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ABSTRACT

An unequal third degree Diophantine equation 5x° -3 y2 =7’ has been studied for its solutions in

integers. Plenty of integer solutions for the considered equation are obtained by utilizing transformation
approach and process of factorization. Also, knowing an integer solution of the title equation, a
generating formula to the sequence of solutions is presented.
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1. INTRODUCTION

A significant and important subject area of Theory of Numbers is the theory of Diophantine equations
which concentrates on attempting to determine solutions in integers for higher degree and many
parameters indeterminate equations. Obviously, polynomial Diophantine equations are many due to
definition. Especially, the third degree Diophantine equation in two parameters falls into the theory of
elliptic curves which is a developed theory. There are numerous motivating cubic equations with
multiple variables which have kindled the interest among Mathematicians. For example, the
representation of integers by binary cubic forms is known very little. In this context, for simplicity and
brevity, refer various forms of equations of degree three having two, three and four variables in [1-11]. In

this paper, an unequal third degree Diophantine equation 5x*-3 y2 =7’ has been studied for its
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solutions in integers. Plenty of integer solutions for the considered equation are obtained by utilizing
transformation approach and process of factorization. Also, knowing an integer solution of the title
equation, a generating formula to the sequence of solutions is presented.

2. METHOD OF ANALYSIS

The unequal Diophantine equation of degree three having three variables for solving is

5x* -3y’ =27 1)
The procedure to obtain various choices of solutions in integers for (1) through different ways is as
follows:

Way 2.1
The choice

x=ky,k>1
in (1) leads to
5k*-3)y* =2’
which is satisfied by
y=(5k*-3)t",z=(5k* = 3)t*> 3)
In view 0f (2), we have
x =k(5k* -3)t™
Thus, (3) and (4) satisfy (1).
Way 2.2
In (1), insertion of

y=kx,k>1
gives
(5-3k*)x* =2’
Which is satisfied by
x=(5-3k*)t",z=(5-3k*)t*
In view of (5), we have
y =k (5-3k*)t*
Thus, (6) and (7) represent the integer solutions to (1).
Way 2.3
Taking
x=2X+6kw,y=2X+10kw,z=2w
in (1), we get
X? =w?*(w+15k?) )
Which is satisfied by
w=("+65-6)k*,X=(s+3) (s’ +6s5-6) k’
In view of (8), one obtains
x=k’(2s+12) (s* +6s—-06),
y=k’(2s+16) (s* +65-6),
z=2(s> +6s-6)k’

Which give the integer solutions to (1).
A few solutions are presented in the following Table:

(10)

42 Bulletin of Pure and Applied Sciences- Math & Stat. / Vol.44E, No.1 /January-June 2025



D=

Non-Homogeneous Ternary Cubic Diophantine Equation 5x* -3 y* =z’

Table- Solutions

k s X y z

1 1 14 18 2

2 3 3024 3696 168
3 4 18360 22032 612
1 2 160 200 20

2 10 39424 44352 1232
2 12 60480 67200 1680

Fascinating connections among the solutions:
x’+6kxyz+8k’z’ =y’
The choice
s=a’+40-3
gives
v =x’+[Qa+4)kz]’
Which is similar to the well-known Pythagorean equation.

Xy
k272

is one less than a perfect square.

Each of the expressions
y-x)y (y2)
k’z? 72k

is a perfect square when s=20a”+8a.

Each of the expressions
(y=xx (x2)
k’z® T2k
is a perfect square when s=2a’+4a-4.
(y+x)’ =4(y-kz)’ =4(x+kz)’

Way 2.4
The choice

x =X+48kw,y=X+80kw,z=8w
in (1), we get
X? =256 w’(w +15k?)
Which is satisfied by
w=(s"+65s-6)k*>,X=16(s+3) (s> +65-6) k’
In view of (11) , one obtains
x=16k>(s+6) (s°+65-6),
y=16k>(s+8) (s’ +6s—-6),
z=8 (s’ +6s-6)k’

which give the integer solutions to (1).

(11)

(12)
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Way 2.5
Taking

x=2X+6T,y=2X+10T,z=2w (13)

in (1), we get
2 23
X =15T =w (14)

Assume
w=a’—-15b"

Substituting (15) in (14) and applying factorization, we consider

X ++15T =(a++/15b)°

from which we get

X =1f(a,b), T=g(a,b)

(15)

Where
f(a,b)=2a’ +45ab’ ,
g(a,b)=3a’b+15b°

In view of (13) ,we have
x =2f(a,b)+6g(a,b),
y=2f(a,b)+10g(a,b),

z=2(a" -15b%)
Which satisfy (1).
Way 2.6

Rewrite (14) as
2 2 3
Assume

1=(4+15) (4-415) a7)
Substituting (15) & (17) in (16) and employing the factorization, one has

X+/15T=@+15) (@ ++/15b)°

from which we get
X =4f(a,b)+15g(a,b) ,T =f(a,b)+4g(a,b)
In view of (13),
x =14f(a,b) +54g(a,b),
y =18f(a,b)+70g(a,b) ,

z=2(a*-15b?%).
satisfy (1).
Note 2.1
Apart from (17) ,the following representations
for the integer 1 may be considered as shown below:

1=(31+8415) (31-8415),
_ (8+4/15) 8-+/15)

49
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3. GENERATION OF SOLUTIONS
Let (x,,y,.z,) beany given integer solution to (1).
Assume the second solution to (1) as
X, =h-x,,y,=h+y,,z, =z, (18)
Substituting (18) in (1) and simplifying, we have
h=5x,+3Yy,
Substituting the above value of hin (18), we get
X; =4 X,+3y,,y, =5%, +4y,
Following the analysis as above, the nth solution (x,,y, ,z,) for (1) is presented below:
X, = a" +pB x0+3(a -B )yQ ,
2 2415
n:5(oc -B )Xo+ o+ vo \
2415 2

z, =z, ,n=123,...

v

where

o= 4415 B=4—T5
4. CONCLUSION

The non-homogeneous cubic equation with three variables given by 5 x* —3 y? =z° is analyzed for

patterns of solutions in integers through different techniques. The interested readers may attempt for
solving other choices of cubic Diophantine equations having more variables.
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