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Abstract  The traces of powers of matrices frequently arise in several fields of math-
ematics. Rhotrices are a new paradigm of matrices which are represented as coupled
matrices. The main aim of this paper is to find the trace of positive integral powers of
three and five dimensional rhotrices. Further, the trace of positive integral powers of
special type of circulant rhotrix is also discussed.
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1 Introduction

The trace of a positive integer power of a matrix needs to be evaluated in various problems in Network
Analysis, Number Theory, Matrix Theory, Dynamical Systems and Differential Equations. To study
a complex network, we need to compute the total number of triangles of a connected simple graph.
The trace of integral powers of square matrices was discussed by Michiel [6] and Pahade and Jha [7].
Cisneros et al. [4] and Cisneros [5] discussed a formula for the trace of symmetric powers of a matrix.
Also, Brezinski et al. [3] estimated the trace of powers of self adjoint operators. Zareula [14] discussed
the congruences for the trace of powers of some matrices.

Rhotrix is a new paradigm in the study of matrix theory. Rhotrix is represented as coupled matrix.
Ajibade [2] defined a 3-dimensional rhotrix, which is, in some way, between 2 x 2-dimensional and

3 x 3—dimensional matrices as
a
Rs = < b ¢ d > 5
e

where a, b, ¢, d, e are real numbers and h (R3) = c is called the heart of rhotrix Rs.
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> S

LetQ3:<g

defined as
a f a+ f
R3+Q3—<b c d>+<g h j>—<b+g c+h d+j>,
e k e+ k

and for any real number «, the scalar multiplication of a rhotrix Rs by « is defined as

a aa
aRg—a<b c d>—<ab ac ad>.
e ae

Two types of multiplications of rhotrices are discussed in the literature of rhotrices, namely, the heart
oriented multiplication and the row-column multiplication. Ajibade [2] discussed the heart oriented
multiplication of 3-dimensional rhotrices as given below:

j >, be another 3-dimensional rhotrix, then the addition of two rhotrices is

f

Let Q3 = < g h J > ,be another 3-dimensional rhotrix, then the multiplication of two rhotrices is
k

defined as

ah + fc
R30Q3—< bh + gc ch dh+jc>.
eh + kc

Further, Absalom et al. [1] generalized the heart oriented multiplication of 3-dimensional rhotrices to
n-dimensional rhotrices. The row column multiplication of 3-dimensional rhotrices is defined by Sani [8]

as
a f af +dg
R30Q3:<b c d><g h j>:<bf—|—eg ch aj+dk>.
e k bj + ek

Sani [9] also discussed the row-column multiplication of high dimension rhotrices as follows: Consider
an n-dimensional rhotrix

aii
a1 C11 ai2
asi C21 a22 C12 ais

att—2  Ct—1t—2 At—1t—1 Ct—2t—1 Ar—2¢
Att—1 Ct—1t—1 at—1t
At

where ¢ = (n+1)/2. Sani [10] represented rhotrix as a coupled matrix and denoted it as P, =
(asj, ar) = (A,C) with i,7 =1, 2, ...t and [,k = 1, 2, ...,t — 1. The multiplication of two rhotrices
P, and @, defined by Sani [9] is as follows:

t t—1
ProQn = (aiyj; Cliky) 0 (binjy, digky) = < Z (@irjy bing) Z A dlzk2)> :

ij1=1 loky=1

Sharma and Kanwar [11, 12] defined the trace of a rhotrix and discussed its properties. Sharma et
al. [13] introduced circulant rhotrices in the literature of rhotrices.

Q:Q:m AS
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Definition 1.1. [11] Let

aii
a1 C11 a2
asi C21 22 C12 ai3

Rn —< Qa1 Ct—11 . . . . . Clt—1 alt >

att—2 Ct—1t—2 QAt—1t—1 Ct—2t—1 At—2¢
att—1 Ct—1t—1 at—1t
At

={aij, ar) =(4, C),

be a rhotrix, where a;j, cx € R, 1 < 4,5 < t, 1 < I,k < t—1andt= ",

2
The trace of R,, is defined as
t t—1
Tr R, = Zaii+zcii
i=1 i=1

=Tr A+Tr C

t
= g Trs
r=1

That is, the trace of a rhotrix R,,, which is the sum of all its elements of the vertical diagonal, where R,,=
(mm> is the general representation to the n—dimensional rhotrix. The elements z,, for r = s(r # s)
represent the vertical (non—vertical) diagonal entries of the rhotrix R,,.

2 Trace of positive integral powers of a three dimensional rhotrix

In this section, we put forward a result to evaluate the trace of any positive integral power of a three
dimensional rhotrix.

Theorem 2.1. Let Rs =< A, B > be a three dimensional rhotriz whose coupled matrices are A =
(@ij)gys and B = (c);,. Then, the trace of Ry, where n is positive even integer, is given by:
n(n—4)(n—>5)

T JAP(TrA)" 5+

TrRE = (TrA)" — n.|Al.(TrA)""2 + w.mﬁmm"*‘* -

”+(_1)%n(n—%—1) (n—%(n—)'Z)....up to 5 terms
5.

Proof. Consider a three dimensional rhotrix

a
R3=<b (& d>,
&

|A|2 (TrA)""%% + (TrB)".

where a, b, ¢, d, e are real numbers and the coupled matrices are given as A = { Lbl Z ] and B =[] .
Then, |A| = ae —bd and Tr A=a+e.
A2 a’> +bd d(a+e)
bla+e) bd+e?
and
Tr A% = a® 4 2bd + ¢* = a® + 2ae + ¢* — 2ae + 2bd
= (a+e)® —2(ae — bd)
or,
TrA® = (TrA)? —2.|A|. (2.1)
‘g.ﬁiﬁmﬁi
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Similarly,
e a® +abd +bd(a+e) a*d+ d*b+ ed(a+ e)
T | ab(a+e)+bd+e*b bd(a+e) + dbe + &P
and
Tr A = a® +€® + 3bd(a+ €) = (a +e)® — 3(a + e)(ae — bd)
or,

TrA* = (TrA)® —3.|A|. Tr A.
Replacing A by A? in (2.1), we get

Tr (A%)° = (TrA?)” - 2.|4?|
= ((TrA)? - 2.|A)” - 2(]A)?

4(4 —3)

o JAP (TrA)*%3

TrA* = (TrA)* —4.|A| (TrA)? +

Also, replacing A by A? in (2.2), we get
Tr A% = Tr (A%)® = (TrA%)’ - 3.|A?|. TrA?

= ((TrA)” — 2. |A])’ = 3.(|A])*((Tr A)* —2.|A])
= (TrA)° —8.|A]® —6.]A| .(TrA)* +12|A]°. (TrA)® — 3.(|A])*(Tr A)® +6.(]A])°
6 (6 —3) 6(6—4)(6—5)

TrA® = (TrA)°® —6.|A| .(TrA)* + TR )

|A]®. (TrA)? —
Thus, when n is an even integer, then

n(n—4)(n—>5)

TraA® = (TrA)" - n|A].(TrA)"2 + 2L =5) .

2

,1)(n,%, )...uptogterms

(3

JAP.(TrA)"* —

S
—~
3
\
VI3

JAIZ (TrA)" 2%,

Also,
Tr B" ="
By Definition 1.1 we know that
Tr Rs3 =Tr A+Tr B.

Therefore,
TrRs =Tr A" +Tr B".

Hence,

k
TrRy = Zkfo ( kll) (n(n—k—1)(n—k—2)...up to k terms) - |A[¥(TrA)"~2¥) 4 "

where n is an even integer.
Example 2.2. Let

1
R3:<2 1 —1>
2

be a three dimensional rhotrix such that its coupled matrices are A = {

Then, Tr A =3 and |A| =4 and Tr B = 1. Now,

1 -1
9 9 }andBf[l].

5 k
Tr A = Z ( ]:l) (n(n—k—1)(n—k—2)...uptokterms).|A|*(TrA)"~2*
k=0 ’

Q:Q:m AS

& rusuchmions

(2.2)

JAP. (TrA)s22.

JAP.(TrA)" 5+
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10.7 10.5.4.3

10.6. 10.4.3.2.1
= (TrA)* =10, A]. (TrA)* +10:L AP (TrA)°~ 036' 5 AP(TrA)+ > .\A|4(T7~A)2_%. AP
= (3)'° = 10.4. (3)° +35.(4)%. (3)° — 50.(4)>. (3)" +25. (4)*.(3)% — 2(4)° = 1201
and Tr B' = 1. Therefore, R3'® = 1201 + 1 = 1202.
Theorem 2.3. Let Rs =< A, B > be a three dimensional rhotriz whose coupled matrices are A =
(@ij)gye and B = (¢),,, -Then, the trace of Ry where, n is a positive odd integer, is given by
n nTil (71)k k n—2k n
TrRy = Zkfo o (n(n—k—=1)(n—k—2)...up tok terms) - |[A|" - (TrA) + (TrB)
where |A| = det A .
Proof. Consider a three dimensional rhotrix
a
R3 = < b C d >
e
where a, b, ¢, d, e are real numbers and the coupled matrices are given by A = { Z Z ] and B =[] .
Then, from the Theorem 2.1 TrA? is given by
TrA®> = (TrA)® —3.|A|. Tr A
_ 320, (=D' 0 3-2.1
= (TrA) + T\A| (Tr A) .
Similarly,
A5 = A° A7
[ a®+abd+bd(a+e) a’d+d*b+ed(a+e) a® +bd d(a+e)
T | ab(a+e)+b*d+e*b  bd(a+e€)+ dbe + € bla+e) bd+e?
Now,
TrA® = a® 4 abd 4 2a°bd (a + €) + a’bd + ab*d* + 4b*d” (a + e) + ebd(a + €)?
+ abd(a + e)? + 2¢°bd (a + €) + eb®d® + 2¢°bd
= (a+e)® —5.(ae — bd) .(a + )’ + 5(ae — bd)*. (a + €)
— (TrA) — 5. |A|(TrA)® + w.w?. (Tr A)
_ 520 , (1) 1 521, (=1)° 2 5-2.2
= (TrA) + T'5'|A| (TrA) + oY 5(5—3).|A]". (Tr A)
Thus, when n is an odd integer, then
Trar =y C k—1 k—2 k AlF(TrA)" 2
r 72/@:0 i “(n(n—k—=1)(n—k—2)... up to k terms) - |A|"(TrA) .
Also,
Tr B" = c".
Sharma and Kanwar [11] showed that the trace of a rhotrix is given by,
Tr R3=Tr A+Tr B.
Therefore,
TrRy =Tr A" +Tr B".
Hence,
T R"—Z%l (D" (ntn—k—-1)(n—k—2) to k terms) - |A|F(TrA)"2F 4+ ¢
TRy =), 0 TR n ...up to k terms r c
where n is an odd positive integer.
O

Q:Q:m AS
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1
R3—<2 1 —1>
2

Example 2.4. Let

be a three dimensional rhotrix such that its coupled matrices are A = { é _21 } and B = [1].
Then, Tr A =3 and |A| =4 and Tr B = 1. Now,
Sl
Tr A° = Z 0 (n(n—k—1)(n—k—2)...upto k terms) - |[A|*(TrA)"2*
k=0 ’
. 5.4 4.
— (TrA)® —9.|A|. (TrA) + %.\AF.(TTA)s - % |AP(TrA)? + %.mr‘ TrA

(
(4)%. (3)° — 30.(4)*. (3)" + g.

63

=(3)?-94.3)" + R (4)*.3 = 15039

and Tr B'0 = 1. Therefore,
Tr Rs'® = 15039 4+ 1 = 15040.

3 Trace of positive integral powers of a five dimensional rhotrix

In this section, we put forward a result to evaluate the trace of any positive power of a five dimensional
rhotrix.

Theorem 3.1. Let Rs =< A, B > be a five dimensional rhotriz whose coupled matrices are A =
(@ij)5y5 and B = (bij)y, . Then, the trace of Ry where n is a positive even integer is given by

Tr Ry
n n=3ri| (_1)"0
:ZTLf:JO {ZEO:S J %[n(nfrof%l —1)(n—ro—2r1 —2)...(n —2ro — 3r1 + 1)] x
1 n _1\k
(TrA)" 27073 Aro ] % + : . ( kll) ‘(n(n—k—=1)(n—k—2)...(up to k terms)) x
1! = !

|B|¥(TrB)"~2*

and the trace of R5 when n is positive odd integer, is given by

Tr RY
n n—3ry 1 70
:ZLdJO {ZL ; J %[n(n—ro—%l—1)(n—7‘0—2r1—2)...(n—2r0—3r1—|—1)]><
ry= ro= 0!
. Ty n—1 (_1\k
(TrA)"—2r0=3m_gro } % 2, 20 ( kll) ‘n(n—k—=1)(n—k—2)...(up to k terms)) x
1! = !

|B|F(TrB)"~2*

where Az is the sum of all principal minors of order 2 in A, ro is the number of principal minor of
order 1, r1 is the number of principal minors of order 2, |x| is the floor function, |A] = det A and
|B| = det B .

d
Proof. Let Rs = < g r

b
q c > be a five dimensional rhotrix whose coupled matrices are
h /

S o0 e

A=

Q@ Q2

b ¢

e f |and B = { ‘:j Z } As stated earlier, TrRs = TrA 4+ TrB and TrR; = TrA™ +
h 1

TrB™. Since of B is a matrix order 2 x 2, therefore, the trace of B" can be written directly from the

*
80
*ME BPAS

B
= PUBLICATIONS
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Theorem 2.1 and the Theorem 2.3. To get the trace of R5, we need to evaluate the trace of A". Now,
as

|A| = a(ei — hf) —b(di — gf) + +c(dh — eg)
and Tr A = a+ e + i, therefore,

TrA2:(a+e+i)2—2(ae—bd+ei—fh+ai—cg)

3
= (TrA)? =23 |Aul,

i—1
.. . . a b e f
where |A;;| are the principal minors of order 2 given as |A11] = d e | |Ag2| = g h| |Ass| =
a c
g 1t

Therefore, if we put

3
Az = | Ayl
=1

TrA® = (TrA)® — 2A,.

then

Also,
TrA* = a* + 20°d* + ¢* + 2¢%g° + 44> (bd + cg) + 4cdeh + 4e® fh + 4cfgh

+ 2f2h® + cdhi + defhi + dcgi® + 4fhi® +i* + 4a (bde + bfg + cdh + cgi)
+4b(d (€® +cg + fh) + fg(e+1))
=(a+e+i) —4(a+e+1i)? (—bd+ ae — cg — fh+ ai + ei)
+2(—bd + ae — cg — fh+ ai+ ei)?
+4(a+e+i)(—ceg+ bfg+ cdh — afh — bdi + aet)
3 3 2
= (TrA)" = 4> [Aul TrA+20) |Au|) +4.TrA. |A]
=1 1=1
= (TrA)! —4A,.TrA + 2(A2)° + 4.TrA. |A].
Similarly,
TrA® = (TrA)® — 5A5.(TrA)® +5 TrA.(A2)> +5 (TrA)°. |A| —5.42. |A|.

Therefore, TrA™ can be generalized as

Tr A"
n n—3ry 71 0

= ZTL::JO {ZL:S | ( T0)|_ nn—ro—2r1 —1)(n—rog—2r1 —2)...(n—2ro — 3r1 + 1)] x
n—arg—or T A "

(TrA)"—2r073m Ag } ( ﬁ')'

For even positive integer n and using Theorem 2.1, we have

Tr B" = Z% (-1* (n(n—k—1)(n—k—2)...(up to k terms)) - | B|*(T'rB)" ¥

k=0 k!
Therefore, TrR; = Tr A" +Tr B" . Now,
Tr RY
n n—3ry 1 0
:ZLsJO {Z{ ; | %[n(n—ro—ZH—l)(n—ro—Qm —2)...(n—2rg —3r1 +1)] x
ri= ro= !

(TrA)"—27073m1_gro } % + Zf:o (_kl') ‘(n(n—k—=1)(n—k—2)...(up to k terms)) x

|B|*(TrB)"~2*

Q:Q:m AS

& rusuchmions

Bulletin of Pure and Applied Sciences Section E - Mathematics € Statistics, Vol. 39 E, No. 1, January-June, 2020



172 P.L. Sharma, Arun Kumar and Shalini Gupta

Also, Ry =Tr A" +Tr B", for odd n, this gives

Tr R
n n—3ry _1 70
= Zhﬁo [ZL:; J (GRbi To)! n(n—ro—2r1—1)(n—ro—2r1 —2)...(n —2ro — 3r1 +1)] x
. 1 n—1 (_ 1\k
(TrA)"—270737m1_gro } w 2. 20 ( kll) ‘(n(n—k—1)(n—k—2)...(up to k terms)) x
T1: = :

|B|*(TrB)"~2*

4  Trace of a special type of n-dimensional circulant rhotrix
Now we prove below a theorem for the trace of a special type of n-dimensional circulant rhotrix.

Theorem 4.1. Let R, = (A¢, Bi—1) be an n—dimensional special circulant rhotriz whose diagonal
entries are zero and all other entries are one. Ay, Bi_1 are the coupled matrices of Ry, where t =
0, if i=y

"TH7A,5 = (aij), 1 <i4,j <t and Bi—1 = (bij), 1<14,j<t—1 such that a;; = { 1if i and
bij = { (1]’ g Z ;; . Then, the trace of positive powers of Ry, when r is a positive even integer, is
given by

Nt—1m)(t—1)t—2)"(t—3)"">",

iMwh

%
Tr Ry, = N(tm)t(t—1)™(t—2)" " +
m=1

and the trace of positive powers of Ry, when r is a posiltive odd integer, is given by

Tr R, = i N(tm)t(t —1)™(t —2)7 2™ + Z Nt —1m) (t— 1) (t —2)™(t — 3)7 ">,

where, N (k,1) =1, N (k,%£) =1, N (k,%52) =22 and N (k, r) =N (k—1, r)+ N (k—2, r—1).

2

Proof. The rhotrix R, is given by

0
1 0 1
10 1 .
Rn:<1 ... 10 1 ... 1>
1 0 1
0
whose coupled matrices for t = ”T“ are A; and B;_1 given as below:
o [ t-1ifi= o [ t—2ifi=
At _(a”)_{ t—o iz ond Bia _(b“)_{ t—3, if i # j.
Therefore,
Tr A} =t(t—1) and Tr Bf ;= (t—1)(t—2). (4.1)
That is,
= 5=
Tr A7 =Y N(2,1)t(t—1) and B;_y =Y N(2,1)(t—1)(t-2).
m=1 m=1
«iﬁ AS

& rusuchmions
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Hence,
1 1

Tr R2=Tr A2+ Tr B2 | = N (2,m)t(t — 1)+ N (2,m) (t — 1)(t — 2).

=1 =1

[V
1
[Mh
Il

3
3

Similarly,

N (t—1)(t—2),ifi=j o (t—2)(t—3), ifi=j
Agf(a”)f{ (t-D+-27 itz Bf*l’(b”)’{ (t—2)+ (t—3)% if i #j,

which gives,

Tr A} =t(t —1)(t —2) and Tr B}, = (t —1)(t —2) (t — 3). (4.2)

That is,

TrA? = Zzll:l N(3,m)t(t—1)(t—2) and TrBj_ ;= Z;i:l N (3,m) (t—1)(t —2)(t —3),
which gives,

Tr R} =Tr A} +Tr B}_, = 3 N (3,m)t(t —1)(t —2) + 727 N (3,m) (t — 1)(t — 2)(t — 3).
Now,

A4:(a--):{ (t-1) [(t_1)+(t_2)2]7 if i=yj
¢ * t—1Dt—-2)+E—2)[t—1)+(t—2)7, if i#j

and

Bf_1=(bij)={ (t=2)(t=3)+ (t=3)[(t—2)+ (t—3)%], if i#]
which lends
Tr Aj =t(t—1)* + 4t —1)(t—2)* and Tr Bi, = (t=1)(t—2)° + (t - D)(t—2)(t —3)>. (4.3)

That is,
r=2 r=2
TrA; = N (4,m)tt—1)"t—2)""" and TrB/ =Y N(4,m)(t—1)(t—2)"(t—3)" "
m=1 m=1
which gives,
5=2 3=2
Tr Ry =Tr A{+Tr Bi_y =Y N@Am)tlt—1)"(t—2)"">"+> N (4,m)(t—1)(t—2)"(t—3)"*".
m=1 m=1
Now,
A= (o= D=+ (E-D-2°, i i=j
TV =143 -1 (=22 +(t—2)", if i#]
and

5 _ 20 -2 (t=3)+(t—2)(t—3)° if i=j
Bt—l*(bij)f{ (t—2)%4+3(t—2)(t—3)%+ (t—23)", if Zij

which gives,

Tr A} = 2t(t — 1)*(t=2)+t(t—1)(t —2)° and Tr Bj_; =2(t—1)(t —2)* (t — 3)+(t—1)(t—2)(t — 3)°.

(4.4)
That is,
r=2 r=2
TrA; =Y NGm)tt—1D)"(E—2)"2" and TrBj_ ;=Y N(5,m)(t—1)(t—2)"(t—3)">"
m=1 m=1
‘&“’ AS

& rusuchmions
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from where follows that

%:2 2
Tr Ry, =Tr A}+Tr Bi_y = Y N (5,m)t(t — 1)™(t—2)° "+ N (5,m) (t—1)(t —2)"(t — 3)°*".

=1

[V

m=1

3

Thus, by induction, we conclude that

w3

Tr Rl = i: N(tm)t(t — 1™t —2)" 72" + S N(t—Lm) (¢ — 1) (t— 2)™(t—3)" "

m=1

where, r is a positive even integer and

Tr Rl = Z N(tm)t(t —1)™ (¢ —2)7 2™ + Z N(t—1m) (t—1) (t—2)™(t — 3)" 2"

where, r is a positive odd integer.

5 Conclusion

In this paper, we find the trace of positive integral powers of three and five dimensional rhotrices. Also,
a result to find the traces of positive integral power of a special type of circulant rhotrix is derived.
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