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Abstract The traces of powers of matrices frequently arise in several fields of math-
ematics. Rhotrices are a new paradigm of matrices which are represented as coupled
matrices. The main aim of this paper is to find the trace of positive integral powers of
three and five dimensional rhotrices. Further, the trace of positive integral powers of
special type of circulant rhotrix is also discussed.
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1 Introduction

The trace of a positive integer power of a matrix needs to be evaluated in various problems in Network
Analysis, Number Theory, Matrix Theory, Dynamical Systems and Differential Equations. To study
a complex network, we need to compute the total number of triangles of a connected simple graph.
The trace of integral powers of square matrices was discussed by Michiel [6] and Pahade and Jha [7].
Cisneros et al. [4] and Cisneros [5] discussed a formula for the trace of symmetric powers of a matrix.
Also, Brezinski et al. [3] estimated the trace of powers of self adjoint operators. Zareula [14] discussed
the congruences for the trace of powers of some matrices.

Rhotrix is a new paradigm in the study of matrix theory. Rhotrix is represented as coupled matrix.
Ajibade [2] defined a 3–dimensional rhotrix, which is, in some way, between 2 × 2–dimensional and
3 × 3–dimensional matrices as

R3 =

〈 a
b c d

e

〉

,

where a, b, c, d, e are real numbers and h (R3) = c is called the heart of rhotrix R3.
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Let Q3 =

〈 f
g h j

k

〉

, be another 3-dimensional rhotrix, then the addition of two rhotrices is

defined as

R3 + Q3 =

〈 a
b c d

e

〉

+

〈 f
g h j

k

〉

=

〈 a + f
b + g c + h d + j

e + k

〉

,

and for any real number α, the scalar multiplication of a rhotrix R3 by α is defined as

α R3 = α

〈 a
b c d

e

〉

=

〈 α a
α b α c α d

α e

〉

.

Two types of multiplications of rhotrices are discussed in the literature of rhotrices, namely, the heart
oriented multiplication and the row-column multiplication. Ajibade [2] discussed the heart oriented
multiplication of 3-dimensional rhotrices as given below:

Let Q3 =

〈 f
g h j

k

〉

,be another 3-dimensional rhotrix, then the multiplication of two rhotrices is

defined as

R3 o Q3 =

〈 ah + fc
bh + gc ch dh + jc

eh + kc

〉

.

Further, Absalom et al. [1] generalized the heart oriented multiplication of 3-dimensional rhotrices to
n-dimensional rhotrices. The row column multiplication of 3-dimensional rhotrices is defined by Sani [8]
as

R3 o Q3 =

〈 a
b c d

e

〉 〈 f
g h j

k

〉

=

〈 af + dg
bf + eg ch aj + dk

bj + ek

〉

.

Sani [9] also discussed the row-column multiplication of high dimension rhotrices as follows: Consider
an n-dimensional rhotrix

Pn =

〈

a11

a21 c11 a12

a31 c21 a22 c12 a13

· · · · · · · · · · · · · · · · · · · · ·
at1 · · · · · · · · · · · · · · · a1t

· · · · · · · · · · · · · · · · · · · · ·
att−2 ct−1t−2 at−1t−1 ct−2t−1 at−2t

att−1 ct−1t−1 at−1t

att

〉

,

where t = (n + 1) /2. Sani [10] represented rhotrix as a coupled matrix and denoted it as Pn =
〈aij , clk〉 = 〈A, C〉 with i, j = 1, 2, ..., t and l, k = 1, 2, ..., t − 1. The multiplication of two rhotrices
Pn and Qn defined by Sani [9] is as follows:

Pn o Qn = 〈ai1j1 , cl1k1
〉 o 〈bi2j2 , dl2k2

〉 =

〈

t
∑

i2j1=1

(ai1j1 bi2j2) ,

t−1
∑

l2k1=1

(cl1k1
dl2k2

)

〉

.

Sharma and Kanwar [11, 12] defined the trace of a rhotrix and discussed its properties. Sharma et
al. [13] introduced circulant rhotrices in the literature of rhotrices.
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Definition 1.1. [11] Let

Rn =

〈

a11

a21 c11 a12

a31 c21 a22 c12 a13

.. .. .. .. .. .. ..
at1 ct−11 .. .. .. .. .. c1t−1 a1t

.. .. .. .. .. .. ..
at t−2 ct−1t−2 at−1t−1 ct−2t−1 at−2t

at t−1 ct−1t−1 at−1t

att

〉

= 〈ai j , cl k〉 = 〈A, C〉 ,

be a rhotrix, where ai j , cl k ∈ R, 1 ≤ i, j ≤ t, 1 ≤ l, k ≤ t − 1 and t = n+1
2

.
The trace of Rn is defined as

Tr Rn =
t

∑

i=1

aii +

t−1
∑

i=1

cii

= Tr A + Tr C

=
t

∑

r=1

xrs

That is, the trace of a rhotrix Rn, which is the sum of all its elements of the vertical diagonal, where Rn=
〈xr s〉 is the general representation to the n–dimensional rhotrix. The elements xr s for r = s (r 6= s)
represent the vertical (non–vertical) diagonal entries of the rhotrix Rn.

2 Trace of positive integral powers of a three dimensional rhotrix

In this section, we put forward a result to evaluate the trace of any positive integral power of a three
dimensional rhotrix.

Theorem 2.1. Let R3 =< A, B > be a three dimensional rhotrix whose coupled matrices are A =
(aij)2×2 and B = (c)1×1. Then, the trace of Rn

3 , where n is positive even integer, is given by:

TrRn
3 = (TrA)n − n.|A|.(TrA)n−2 +

n (n − 3)

2!
.|A|2.(TrA)n−4 −

n (n − 4) (n − 5)

3!
.|A|3.(TrA)n−6+

. . . + (−1)
n

2

n
(

n − n
2
− 1

) (

n − n
2
− 2

)

. . . .up to n
2

terms
(

n
2

)

!
.|A|

n

2 (TrA)n−2· n

2 + (TrB)n.

Proof. Consider a three dimensional rhotrix

R3 =

〈 a
b c d

e

〉

,

where a, b, c, d, e are real numbers and the coupled matrices are given as A =

[

a d
b e

]

and B = [c] .

Then, |A| = ae − bd and Tr A = a + e.

A2 =

[

a2 + bd d(a + e)
b(a + e) bd + e2

]

and
Tr A2 = a2 + 2bd + e2 = a2 + 2ae + e2 − 2ae + 2bd

= (a + e)2 − 2(ae − bd)

or,
TrA2 = (TrA)2 − 2. |A| . (2.1)
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Similarly,

A3 =

[

a3 + abd + bd(a + e) a2d + d2b + ed(a + e)
ab (a + e) + b2d + e2b bd (a + e) + dbe + e3

]

and
Tr A3 = a3 + e3 + 3bd(a + e) = (a + e)3 − 3(a + e)(ae − bd)

or,
TrA3 = (TrA)3 − 3. |A| . T r A. (2.2)

Replacing A by A2 in (2.1), we get

Tr (A2)
2

=
(

TrA2)2
− 2.

∣

∣A2
∣

∣

= ((TrA)2 − 2. |A|)
2
− 2(|A|)2

or,

TrA4 = (TrA)4 − 4. |A| .(TrA)2 +
4(4 − 3)

2!
.|A|2.(TrA)4−2. 4

2

Also, replacing A by A2 in (2.2), we get

Tr A6 = Tr (A2)
3

=
(

TrA2)3
− 3.

∣

∣A2
∣

∣ . T rA2

= ((TrA)2 − 2. |A|)
3
− 3.(|A|)2((Tr A)2 − 2. |A|)

= (TrA)6 − 8.|A|3 − 6. |A| .(TrA)4 + 12|A|2. (TrA)2 − 3.(|A|)2(Tr A)2 + 6.(|A|)3

TrA6 = (TrA)6 − 6. |A| .(TrA)4 +
6 (6 − 3)

2!
.|A|2. (TrA)2 −

6 (6 − 4) (6 − 5)

3!
.|A|3. (TrA)6−2. 6

2 .

Thus, when n is an even integer, then

TrAn = (TrA)n − n.|A|.(TrA)n−2 +
n (n − 3)

2!
.|A|2.(TrA)n−4 −

n (n − 4) (n − 5)

3!
.|A|3.(TrA)n−6+

. . . + (−1)
n

2

n
(

n − n
2
− 1

) (

n − n
2
− 2

)

. . . up to n
2

terms
(

n
2

)

!
.|A|

n

2 (TrA)n−2. n

2 .

Also,
Tr Bn = cn

By Definition 1.1 we know that
Tr R3 = Tr A + Tr B.

Therefore,
TrRn

3 = Tr An + Tr Bn.

Hence,

TrRn
3 =

∑n/2

k=0

(−1)k

k!
· (n(n − k − 1)(n − k − 2) . . . up to k terms) · |A|k(TrA)(n−2k) + cn

where n is an even integer.

Example 2.2. Let

R3 =

〈 1
2 1 −1

2

〉

be a three dimensional rhotrix such that its coupled matrices are A =

[

1 −1
2 2

]

and B = [1].

Then, Tr A = 3 and |A| = 4 and Tr B = 1. Now,

Tr A10 =
5

∑

k=0

(−1)k

k!
(n (n − k − 1) (n − k − 2) . . . up to k terms).|A|k(TrA)n−2k
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= (TrA)10−10. |A| . (TrA)8+
10.7

2!
.|A|2.(TrA)6−

10.6.5

3!
. |A|3(TrA)4+

10.5.4.3

4!
.|A|4(TrA)2−

10.4.3.2.1

5!
. |A|5

= (3)10 − 10.4. (3)8 + 35. (4)2. (3)6 − 50.(4)3. (3)
4

+ 25. (4)4.(3)2 − 2(4)5 = 1201

and Tr B10 = 1. Therefore, R3
10 = 1201 + 1 = 1202.

Theorem 2.3. Let R3 = < A, B > be a three dimensional rhotrix whose coupled matrices are A =
(aij)2×2 and B = (c)1×1 .Then, the trace of Rn

3 where, n is a positive odd integer, is given by

TrRn
3 =

∑

n−1

2

k=0

(−1)k

k!
· (n(n − k − 1)(n − k − 2) . . . up to k terms) · |A|k · (TrA)n−2k + (TrB)n

where |A| = det A .

Proof. Consider a three dimensional rhotrix

R3 =

〈 a
b c d

e

〉

where a, b, c, d, e are real numbers and the coupled matrices are given by A =

[

a d
b e

]

and B = [c] .

Then, from the Theorem 2.1 TrA3 is given by
TrA3 = (TrA)3 − 3. |A| . T r A

= (TrA)3−2.0 +
(−1)1

1!
.|A|1. (Tr A)3−2.1.

Similarly,

A5 = A
3
.A2

=

[

a3 + abd + bd(a + e) a2d + d2b + ed(a + e)
ab (a + e) + b2d + e2b bd (a + e) + dbe + e3

] [

a2 + bd d(a + e)
b(a + e) bd + e2

]

Now,
TrA5 = a5 + a3bd + 2a2bd (a + e) + a3bd + ab2d2 + 4b2d2 (a + e) + ebd(a + e)2

+ abd(a + e)2 + 2e2bd (a + e) + eb2d2 + 2e3bd

= (a + e)5 − 5. (ae − bd) .(a + e)3 + 5(ae − bd)2. (a + e)

= (TrA)5 − 5. |A| .(TrA)3 +
5 (5 − 3)

2!
.|A|2. (Tr A)

= (TrA)5−2.0 +
(−1)1

1!
.5.|A|1.(TrA)5−2.1 +

(−1)2

2!
5 (5 − 3) .|A|2. (Tr A)5−2.2

Thus, when n is an odd integer, then

TrAn =
∑

n−1

2

k=0

(−1)k

k!
· (n(n − k − 1)(n − k − 2) . . . up to k terms) · |A|k(TrA)n−2k.

Also,
Tr Bn = cn.

Sharma and Kanwar [11] showed that the trace of a rhotrix is given by,

Tr R3 = Tr A + Tr B.

Therefore,
TrRn

3 = Tr An + Tr Bn.

Hence,

TrRn
3 =

∑

n−1

2

k=0

(−1)k

k!
· (n (n − k − 1) (n − k − 2) . . . up to k terms) · |A|k(TrA)n−2k + cn

where n is an odd positive integer.
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Example 2.4. Let

R3 =

〈 1
2 1 −1

2

〉

be a three dimensional rhotrix such that its coupled matrices are A =

[

1 −1
2 2

]

and B = [1].

Then, Tr A = 3 and |A| = 4 and Tr B = 1. Now,

Tr A9 =
4

∑

k=0

(−1)k

k!
· (n (n − k − 1) (n − k − 2) . . . up to k terms) · |A|k(TrA)n−2k

= (TrA)9 − 9. |A| . (TrA)7 +
9.7

2!
.|A|2.(TrA)5 −

9.5.4

3!
. |A|3(TrA)3 +

9.4.3

4!
.|A|4 .T rA

= (3)9 − 9.4. (3)7 +
63

2
. (4)2. (3)5 − 30.(4)3. (3)

3
+

9

2
. (4)4.3 = 15039

and Tr B10 = 1. Therefore,
Tr R3

10 = 15039 + 1 = 15040.

3 Trace of positive integral powers of a five dimensional rhotrix

In this section, we put forward a result to evaluate the trace of any positive power of a five dimensional
rhotrix.

Theorem 3.1. Let R5 =< A, B > be a five dimensional rhotrix whose coupled matrices are A =
(aij)3×3 and B = (bij)2×2. Then, the trace of Rn

5 where n is a positive even integer is given by

Tr Rn
5

=
∑⌊n

3
⌋

r1=0

[

∑

⌊

n−3r1

2

⌋

r0=0

(−1)r0

r0!
[n (n − r0 − 2r1 − 1) (n − r0 − 2r1 − 2) . . . (n − 2r0 − 3r1 + 1)]×

(TrA)n−2r0−3r1 .Ar0

2

]

(|A|)r1

r1!
+

∑
n

2

k=0

(−1)k

k!
· (n (n − k − 1) (n − k − 2) . . . (up to k terms))×

|B|k(TrB)n−2k

and the trace of Rn
5 when n is positive odd integer, is given by

Tr Rn
5

=
∑⌊n

3
⌋

r1=0

[

∑

⌊

n−3r1

2

⌋

r0=0

(−1)r0

r0!
[n (n − r0 − 2r1 − 1) (n − r0 − 2r1 − 2) . . . (n − 2r0 − 3r1 + 1)]×

(TrA)n−2r0−3r1 .Ar0

2

]

(|A|)r1

r1!
+

∑

n−1

2

k=0

(−1)k

k!
· (n (n − k − 1) (n − k − 2) . . . (up to k terms))×

|B|k(TrB)n−2k

where A2 is the sum of all principal minors of order 2 in A, r0 is the number of principal minor of

order 1, r1 is the number of principal minors of order 2, ⌊x⌋ is the floor function, |A| = det A and

|B| = det B .

Proof. Let R5 =

〈

a
d p b

g r e q c
h s f

i

〉

be a five dimensional rhotrix whose coupled matrices are

A =





a b c
d e f
g h i



and B =

[

p q
r s

]

. As stated earlier, TrR5 = TrA + TrB and TrRn
5 = TrAn +

TrBn. Since of B is a matrix order 2 × 2, therefore, the trace of Bn can be written directly from the

 

Bulletin of Pure and Applied Sciences Section E - Mathematics & Statistics, Vol. 39 E, No. 1, January-June, 2020



Trace of positive integral powers ... 171

Theorem 2.1 and the Theorem 2.3. To get the trace of Rn
5 , we need to evaluate the trace of An. Now,

as
|A| = a (ei − hf) − b (di − gf) + +c (dh − eg)

and Tr A = a + e + i, therefore,

TrA2 = (a + e + i)2 − 2 (ae − bd + ei − fh + ai − cg)

= (TrA)2 − 2
3

∑

i=1

|Aii|,

where |Aii| are the principal minors of order 2 given as |A11| =

∣

∣

∣

∣

a b
d e

∣

∣

∣

∣

, |A22| =

∣

∣

∣

∣

e f
g h

∣

∣

∣

∣

, |A33| =
∣

∣

∣

∣

a c
g i

∣

∣

∣

∣

.

Therefore, if we put

A2 =
3

∑

i=1

|Aii|

then
TrA2 = (TrA)2 − 2A2.

Also,
TrA4 = a4 + 2b2d2 + e4 + 2c2g2 + 4a2 (bd + cg) + 4cdeh + 4e2fh + 4cfgh

+ 2f2h2 + cdhi + 4efhi + 4cgi2 + 4fhi2 + i4 + 4a (bde + bfg + cdh + cgi)

+ 4b
(

d
(

e2 + cg + fh
)

+ fg(e + i)
)

= (a + e + i)4 − 4(a + e + i)2 (−bd + ae − cg − fh + ai + ei)

+ 2(−bd + ae − cg − fh + ai + ei)2

+ 4(a + e + i)(−ceg + bfg + cdh − afh − bdi + aei)

= (TrA)4 − 4
3

∑

i=1

|Aii|.T rA + 2(
3

∑

i=1

|Aii|)

2

+ 4.T rA. |A|

= (TrA)4 − 4A2.T rA + 2(A2)
2 + 4.T rA. |A| .

Similarly,

TrA5 = (TrA)5 − 5A2.(TrA)3 + 5 TrA.(A2)
2 + 5 (TrA)2. |A| − 5.A2. |A| .

Therefore, TrAn can be generalized as

Tr An

=
∑⌊n

3
⌋

r1=0

[

∑

⌊

n−3r1

2

⌋

r0=0

(−1)r0

r0!
[n (n − r0 − 2r1 − 1) (n − r0 − 2r1 − 2) . . . (n − 2r0 − 3r1 + 1)]×

(TrA)n−2r0−3r1 .Ar0

2

]

(|A|)r1

r1!

For even positive integer n and using Theorem 2.1, we have

Tr Bn =
∑

n

2

k=0

(−1)k

k!
· (n (n − k − 1) (n − k − 2) . . . (up to k terms)) · |B|k(TrB)n−2k

Therefore, TrRn
5 = Tr An + Tr Bn . Now,

Tr Rn
5

=
∑⌊n

3
⌋

r1=0

[

∑

⌊

n−3r1

2

⌋

r0=0

(−1)r0

r0!
[n (n − r0 − 2r1 − 1) (n − r0 − 2r1 − 2) . . . (n − 2r0 − 3r1 + 1)]×

(TrA)n−2r0−3r1 .Ar0

2

]

(|A|)r1

r1!
+

∑
n

2

k=0

(−1)k

k!
· (n (n − k − 1) (n − k − 2) . . . (up to k terms))×

|B|k(TrB)n−2k
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Also, Rn
5 = Tr An + Tr Bn, for odd n, this gives

Tr Rn
5

=
∑⌊n

3
⌋

r1=0

[

∑

⌊

n−3r1

2

⌋

r0=0

(−1)r0

r0!
[n (n − r0 − 2r1 − 1) (n − r0 − 2r1 − 2) . . . (n − 2r0 − 3r1 + 1)]×

(TrA)n−2r0−3r1 .Ar0

2

]

(|A|)r1

r1!
+

∑

n−1

2

k=0

(−1)k

k!
· (n (n − k − 1) (n − k − 2) . . . (up to k terms))×

|B|k(TrB)n−2k

4 Trace of a special type of n-dimensional circulant rhotrix

Now we prove below a theorem for the trace of a special type of n-dimensional circulant rhotrix.

Theorem 4.1. Let Rn = 〈At, Bt−1〉 be an n−dimensional special circulant rhotrix whose diagonal

entries are zero and all other entries are one. At, Bt−1 are the coupled matrices of Rn, where t =

n+1
2

, At = (aij), 1 ≤ i, j ≤ t and Bt−1 = (bij) , 1 ≤ i, j ≤ t − 1 such that aij =

{

0, if i = j
1, if i 6= j

and

bij =

{

0, if i = j
1, if i 6= j

. Then, the trace of positive powers of Rn, when r is a positive even integer, is

given by

Tr Rr
n =

r

2
∑

m=1

N(t,m)t(t − 1)m(t − 2)r−2m +

r

2
∑

m=1

N(t − 1,m) (t − 1) (t − 2)m(t − 3)r−2m,

and the trace of positive powers of Rn, when r is a positive odd integer, is given by

Tr Rr
n =

r−1

2
∑

m=1

N(t,m)t(t − 1)m(t − 2)r−2m +

r−1

2
∑

m=1

N(t − 1,m) (t − 1) (t − 2)m(t − 3)r−2m,

where, N (k, 1) = 1, N
(

k, k
2

)

= 1, N
(

k, k−1
2

)

= k−1
2

and N (k, r) = N (k − 1, r) + N (k − 2, r − 1) .

Proof. The rhotrix Rn is given by

Rn =

〈

0
1 0 1

1 0 1
. . .

1 . . . 1 0 1 . . . 1
...

...
...

...
...

1 0 1
0

〉

whose coupled matrices for t = n+1
2

are At and Bt−1 given as below:

A2
t = (aij) =

{

t − 1, if i = j
t − 2, if i 6= j

and B2
t−1 = (bij) =

{

t − 2, if i = j
t − 3, if i 6= j.

Therefore,
Tr A2

t = t(t − 1) and Tr B2
t−1 = (t − 1) (t − 2) . (4.1)

That is,

Tr A2
t =

r

2
=1

∑

m=1

N (2, 1) t(t − 1) and B2
t−1 =

r

2
=1

∑

m=1

N (2, 1) (t − 1)(t − 2).
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Hence,

Tr R2
n = Tr A2

t + Tr B2
t−1 =

r

2
=1

∑

m=1

N (2, m) t(t − 1) +

r

2
=1

∑

m=1

N (2, m) (t − 1)(t − 2).

Similarly,

A3
t = (aij) =

{

(t − 1)(t − 2), if i = j

(t − 1) + (t − 2)2, if i 6= j
and B3

t−1 = (bij) =

{

(t − 2)(t − 3), if i = j

(t − 2) + (t − 3)2, if i 6= j,

which gives,
Tr A3

t = t(t − 1)(t − 2) and Tr B3
t−1 = (t − 1) (t − 2) (t − 3). (4.2)

That is,

TrA3
t =

∑

r−1

2
=1

m=1
N (3, m) t(t − 1)(t − 2) and TrB3

t−1 =
∑

r−1

2
=1

m=1
N (3, m) (t − 1)(t − 2)(t − 3),

which gives,

Tr R3
n = Tr A3

t + Tr B3
t−1 =

r−1

2
=1

∑

m=1

N (3, m) t(t − 1)(t − 2) +

r−1

2
=1

∑

m=1

N (3, m) (t − 1)(t − 2)(t − 3).

Now,

A4
t = (aij) =

{

(t − 1) [(t − 1) + (t − 2)2], if i = j

(t − 1) (t − 2) + (t − 2) [(t − 1) + (t − 2)2], if i 6= j

and

B4
t−1 = (bij) =

{

(t − 2) [(t − 2) + (t − 3)2], if i = j

(t − 2) (t − 3) + (t − 3) [(t − 2) + (t − 3)2], if i 6= j

which lends

Tr A4
t = t(t − 1)2 + t(t − 1)(t − 2)2 and Tr B4

t−1 = (t−1)(t − 2)2 + (t − 1)(t − 2)(t − 3)2. (4.3)

That is,

TrA4
t =

r

2
=2

∑

m=1

N (4, m) t(t − 1)m(t − 2)4−2m and TrB4
t =

r

2
=2

∑

m=1

N (4, m) (t − 1) (t − 2)m(t − 3)4−2m

which gives,

Tr R4
n = Tr A4

t +Tr B4
t−1 =

r

2
=2

∑

m=1

N (4, m) t(t − 1)m(t − 2)4−2m+

r

2
=2

∑

m=1

N (4, m) (t − 1)(t − 2)m(t − 3)4−2m.

Now,

A5
t = (aij) =

{

2(t − 1)2 (t − 2) + (t − 1)(t − 2)3, if i = j

(t − 1)2 + 3 (t − 1) (t − 2)2 + (t − 2)4], if i 6= j

and

B5
t−1 = (bij) =

{

2(t − 2)2 (t − 3) + (t − 2)(t − 3)3, if i = j

(t − 2)2 + 3 (t − 2) (t − 3)2 + (t − 3)4], if i 6= j,

which gives,

Tr A5
t = 2t(t − 1)2(t−2)+t(t−1)(t − 2)3 and Tr B5

t−1 = 2 (t − 1) (t − 2)2 (t − 3)+(t−1)(t−2)(t − 3)3.
(4.4)

That is,

TrA5
t =

r

2
=2

∑

m=1

N (5, m) t(t − 1)m(t − 2)5−2m and TrB5
t−1 =

r

2
=2

∑

m=1

N (5, m) (t − 1)(t − 2)m(t − 3)5−2m
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from where follows that

Tr R5
n = Tr A5

t +Tr B5
t−1 =

r

2
=2

∑

m=1

N (5, m) t(t − 1)m(t − 2)5−2m+

r

2
=2

∑

m=1

N (5, m) (t−1)(t − 2)m(t − 3)5−2m.

Thus, by induction, we conclude that

Tr Rr
n =

r

2
∑

m=1

N(t,m)t(t − 1)m(t − 2)r−2m +

r

2
∑

m=1

N(t − 1,m) (t − 1) (t − 2)m(t − 3)r−2m

where, r is a positive even integer and

Tr Rr
n =

r−1

2
∑

m=1

N(t,m)t(t − 1)m(t − 2)r−2m +

r−1

2
∑

m=1

N(t − 1,m) (t − 1) (t − 2)m(t − 3)r−2m

where, r is a positive odd integer.

5 Conclusion

In this paper, we find the trace of positive integral powers of three and five dimensional rhotrices. Also,
a result to find the traces of positive integral power of a special type of circulant rhotrix is derived.
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