22

〉
. (2.7)

Therefore, the characteristic equation of S−1RS is given by∣∣S−1RS − λ
∣∣ = 0,
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i.e., ∣∣∣∣∣∣
a11 − λ

0 c11 − λ 0
a22 − λ

∣∣∣∣∣∣ = 0,

which gives

λ3 + (a11 + a22 + c11)λ
2 + (a11c11 + a22c11 + a22a11)λ+ (a11a22c11) = 0. (2.8)

It is clear from (2.2) and (2.8) that the characteristic roots of R and S−1RS are the same.

Theorem 2.3. Let R be a rhotrix of 3-dimension satisfying the condition P of (1.6). Also λ =

{λ1, λ2, λ3} be the set of characteristic roots of the rhotrix R over the finite field F2. Then |R|
λi

(for
some i = 1, 2, 3) is the characteristic root of the rhotrix R.

Proof. Let λ = {λ1, λ2, λ3} be the set of characteristic roots of rhotrix

R =

〈 a11

0 c11 0
a22

〉
.

The determinant of the rhotrix R is given by

|R| =

∣∣∣∣∣∣
a11

0 c11 0
a22

∣∣∣∣∣∣
= (a11a22c11) (2.9)

Therefore,
|R|
λi

=
(a11a22c11)

λi
. (2.10)

Since c11 is one of the characteristic roots of R among {λ1, λ2, λ3}, thus taking λi = c11 and putting
in (2.10), we get

|R|
λi

=
(a11a22c11)

c11
= a11a22. (2.11)

Putting the value of |R|
λi

from (2.11) in the characteristic equation of R given in (2.2), we get

(a11a22)
3 + (a11 + a22 + c11) (a11a22)

2 + (a11c11 + a22c11 + a22a11) (a11a22) + (a11a22c11) = 0. (2.12)

Therefore, it is clear from (2.12) that |R|
λi

satisfies the equation (2.2). This implies that |R|
λi

is the
characteristic root of R.

Theorem 2.4. Let Rn be a rhotrix over finite field F2, satisfying the condition P of (1.6). Then,
H(R2

n) = 1.

Proof. Let the rhotrix Rn be given by

Rn =

〈

a11

a21 c11
a31 c21 a22

· · · · · · · · · · · ·
a(n−1)1 · · · · · · · · ·

∑
a (n−1)

2
(n−1)

2

an1 c(n−1)1 · · · · · ·
∑

a (n+1)
2

(n−1)
2

∑
c (n−1)

2
(n−1)

2

an2 · · · · · · · · ·
∑

a (n+1)
2

(n+1)
2

· · · · · · · · · · · ·
an(n−2) cn(n−1) a(n−1)(n−1)

an(n−1) c(n−1)(n−1)

ann
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a12

c12 a13

· · · · · · · · ·
· · · · · · · · · a1(n−1)∑

a (n−1)
2

(n+1)
2

· · · · · · c1(n−1) a1n

· · · · · · · · · a2n

· · · · · · · · ·
c(n−1)n a(n−2)n

a(n−1)n

〉
.

Since the rhotrix Rn satisfies the condition P of (1.6), therefore Rn becomes

Rn =

〈

1
0 1 0

1 0 1 0 1
· · · · · · · · · · · · · · · · · · · · ·

0 · · · · · · · · ·
∑

a (n−1)
2

(n−1)
2

· · · · · · · · · 0

an1 0 · · · · · · 0
∑

c (n−1)
2

(n−1)
2

0 · · · · · · 0 a1n

0 · · · · · · · · ·
∑

a (n+1)
2

(n+1)
2

· · · · · · · · · 0

· · · · · · · · · · · · · · · · · · · · ·
an(n−2) 0 a(n−1)(n−1) 0 a(n−2)n

0 c(n−1)(n−1) 0
ann

〉
, (2.13)

where a11, c11, a21, a12, c21, c21, . . . , c(n−1)(n−1), ann
∈ F2 and c (n−1)

2
(n−1)

2

is the heart of the rhotrix Rn,
that is, H(Rn).
Since, R2

n = RnRn, therefore,

R2
n =

〈

n∑
i,j=1

aijaji

0
n∑

i,j=1

cijcji

n∑
i=3,j=1

aijaji 0
n∑

i,j=2

aijaji

0
n∑

i=3,j=1

cijcji 0
n∑

i,j=2

cijcji

· · · · · · · · · · · ·
· · · · · · · · · · · · · · ·

· · · · · · · · · · · · · · · · · ·

0 · · · · · · · · · · · · · · · · · · · · ·
n∑

i ,j=1

a (n−1)
2

i
a
j

(n−1)
2∑

i=n

n∑
j=1

aijaji 0 · · · · · · · · · · · · · · · · · · 0
n∑

i, j=1

c (n−1)
2

i
c
j

(n−1)
2

0 · · · · · · · · · · · · · · · · · ·
n∑

i ,j=1

a (n+1)
2

i
a
j

(n+1)
2

· · · · · · · · · · · · · · ·
· · · · · · · · · · · ·
0 · · · · · · · · ·

· · · · · · · · ·∑
i=n

n∑
j=3

aija(j−2)i 0
n∑

i,j=3

a(i−1)ja(j−1)i

0
n∑

i,j=2

c(i−1)jc(j−1)i

n∑
i=1

aiiaii
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0

0
n∑

i=1,j=3

aijaji

0
n∑

i=1,j=3

cijcji 0

· · · · · · · · · · · ·
· · · · · · · · · · · · · · ·
· · · · · · · · · · · · · · · · · ·
· · · · · · · · · · · · · · · · · · · · · · · · 0

0 · · · · · · · · · · · · · · · · · · · · · 0
∑
j=n

n∑
i=1

aijaji

· · · · · · · · · · · · · · · · · · · · · · · · 0
· · · · · · · · · · · · · · · · · · · · ·
· · · · · · · · · · · · · · ·
· · · · · · · · · · · ·
· · · · · · 0

0
∑
j=n

n∑
i=3

a(i−2)jaji

0

〉
(2.14)

Obviously, the heart of the rhotrix R2
n is

H (R2
n) =

n∑
i ,j=1

c (n−1)
2

i
c
j

(n−1)
2

, (2.15)

where (n−1)
2

is always even.
Therefore,

n∑
i ,j=1

c (n−1)
2

i
c
j

(n−1)
2

= c1icj1 + c2icj2 + c3icj3 + . . . + c (n−1)
2

i
c
j

(n−1)
2

,

= c11c11 + c13c31 + c15c51 + c21c12 + . . . + c (n−1)
2

n
c
n

(n−1)
2

. (2.16)

By using the condition P of (1.6) in (2.16) the terms like c12c21 become zero. Similarly, all the terms
with i+j = an oddnumber are zero and only the terms for which i+j = an even number survive. Since
these terms are always odd in number, therefore, it is clear form (2.16) that sum of all these terms is
equal to 1 over the finite field F2. Hence, we conclude that heart of rhotrix R2

n is always equal to 1.

Theorem 2.5. Let Rn be a rhotrix satisfying the condition P of (1.6). Then, there exist a sub-rhotrix

〈 0
0 1 0

0

〉
, for n = 4k1 ± 1, where k1 is an even number,

〈 1
0 1 0

1

〉
, for n = 4k2 ± 1, where k2 is an odd number,

(2.17)

of R2
n over the finite field F2.

Proof. Let the rhotrix Rn be
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Rn =

〈
1

0 1 0
1 0 1 0 1

.. .. .. .. .. .. ..
0 .. .. .. .. .. .. .. 0

an1 0 .. .. .. .. .. .. .. 0 a1n

0 .. .. .. .. .. .. .. 0
.. .. .. .. .. ..

an(n−2) 0 a(n−1)(n−1) 0 a(n−2)n

0 c(n−1)(n−1) 0
ann

〉
,

Since, R2
n = RnRn, therefore,

R2
n =

〈

n∑
i,j=1

aijaji

0
n∑

i,j=1

cijcji

n∑
i=3,j=1

aijaji 0
n∑

i,j=2

aijaji

0
n∑

i=3,j=1

cijcji 0
n∑

i,j=2

cijcji

· · · · · · · · · · · ·
· · · · · · · · · · · · · · ·

· · · · · · · · · · · · · · ·
n∑

i ,j=1

c (n−3)
2

i
c
j

(n−3)
2

0 · · · · · · · · · · · · · · · · · · 0
n∑

i ,j=1

a (n−1)
2

i
a
j

(n−1)
2∑

i=n

n∑
j=1

aijaji 0 · · · · · · · · · · · · · · ·
n∑

i ,j=1

c (n+1)
2

i
c
j

(n−3)
2

0
n∑

i ,j=1

c (n−1)
2

i
c
j

(n−1)
2

0 · · · · · · · · · · · · · · · 0
n∑

i ,j=1

a (n+1)
2

i
a
j

(n+1)
2

· · · · · · · · · · · ·
n∑

i ,j=1

c (n+1)
2

i
c
j

(n+1)
2

· · · · · · · · · · · ·
· · · · · · · · · · · ·

· · · · · · · · ·∑
i=n

n∑
j=3

aija(j−2)i 0
n∑

i,j=2

a(i−1)ja(j−1)i

0
n∑

i,j=2

c(i−1)jc(j−1)i

n∑
i=1

aiiaii
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0

0
n∑

i=1,j=3

aijaji

0
n∑

i=1,j=3

aijaji 0

· · · · · · · · · · · ·
· · · · · · · · · · · · · · ·
· · · · · · · · · · · · · · · · · ·
0 · · · · · · · · · · · · · · · · · · · · · 0

0
n∑

i ,j=1

a (n−3)
2

i
a
j

(n+1)
2

· · · · · · · · · · · · · · · · · · 0
∑
j=n

n∑
i=1

aijaji

0 · · · · · · · · · · · · · · · · · · · · · 0
· · · · · · · · · · · · · · · · · · · · ·
· · · · · · · · · · · · · · ·
· · · · · · · · · · · ·
· · · · · · 0

0
∑
j=n

n∑
i=3

a(i−2)jaji

0

〉
(2.18)

For n = 5, the entries of R2
n are as follows:∑

n = 5

3∑
i, j=1

a (n−1)
2

i
a
j

(n−1)
2

= a21a12 + a22a22 + a23a32

= 0 + 1 + 0

= 1,∑
n = 5

2∑
i, j=1

c (n−1)
2

i
c
j

(n−1)
2

= c21c12 + c22c22

= 1 + 0

= 1,∑
n = 5

2∑
i, j=1

c (n−3)
2

i
c
j

(n−3)
2

= c11c11 + c12c21

= 0 + 1

= 1,∑
n = 5

2∑
i, j=1

c (n−1)
2

i
c
j

(n−3)
2

= c11c12 + c12c22

= 0 + 0

= 0

and
∑

n = 5

∑2
i ,j=1 c (n−3)

2
i
c
j

(n−1)
2

= c21c11 + c22c21

= 0 + 0

= 0.

Clearly,
〈 1

0 1 0
1

〉
is a sub-rhotrix of R2

n over the finite field F2.

Similarly, for n = 7, the entries of R2
n are as follows:∑

n = 7

3∑
i, j=1

c (n−3)
2

i
c
j

(n−3)
2

= c21c12 + c22c22 + c23c32
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= 0 + 1 + 0

= 1,∑
n = 7

4∑
i ,j=1

a (n−1)
2

i
a
j

(n−1)
2

= a31a13 + a32a23 + a33a33 + a34a43

= 1 + 0 + 1 + 0

= 0,∑
n = 7

4∑
i ,j=1

a (n−3)
2

i
a
j

(n−3)
2

= a21a12 + a22a22 + a23a32 + a24a42

= 0 + 1 + 0 + 1

= 0,∑
n = 7

4∑
i ,j=1

a (n−1)
2

i
a
j

(n−3)
2

= a31a12 + a32a22 + a33a32 + a34a42

= 0 + 0 + 0 + 0

= 0,

and
∑

n = 7

∑4
i ,j=1 a (n−3)

2
i
a
j

(n−1)
2

= a21a13 + a22a23 + a23a33 + a24a43

= 0 + 0 + 0 + 0

= 0,

Clearly,
〈 0

0 1 0
0

〉
is a sub-rhotrix of R2

n over the finite field F2.

Therefore, in the same way for other values of n, we conclude the desired result of (2.17) for R2
n

rhotrix.

3 Illustrations

Here, we illustrate some results given in section 2 with the help of examples.

Example 3.1. Let R5 be a rhotrix satisfying the condition P of (1.6) and let it given by

R5 =

〈 1
0 1 0

1 0 1 0 1
0 1 0

1

〉
.

Now, R2
5 = R5R5

=

〈 1
0 1 0

1 0 1 0 1
0 1 0

1

〉〈 1
0 1 0

1 0 1 0 1
0 1 0

1

〉
,

=

〈 2
0 1 0

2 0 1 0 2
0 1 0

2

〉
.
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Since, all the entries of above rhotrix belong to the finite field F2, therefore, we get

R2
5 =

〈 0
0 1 0

0 0 1 0 0
0 1 0

0

〉
. (3.1)

Clearly, the heart of matrix R2
5 over the finite field F2 is 1. Further, from (3.1) it is concluded that,

there is a sub-rhotrix of R2
5 of the form

〈 1
0 1 0

1

〉
.

Example 3.2. Let R be a rhotrix of 7-dimensions satisfying the condition P of (1.6) and suppose it
is given by

R7 =

〈
1

0 1 0
1 0 1 0 1

0 1 0 1 0 1 0
1 0 1 0 1

0 1 0
1

〉
.

Now,

R2
7 =

〈
1

0 1 0
1 0 1 0 1

0 1 0 1 0 1 0
1 0 1 0 1

0 1 0
1

〉〈
1

0 1 0
1 0 1 0 1

0 1 0 1 0 1 0
1 0 1 0 1

0 1 0
1

〉
,

=

〈
2

0 2 0
2 0 2 0 2

0 2 0 1 0 2 0
2 0 2 0 2

0 2 0
2

〉
.

After reducing all the entries over the finite field F2, we get

R2
7 =

〈
0

0 0 0
0 0 0 0 0

0 0 0 1 0 0 0
0 0 0 0 0

0 0 0
0

〉
. (3.2)

Therefore, it is clear from (3.2) that there exist a sub-rhotrix of R2
7 which is of the form

〈 0
0 1 0

0

〉
.

4 Conclusion

We considered the rhotrices of 3-dimensions and derived some properties related to their characteristic
roots. Further, we discussed results related to the heart and sub-rhotrix of n-dimensional rhotrices.
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