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Abstract A quadrature rule of higher precision is constructed in this paper by mixing
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1 Introduction

There are several rules (see, [4])for the approximate evaluation of real definite integral

1
f(z)dz (1.1)
-1
However there are only a few quadrature rules for evaluating an integral of the type
1= [ fe)a (12)
L

where L is a directed line segment from the point (z, — h) to (z, + h) in the complex plane C and f(z)
is analytic in certain domain € containing L. Using the transformation z = zo + ht, t € [—-1, 1] (due
to Lether [7]), we transform the integral (1.2) to the form

h/j1 F(zy + ht)dt (1.3)

and make the approximation of the integral by applying the standard quadrature rule meant for an
approximate evaluation of the real definite integral (1.1). The rules so formed are termed as the
‘transformed rules’ for numerical integration of (1.2).

Das and Pradhan [1] have constructed a quadrature rule for the approximate evaluation of (1.1) from
two quadrature rules of different types but of equal precision. Such rules are termed as the ‘mixed
quadrature rules’.
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In this light Mohanty and Dash [5] have constructed a mixed quadrature rule SM2(f) of precision
seven.

Here we mix up the Birkhoff-Young modified rule which is obtained by using the Richardson extrapo-
lation and SM2(f) quadrature rules each of precision seven. A new rule of precision nine is obtained
and this mixed quadrature is used for evaluating an integral of the form (1.2).

2 Birkhoff-Young rule BY (f)
The Birkhoff-Young rule due to Birkhoff and Young [3], Acharya and Das [2] and Lether [7] is
BY(f) = 1% [4{f(20 +h) + f(z0 — h)} + 24f(20) — {f (20 + ih) + f(z0 —ih)}]. (2.1)

Applying the Taylor’s theorem to it we get

h? .. ht ho )
BY (1) = 20 £ (o) + 5 1% o) 4 7 o) e 7 o)+

h8 10 12 ) (22)
TS PR TR ST AN
and
h2 11 h4 v hG v
TP =27 Go) o 5 £ o)+ B o) 4 7 )+
h8 th h12 - (23)
a (ZO)‘FE (ZO)‘FT?)' (Zo)+:|
The error in this rule is given by
Epy =1(f) - BY (f).
Using (2.2) and (2.3),
_K7T ho hit i3 .
E — v _ VL _ T _ T — . 2.4
5 = 15907 )~ 2ags00/ )~ 7asaaoo’ ) T Toasonaonn’ V) 24)
Now from (2.1)
2h . .
BYij2 = 15 [24f (20) +4{f (20 + 2h) + f (20 = 2h)} — {f (20 +i2h) + f (20 — i2h)}]. (2:5)
Using the Taylor’s expansion (2.5) converts to
922p2 . 24t 6ps
BYy/2(f) = 4h | f (20) + =5 f" (20) + == (20) + 5=/ (20)
. 98,8 5 ) 4 101,10 o) + 912,12 4 oy + (2.6)
5 % 8! 30 VYT 512! A
Now the error
Epy,,, =1(f) = BY3(f).
Using (2.3) and (2.6),
727],]17 . 29h9 211h11 213h13 B
E ) — v _ VLY _ T _ i — . 2-
BYi2 = go0 7 (%)~ 5368007 (%)~ 7agagon’ *0) ~ Tossoaaoon’ | ) (2.7)

3 Modified Birkhoff-Young quadrature rule by the Richardson extrapola-
tion RBYE (f)
2

Now
I(f)=BYnL(f)+ Egy,. (3.1)
and
I(f)=BYnn(f)+ EBy, - (3.2)
EBRAS,
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Where, Byh = BY and EBYh = EBY4
Multiplying (3.1) by 27 and subtracting (3.2) from the result, we obtain
@ =1 I(f) =[2"BYn (f) = BY ns2 ()] + 2" Epy, — Eby, ]
2

1 1
I(f) = —=[128 BY, (f) — BY —_[128 Epy, — E
= 1(f) = 157128 BY . (f) s (N + 570128 Epy), — Epy, |
= Ry, (f)+ ERpy,
2 2
where
Rpy, (f) = -[128 BY s (f) — BY 1 (f)] (3.3)
2 127 2
and 1
ERpy, = 157(128 Epy, — Epy, ]
Using (2.4) and (2.7)
2 (128X 12\ g uii 1920n" 8064 h'? wii
ERpyy = 5201 ( 127 )h P o)+ o srasaann” PO F rctoas0aa000! ) F

(3.4)
(3.3) and (3.4) are respectively called the modified Birkhoff-Young extrapolation and the error in the
modified Birkhoff-Young extrapolation due to the Richardson extrapolation.
From (3.4) we see that the degree of precision of the rule is 7.

4 The SMa2(f) quadrature rule

From the work of Mohanty and Dash [5], we know that
1
SMa(f) = 1 [BBL(f) = BY(f) (4.1

where
h

BL(f) = 45 |70 (o + 1)+ (a0 — W)} +12f(s0) + 820 f (0 + 5) + flao = 5D} (42

and from (2.1) and (2.2)

BY(f) = 12 [4{ (o + 1) + f(z0 = W)} + 24 (20) — {1 (20 + ih) + [(z0 — ih)}].
The truncation error of the rule SMa(f) is

Esyz = I(f) — SMa(f)

78h° i 37h' . 3023118 ..
2x 13 h9 viii 37 hll - 3023 h13 i
i A vevn TN Sy en A S (4.3)

This rule is of precision seven.

5 Formulation of the Rule

We formulate the desired Mixed Rule as follows [1,5,6]:
Applying the rules mentioned in (3.3) and (4.1) respectively to the integral in (1.2) we have
I(f) = Rpy, (f)+ ERpy, (5.1)
2 2

and
I(f)=SM2+ Esue (5.2)
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Now multiplying (5.1) and (5.2) by 1651 and 10752 respectively and then adding the results thus
obtained, we get

12403 I (f) = 1651 Rpy, (f)+ 10752 SMs(f) + 1651 ERpy, + 10752 Esns
2 2

1

= 1= 15403

{1651 RBY,L (f) + 10752 SMz(f)}

1
+ 75403 {1651 ERpy, + 10752 ESMQ]

= SMs (f) + Esme
where,
1

SMe (f) = 1503

[1651 Rpy, (f)+10752 SMa( f)] (5.3)

and

1
= —— 1651 1
Eswme 12403 [ 65 ERBY% + 10752 ESIVIQ:|

Using (3.4) and (4.3), we have

1 11 px
Eswe 19403 X 111 [133120 — 9472] h™~ f¥(20)
1 13 pxii
+12403 5 < 131 [1677312 — 1354304)] h ™" f**" (20) + . .
123648 323008

_ 11 px
T 12403 x 11!h 1" (z0) + 12403 x 5 x 13!

From equation (5.4), we see that the degree of precision of SMg (f) rule is nine.
So by combining two quadrature rules of precision 7 (i.e., one is modified Birkhoff-Young rule Rpy , (f)
3

R () + .. (5.4)

due to Richardson Extrapolation and another one is SMa(f) quadrature rule), we get the Mixed rule
SMe (f) of precision nine for the approximate evaluation of I(f) and truncation error committed in
this approximation is given by equation (5.4).

6 Error Analysis

Let f(z) be analytic in the disc Qr = {z: |z — 20| < R > h}, so that the points 2o, z0 £ h, z0 = h\/g
are all interior to the disc 2r. Now using the Taylor’s series expansion,

oo

1 .n
Z (z — 20)", anzﬁf (20)

From (5.4) we have

123648 4
Bsmo= Top03 1 (20

323008

h13 Tit o
a3 x5 x 13" 1 o)t

From this expression for Fsare we have the following theorem:
Theorem 6.1. If f is assumed to be analytic in the domain 2 D L then
Es]u(; = O(hll).

Error Comparison
It is shown by Lether [7] that
|Ecr| < |EBL]|.

Again from (3.4), (4.3) we have,
|BRy, | < |Eoul
2

...........
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Table 7.1: Comparative numerical evaluation of the integrals I; (7.1) and Iy (7.2) .

SL Quadrature | Approximation | |Error| Approximation | |Error|for
No. | rules value of (I, | for (I3) value of (Ia, | (I2)
where i = \/—1.) where i = \/—1.)
a BL(f) (1.6828781)i 0.0000638 | (1.0421911): 0.0000005
b | GL(f) (1.6830035)i 0.0000616 | (1.0421901): 0.00000049
c SMs(f) (1.682860071): | 0.00008 (1.0421906)7 0.00000002
d Rpy, (f) (1.6831679)i 0.00022 (1.04219066)i 0.000000068
e SMS(f) (1.682931047)i 0.0000108 | (1.042190587): 0.0000000047
Exact value of I; | Least for | Exact value of I | Least for
(1.6829419239)i | SMeg(f) | (1.0421905917)i | SMg(f)
and

|Esarz| < |EaL].
Further from(5.4) and (4.3) we get
|ESM6| < ‘ERBth
2
and
|Esme| < |Esnmz|.

Thus, theoretically the mixed rule SMg(f) developed in this paper is better than the mixed rule
SMo(f) of [5].

7 Numerical Verification

Let us calculate approximate value of the integral Iy and I» by using BL(f), GL(f), SMa(f),
RBYE (f) and SMe(f) for
2

1
L :/ e“dz, (7.1)
-1
and .
i
]2:/. cos zdz. (7.2)
71/2

The comparative numerical evaluation of the integrals in (7.1) and (7.2) is shown in the Table 7.1.

8 Conclusion

The new mixed quadrature rule SMsg (f), designed in this paper, gives appreciably better results in
comparison to its constituent rules and the mixed rule SM2(f) as predicted theoretically. This rule
can be very much useful for finding the numerical solution of integral equations.
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