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Abstract This paper deals with the investigation of an expansion formula, a summa-
tion formula, a multiplication theorem, an addition theorem, matrix recurrence relations,
fractional integrals, fractional derivatives, Laplace transform, Mellin transform and Frac-
tional Fourier transform for the modified Hermite-type matrix polynomials and some
other properties. We also give new definitions for the modified Chebyshev’s-type, the
modified Legendre’s-type and the modified Hermite-Hermite-type matrix polynomials by
using these polynomials and we further prove some new results and relations.
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1 Introduction and Preliminaries

Hermite polynomials are frequently used in many branches of pure and applied mathematics and
physics [1, 15]. An important generalization of special functions are special matrix functions and
polynomials. The study of special matrix functions is important due to their applications in certain
areas of statistics, physics and engineering. Special matrix functions appear in connection with the
matrix analogues of the Hermite and Legendre differential equations and the corresponding polynomials
families [17–19, 25, 26, 28, 31]. However, the theory of special functions with matrix parameters is
developed and their properties are also studied by some authors, see, for example, Defez et al. [6, 7],
Jódar et al. [9,10], Sayyed et al. [24], Altin and Çekim [2], Metwally et al. [17–19], and Shehata [27]. An
important example of orthogonal matrix polynomials are the Hermite matrix polynomials. Motivated
by the importance of special matrix polynomials, recently the Hermite matrix polynomials and their
extensions and generalizations have been introduced and studied in [14,29,30,35], for matrices in CN×N

whose eigenvalues are all situated in the right open half-plane. The paper is organized as follows. In
Section 2, we deal with important properties of the modified Hermite-type matrix polynomials such
as an expansion formula, summation formula, multiplication theorem, addition theorem and matrix
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recurrence relations. In Section 3, we obtain some fractional integrals and fractional derivatives for
the modified Hermite-type matrix polynomials. We also obtain some results which follow from their
generating function. In Section 4, we give the Laplace, Mellin and Fractional Fourier Transforms
(see [3, 4]) for these polynomials. In Section 5, the matrix polynomial representations along with
the expansions which link the Chebyshev’s-type, the modified Legendre’s-type matrix polynomials
with modified the Hermite-type matrix polynomials and the modified Hermite-Hermite-type matrix
polynomials are also deduced. Finally in Section 6, some concluding remarks are given.
If D0 is the complex plane cut along the negative real axis and log(z) denotes the principal logarithm
of z (see [6]), then z

1
2 represents exp( 1

2
log(z)). If A is a matrix in CN×N , its spectrum σ(A) denotes

the set of all the eigenvalues of A and the two-norm denoted by ||A||2, is defined by

||A||2 = sup
x ̸=0

||Ax||2
||x||2

where for a vector y in CN, ||y||2 denotes the usual Euclidean norm of y, ||y||2 = (yT y)
1
2 .

If f(z) and g(z) are holomorphic functions of the complex variable z, which are defined in an open set
Ω of the complex plane, and if A is a matrix in CN×N such that σ(A) ⊂ Ω, then from the properties
of the matrix functional calculus [5–7], it follows that

f(A)g(A) = g(A)f(A).

Throughout this study, consider the complex space CN×N of all square complex matrices of common
order N . If A is a matrix with σ(A) ⊂ D0, then A

1
2 =

√
A = exp( 1

2
log(A)) denotes the image by

z
1
2 =

√
z = exp( 1

2
log(z)) of the matrix functional calculus acting on the matrix A.

Lemma 1.1. If A(k, n) and B(k, n) are matrices in CN×N for n ≥ 0, k ≥ 0, it follows that (Defez
and Jódar [6]).

∞∑
n=0

∞∑
k=0

A(k, n) =

∞∑
n=0

[ 1
m

n]∑
k=0

A(k, n−mk);m ∈ N. (1.1)

Similarly to (1.1), we can write

∞∑
n=0

[ 1
m

n]∑
k=0

A(k, n) =

∞∑
n=0

∞∑
k=0

A(k, n+mk);m ∈ N. (1.2)

Definition 1.2. A matrix A in CN×N is said be a positive stable matrix if (see [11])

Re(µ) � 0 for every eigenvalue µ ∈ σ(A), σ(A) := spectrum of A. (1.3)

Fact 1.3. If B is a matrix in CN×N such that (see [13])

B + nI is an invertible matrix for all integers n ≥ 0. (1.4)

Fact 1.4. For a matrix A in CN×N the authors give the following relation (see [12])

(1− z)−A =

∞∑
n=0

1

n!
(A)nz

n, |z| < 1, (1.5)

where

(A)n = A(A+ I) . . . (A+ (n− 1)I) = Γ(A+ nI)Γ−1(A), n ≥ 1; (A)0 = I,

Γ(A) is an invertible matrix in CN×N and Γ−1(A) is the inverse Gamma matrix function.
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Properties of modified Hermite-type matrix polynomials ... 7

If Φ(z) is a holomorphic function at z = z0 and Φ(z0) ̸= 0, and if z = z0 + wΦ(z) and f(z) is an
analytic function, we expand a power series in w by the Lagrange expansion formula as (see [22])

f(z)

1− wΦ′(z)
=

∞∑
n=0

wn

n!

dn

dzn

[
f(z)

(
Φ(z)

)n]∣∣∣∣
z=z0

. (1.6)

From the definition of the Gamma function, we have (see Srivastava and Karlsson [32,33])∫ ∞

0

e−t2t
2n−mk

p dt =
1

2
Γ

(
2n−mk

2p
+

1

2

)
=

√
π

2

(
1

2

)
2n−mk

2p

, (1.7)

and ∫ ∞

0

e−tt
n−(m−p)k

p dt = Γ

(
n− (m− p)k

p
+ 1

)
. (1.8)

In order to describe more details of our work, we will need some definitions of fractional integrals and
fractional derivatives, which are described as below and can be found in standard works in this field,
like, [8,16,20,21,34].

Definition 1.5. Riemann-Liouville fractional integral of order ν is defined as

Iνx{f(x)} =
1

Γ(ν)

∫ x

0

(x− t)ν−1f(t)dt, Re(ν) > 0. (1.9)

Definition 1.6. Let f(x) ∈ L(b, c), α ∈ C and Re(α) > 0, the left-sided operator of Riemann-Liouville
fractional integral of order α is defined as

bIαx{f(x)} =
1

Γ(µ)

∫ x

b

(x− t)α−1f(t)dt, x > b. (1.10)

Definition 1.7. Let f(x) ∈ L(b, c), α ∈ C and Re(α) > 0, then the right-sided operator of Riemann-
Liouville fractional integral of order α is defined as

xIαc {f(x)} =
1

Γ(α)

∫ c

x

(t− x)α−1f(t)dt, x < c. (1.11)

Definition 1.8. The Weyl integral of f(x) of order α, denoted by xW
α
∞, is defined by

xW
α
∞{f(x)} =

1

Γ(α)

∫ ∞

x

(t− x)α−1f(t)dt, −∞ < x < ∞, (1.12)

where α ∈ C and Re(α) > 0.

Definition 1.9. Let f(x) ∈ L(b, c), α ∈ C, Re(α) ≥ 0 and n = [Re(α)] + 1, the left-sided operator of
Riemann-Liouville fractional derivative of order α is defined by

bD
α
x {f(x)} =

1

Γ(n− α)

(
∂

∂x

)n ∫ x

b

f(t)

(x− t)α−n+1
dt, x > b. (1.13)

Definition 1.10. Let f(x) ∈ L(b, c), α ∈ C, Re(α) ≥ 0 and n = [Re(α)] + 1, the right-sided operator
of Riemann-Liouville fractional derivative of order α is defined by

xD
α
c {f(x)} =

(−1)n

Γ(n− α)

(
∂

∂ x

)n ∫ c

x

f(t)

(t− x)α−n+1
dt, x < c. (1.14)

Definition 1.11. Let f(x) ∈ L(b, c), α ∈ C, Re(α) ≥ 0 and n = [Re(α)] + 1, then the Weyl fractional
derivative of f(x) of order α, denoted by xD

α
∞, is defined by

xD
α
∞{f(x)} =

(−1)m

Γ(m− α)

(
∂

∂x

)m ∫ ∞

x

f(t)

(t− x)α−m+1
dt, (1.15)

where −∞ < x < ∞, m− 1 ≤ α < m and m ∈ N.
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Definition 1.12. The Laplace transform of f(z) is defined as (see [4])

£{f(z) : s} =

∫ ∞

0

e−szf(z)dz (1.16)

It is very pertinent to mention here in this connection that the Upadhyaya transform (see Upadhyaya
[36] and Upadhyaya et. al. [37]) till date is the most powerful generalization and unification of all
the various types of Laplace transforms introduced into the mathematics research literature by various
researchers worldwide during the past thirty years. The interested reader is referred by us to Upadhyaya
[36] and Upadhyaya et. al. [37] for further studies in this direction.

Definition 1.13. The Mellin transform of f(z) is defined as (see [3])

M{f(z) : s} =

∫ ∞

0

zs−1f(z)dz (1.17)

Definition 1.14. Let f be a function belonging to Φ(R), then the fractional Fourier transform of f(x)
of order α is defined as (see [23])

ℑα[f(x) : ω] =

∫
R

eiω
1
α
f(x)dx, ω > 0, (1.18)

where, 0 < α ≤ 1.

2 Definition of modified Hermite-type matrix polynomials and some prop-
erties

For µ any complex number, if A and B are commutative matrices in CN×N , µA is a positive stable
matrix in CN×N satisfying condition (1.3) and B is a matrix in CN×N satisfying the condition (1.4),
we define a matrix version of the modified Hermite-type matrix polynomials by means of the matrix
generating function as follows:

F (λ,ζ)(x, t;A,B; a, µ) =

∞∑
n=0

H(λ,ζ)
n,m,p(x;A,B; a, µ)

tn

n!
= aλxtp

√
µA−ζBtm , |t| < ∞, (2.1)

where a > 0 and a ̸= 1, and m is a positive integer,
√
µA is the square root of the matrix µA in the

sense of the functional matrix calculus
√
µA = exp( 1

2
log(µA)), and log denotes the principal branch

of the complex logarithm [5].
Expanding the exponential matrix function, we obtain

F (λ,ζ)(x, t;A,B; a, µ) =

∞∑
n=0

∞∑
k=0

(−ζB ln(a))k(λx ln(a)
√
µA)n

k!Γ(n+ 1)
tpn+mk. (2.2)

Using (1.1) and (2.2), we write

F (λ,ζ)(x, t;A,B; a, µ) =

∞∑
n=0

[ n
m

]∑
k=0

(−ζB ln(a))k(λx ln(a)
√
µA)

n−mk
p

k!Γ(n−mk
p

+ 1)
tn,

comparing the coefficients of tn, we obtain a matrix version of the modified Hermite-type matrix
polynomials for ℜ(n−mk

p
) > −1:

H(λ,ζ)
n,m,p(x;A,B; a, µ) =

[ n
m

]∑
k=0

n!(−ζB ln(a))k(λx ln(a)
√
µA)

n−mk
p

k!Γ(n−mk
p

+ 1)
. (2.3)

Remark 2.1. We observe that on taking a = e, µ = 2, m = 2 , λ = ζ = 1 and B = I in (2.1), it
reduces to Hn,2(x;A, I; e, 2) the Hermite-type matrix polynomials defined in [29,30].
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Properties of modified Hermite-type matrix polynomials ... 9

Theorem 2.2. For µ any complex number, let µA be a positive stable matrix in CN×N satisfying
condition (1.3), then we have the expansion of

(
λx ln(a)

√
µ A

)n

= n!

[np
m

]∑
k=0

(ζB ln(a))k

k!Γ(np−mk + 1)
H

(λ,ζ)
np−mk,m,p(x,A,B; a, µ),ℜ(np−mk) > −1. (2.4)

Proof. By (2.1), we can write

aλxtp
√

µA =

∞∑
n=0

∞∑
k=0

(ζB ln(a))k

k!n!
H(λ,ζ)

n,m,p(x,A,B; a, µ)tn+mk, (2.5)

and replacing n by np−mk in the right hand side of (2.5), we get
∞∑

n=0

1

n!

(
λx ln(a)

√
µ A

)n

tnp

=

∞∑
n=0

[np
m

]∑
k=0

(ζB ln(a))k

k!Γ(np−mk + 1)
H

(λ,ζ)
np−mk,m,p(x,A,B; a, µ)tnp,

by comparing the coefficients of tn in the above equation, we arrive at (2.4).

Now, we give the summation formulas, multiplication and addition theorems for the modified Hermite-
type matrix polynomials in the following results:

Theorem 2.3. For commutative matrices B, D and B − D in CN×N satisfying the condition (1.4),
the modified Hermite-type matrix polynomials has the finite summation formula:

H(λ,ζ)
n,m,p(x,A,B; a, µ) = n!

[ n
m

]∑
k=0

(ζ(D −B) ln(a))k

k!Γ

(
n−mk + 1

)H
(λ,ζ)
n−mk,m,p(x,A,D; a, µ),ℜ(n−mk) > −1. (2.6)

Proof. From (2.1), we have
∞∑

n=0

H(λ,ζ)
n,m,p(x,A,B; a, µ)

tn

n!
= a(λxtp

√
νA−ζDtm) · a(ζ(D−B)tm)

= a(ζ(D−B)tm)
∞∑

n=0

H(λ,ζ)
n,m,p(x,A,D; a, µ)

tn

n!

=

∞∑
n=0

∞∑
k=0

(ζ(D −B) ln(a))k

n!k!
H(λ,ζ)

n,m,p(x,A,D; a, µ)tn+mk

=

∞∑
n=0

[ n
m

]∑
k=0

(ζ(D −B) ln(a))k

k!Γ

(
n−mk + 1

)H
(λ,ζ)
n−mk,m,p(x,A,D; a, µ)tn.

Comparing the coefficients of tn in the above equation leads us to (2.6).

Theorem 2.4. The modified Hermite-type matrix polynomials satisfy the multiplication formula:

H(λ,ζ)
n,m,p(αx,A,B; a, µ) = n!

[n
p
]∑

k=0

(
λ(α− 1)x ln(a)

√
µA

)k

H
(λ,ζ)
n−kp,m,p(x,A,B; a, µ)

k!Γ(n− kp+ 1)
,ℜ(n− kp) > −1,

(2.7)

where α is constant.
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Proof. By (2.1) and (1.1), we have∑∞
n=0

H
(λ,ζ)
n,m,p(αx,A,B;a,µ)tn

n!
= aλ(α−1)xtp

√
µA · aλxtp

√
µA−ζBtm

=
∑∞

n=0

∑∞
k=0

(
λ(α−1)x ln(a)

√
µA

)k

H
(λ,ζ)
n,m,p(x,A,B;a,µ)tn+kp

k!n!

=
∑∞

n=0

∑[n
p
]

k=0

(
λ(α−1)x ln(a)

√
µA

)k

H
(λ,ζ)
n−kp,m,p

(x,A,B;a,µ)tn

k!Γ(n−kp+1)
.

On comparing the coefficients of tn from both sides of the above equation we get (2.7).

Theorem 2.5. For commutative matrices B, D and B + D in CN×N satisfying the condition (1.4),
the finite summation formula for the modified Hermite-type matrix polynomials is as below

H(λ,ζ)
n,m,p(αx+ βz,A,B +D; a, µ)

= n!

n∑
k=0

H
(λ,ζ)
n−k,m,p(αz,A,B; a, µ)H

(λ,ζ)
k,m,p(βx,A,D; a, µ)

k!(n− k)!
, (2.8)

where α and β are constants.

Proof. Using (1.2), we consider the series∑∞
n=0

∑n
k=0

H
(λ,ζ)
n−k,m,p

(αx,A,D;a,µ)H
(λ,ζ)
k,m,p

(βz,A,B;a,µ)tn

k!(n−k)!

=
∑∞

n=0

∑∞
k=0

H
(λ,ζ)
n,m,p(αx,A,B;a,µ)H

(λ,ζ)
k,m,p

(βz,A,D;a,µ)tn+k

k!n!

= aλ(αx+βz)tp
√
µA−ζ(B+D)tm =

∑∞
n=0

H
(λ,ζ)
n,m,p(αx+βz,A,B+D;a,µ)tn

n!
,

in which by comparing the coefficients of tn, we get (2.8).

Theorem 2.6. The modified Hermite-type matrix polynomials satisfy the addition formulas:

H(λ,ζ)
n,m,p(x+ y,A,B; a, µ) = n!

[n
p
]∑

k=0

yk(λ ln(a)
√
µA)k

Γ(n− pk + 1)k!
H

(λ,ζ)
n−pk,m,p(x;A,B; a, µ),ℜ(n− kp) > −1, (2.9)

H(λ+ν,ζ)
n,m,p (x;A,B; a, µ) = n!

[n
p
]∑

k=0

(νx ln(a)
√
µA)k

Γ(n− pk + 1)k!
H

(λ,ζ)
n−pk,m,p(x;A,B; a, µ),ℜ(n− kp) > −1, (2.10)

and

H(λ,ζ+η)
n,m,p (x;A,B; a, µ) = n!

[ n
m

]∑
k=0

(−ηB ln(a))k

Γ(n−mk + 1)k!
H

(λ,ζ)
n−mk,m,p(x;A,B; a, µ),ℜ(n−mk) > −1. (2.11)

Proof. Rewrite (2.1) in the form

a−ζBtm = a−λxtp
√
µA

∞∑
n=0

H(λ,ζ)
n,m,p(x,A,B; a, b, ν)

tn

n!
,

then replacing x by y in it gives

a−ζBtm = a−λytp
√

µA
∞∑

n=0

H(λ,ζ)
n,m,p(y,A,B; a, b, ν)

tn

n!
.

On comparing the last two equations, we get

aλ(y−x)tp
√

µA
∞∑

n=0

H(λ,ζ)
n,m,p(x,A,B; a, b, ν)

tn

n!
=

∞∑
n=0

H(λ,ζ)
n,m,p(y,A,B; a, b, ν)

tn

n!
. (2.12)
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Further, on expanding exponential matrix function in (2.12), we get

∞∑
n=0

∞∑
k=0

(y − x)k

n!k!

(
λ ln(a)

√
µ A

)k

H(λ,ζ)
n,m,p(x,A,B; a, µ)tn+pk

=

∞∑
n=0

H(λ,ζ)
n,m,p(y,A,B; a, µ)

tn

n!
. (2.13)

Replacing n by n− pk and comparing the coefficients of tn in (2.13), we get

n!

[n
p
]∑

k=0

(y − x)k

(n− pk)!k!

(
λ ln(a)

√
µ A

)k

H
(λ,ζ)
n−pk,m,p(x,A,B; a, µ)

= H(λ,ζ)
n,m,p(y,A,B; a, µ). (2.14)

Now by replacing y by y + x in (2.14) we get the addition formula (2.9). Also we have

∞∑
n=0

H(λ+ν,ζ)
n,m,p (x;A,B; a, µ)

tn

n!
= a(λ+ν)xtp

√
µA−ζBtm

= aνxtp
√

µAaλxtp
√
µA−ζBtm = aνxtp

√
µA

∞∑
n=0

H(λ,ζ)
n,m,p(x;A,B; a, µ)

tn

n!

=

∞∑
n=0

∞∑
k=0

H(λ,ζ)
n,m,p(x;A,B; a, µ)

tn

n!

(νx ln(a)tp
√
µA)k

k!

=

∞∑
n=0

∞∑
k=0

H(λ,ζ)
n,m,p(x;A,B; a, µ)

(νx ln(a)
√
µA)k

n!k!
tn+pk

=

∞∑
n=0

[n
p
]∑

k=0

(νx ln(a)
√
µA)k

(n− pk)!k!
H

(λ,ζ)
n−pk,m,p(x;A,B; a, µ)tn, (2.15)

by comparing the coefficients of tn, we get the required result in (2.10). Similarly we have

∞∑
n=0

H(λ,ζ+η)
n,m,p (x;A,B; a, µ)

tn

n!
= aλxtp

√
µA−(ζ+η)Btm

= a−ηBtmaλxtp
√

µA−ζBtm = a−ηBtm
∞∑

n=0

H(λ,ζ)
n,m,p(x;A,B; a, µ)

tn

n!

=

∞∑
n=0

∞∑
k=0

H(λ,ζ)
n,m,p(x;A,B; a, µ)

tn

n!

(−ηBtm ln(a))k

k!

=

∞∑
n=0

∞∑
k=0

(−ηB ln(a))k

n!k!
H(λ,ζ)

n,m,p(x;A,B; a, µ)tn+mk

=

∞∑
n=0

[ n
m

]∑
k=0

(−ηB ln(a))k

(n−mk)!k!
H

(λ,ζ)
n−mk,m,p(x;A,B; a, µ)tn, (2.16)

by comparing the coefficients of tn, we get the required result of (2.11).

Theorem 2.7. The modified Hermite-type matrix polynomials have the following differential represen-
tation :

H(λ,ζ)
np,mp,p(x;A,B; a, µ) =

(np)!

n!
a
(
−ζB(λ

√
µA)−m

(ln(a))m
dm

dxm )
(λx ln(a)

√
µA)n. (2.17)
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Proof. We observe that

a
(
(−ζB(λ

√
µA)−m

(ln(a))m
dm

dxm ) · a(λxtp
√
µA) =

∞∑
n=0

(−ζB ln(a))n(λ
√
µA)−mn

n!(ln(a))mn

dmn

dxmn
a(λxtp

√
µA)

=

∞∑
n=0

(−ζB ln(a))n tmnp

n!
a(λxtp

√
µA) =

∞∑
n=0

a(λxtp
√
µA−ζBtmp)

=

∞∑
n=0

1

n!
H(λ,ζ)

n,mp,p(x;A,B; a, µ) tn =

∞∑
n=0

1

(np!)
H(λ,ζ)

np,mp,p(x;A,B; a, µ) tnp.

Thus, the identification of the coefficients of tnp on both sides gives (2.17).

Some recurrence matrix relations have been deduced for the modified Hermite-type matrix polynomials.
At first, we record the following theorem.

Theorem 2.8. The modified Hermite-type matrix polynomials H(λ,ζ)
n,m,p(x;A,B; a, µ) satisfy the following

relations:
∂s

∂xs
H(λ,ζ)

n,m,p(x;A,B; a, µ) =
(λ ln(a)

√
µA)sn!

Γ(n− sp+ 1)
H

(λ,ζ)
n−sp,m,p(x;A,B; a, µ); 0 ≤ s ≤ [

n

p
], (2.18)

∂s

∂λs
H(λ,ζ)

n,m,p(x;A,B; a, µ) =
(x ln(a)

√
µA)sn!

Γ(n− sp+ 1)
H

(λ,ζ)
n−sp,m,p(x;A,B; a, µ); 0 ≤ s ≤ [

n

p
], (2.19)

∂s

∂ζs
H(λ,ζ)

n,m,p(x;A,B; a, µ) =
(−B ln(a))sn!

Γ(n−ms+ 1)
H

(λ,ζ)
n−ms,m,p(x;A,B; a, µ); 0 ≤ s ≤ [

n

m
], (2.20)

and
∂s

∂µs
H(λ,ζ)

n,m,p(x;A,B; a, µ) =
(λx ln(a)

√
µA)sn!

(2µ)sΓ(n− sp+ 1)
H

(λ,ζ)
n−sp,m,p(x;A,B; a, µ); 0 ≤ s ≤ [

n

p
]. (2.21)

Proof. Differentiating the identity (2.1) with respect to x yields

(λtp ln(a)
√

µA) aλxtp
√
µA−ζBtm =

∞∑
n=0

∂

∂x
H(λ,ζ)

n,m,p(x;A,B; a, µ)
tn

n!
. (2.22)

From (2.1) and (2.22), we have

(λ ln(a)
√

µA)

∞∑
n=0

H(λ,ζ)
n,m,p(x;A,B; a, µ)

tn+p

n!
=

∞∑
n=0

∂

∂x
H(λ,ζ)

n,m,p(x;A,B; a, µ)
tn

n!
.

Hence, by identifying the coefficients in tn, it follows that

∂

∂x
H(λ,ζ)

n,m,p(x;A,B; a, µ) =
(λ ln(a)

√
µA)n!

(n− p)!
H

(λ,ζ)
n−p,m,p(x;A,B; a, µ); n ≥ p. (2.23)

The iteration of (2.23), for 0 ≤ s ≤ [n
p
], implies (2.18). The proofs of (2.19), (2.20) and (2.21) are

similar to that of (2.18).

The following corollary is a consequence of Theorem 2.7.

Corollary 2.9. The Modified Hermite-type matrix polynomials H
(λ,ζ)
n,m,p(x;A,B; a, µ) satisfy the follow-

ing relations:

(B ln(a))p
∂m

∂xm
H(λ,ζ)

n,m,p(x;A,B; a, µ)− (−1)p(λ ln(a)
√

µA)m
∂p

∂ζp
H(λ,ζ)

n,m,p(x;A,B; a, µ) = 0, (2.24)

(B ln(a))p
∂m

∂λm
H(λ,ζ)

n,m,p(x;A,B; a, µ)− (−1)p(x ln(a)
√

µA)m
∂p

∂ζp
H(λ,ζ)

n,m,p(x;A,B; a, µ) = 0, (2.25)
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(B ln(a))p
∂m

∂µm
H(λ,ζ)

n,m,p(x;A,B; a, µ)− (−1)p(
λx ln(a)

√
µA

2µ
)m

∂p

∂ζp
H(λ,ζ)

n,m,p(x;A,B; a, µ) = 0, (2.26)

xm ∂m

∂xm
H(λ,ζ)

n,m,p(x;A,B; a, µ)− λm ∂m

∂λm
H(λ,ζ)

n,m,p(x;A,B; a, µ) = 0, (2.27)

(
λ

2µ
)m

∂m

∂λm
H(λ,ζ)

n,m,p(x;A,B; a, µ)− ∂m

∂µm
H(λ,ζ)

n,m,p(x;A,B; a, µ) = 0, (2.28)

and

(
x

2µ
)m

∂m

∂xm
H(λ,ζ)

n,m,p(x;A,B; a, µ)− ∂m

∂µm
H(λ,ζ)

n,m,p(x;A,B; a, µ) = 0. (2.29)

Proof. Using (2.18), (2.19), (2.20) and (2.21) the proof follows immediately.

Theorem 2.10. Let A and B be commutative matrices in CN×N . For any complex number µ let µA be
a positive stable matrix in CN×N satisfying the condition (1.3) and B be a matrix in CN×N satisfying
the condition (1.4), then we have

H(λ,ζ)
n,m,p(x;A,B; a, µ) =(n− 1)!

[
λxp ln(a)

√
µA

(n− p)!
H

(λ,ζ)
n−p,m,p(x;A,B; a, µ)

− mζB ln(a)

(n−m)!
H

(λ,ζ)
n−m,m,p(x;A,B; a, µ)

]
, n ≥ m,n ≥ p. (2.30)

Proof. Differentiating the identity (2.1) with respect to t yields

∂

∂t
F (λ,ζ)
n,m,p(x, t;A,B; a, µ) = (λxptp−1

√
µA ln(a)−mζBtm−1 ln(a))aλxtp

√
µA−ζBtm

=

∞∑
n=1

H(λ,ζ)
n,m,p(x;A,B; a, µ)

tn−1

(n− 1)!
.

Therefore F
(λ,ζ)
n,m,p(x, t;A,B; a, µ) satisfies the matrix partial differential equation

(λxptp−1
√

µA ln(a)−mζBtm−1 ln(a))
∂F (λ,ζ)

∂x
− λtp

√
µA ln(a)

∂F (λ,ζ)

∂t
= 0.

Hence we have
∞∑

n=1

λ
√
µA ln(a)

(n− 1)!
H(λ,ζ)

n,m,p(x;A,B; a, µ)tn+p−1 = λxp
√

µA ln(a)

∞∑
n=0

1

n!

∂

∂x
H(λ,ζ)

n,m,p(x;A,B; a, µ)tn+p−1

−mζB ln(a)

∞∑
n=0

1

n!

∂

∂x
H(λ,ζ)

n,m,p(x;A,B; a, µ)tn+m−1,

in which by identifying the coefficients of tn+p−1, we obtain

λ
√
µA ln(a)

(n− 1)!
H(λ,ζ)

n,m,p(x;A,B; a, µ) =
λxp

√
µA ln(a)

n!

∂

∂x
H(λ,ζ)

n,m,p(x;A,B; a, µ)

− mζB ln(a)

(n−m+ p)!

∂

∂x
H

(λ,ζ)
n−m+p,m,p(x;A,B; a, µ).

Then for n ≥ m and n ≥ p, it follows that

1

(n− 1)!
H(λ,ζ)

n,m,p(x;A,B; a, µ) =
xp

n!

∂

∂x
H(λ,ζ)

n,m,p(x;A,B; a, µ)

−mζB(λ
√
µA)−1

(n−m+ p)!

∂

∂x
H

(λ,ζ)
n−m+p,m,p(x;A,B; a, µ). (2.31)

Using (2.23) and (2.31), we get (2.30).
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3 Fractional integrals and derivatives for the modified Hermite-type ma-
trix polynomials

In this section we obtain the fractional integrals and fractional derivatives for the modified Hermite-type
matrix polynomials H

(λ,ξ)
n,m,p(x,A,B; a, µ).

By using the definitions of fractional integrals and fractional derivatives given above, we now state
and prove a number of theorems concerning the Modified Hermite-type matrix polynomials in the
succeeding theorems:

Theorem 3.1. The modified Hermite-type matrix polynomials satisfy the interesting formula:

Iνλ{H(λ,ζ)
n,m,p} =

1

(n+ 1)pν

(
x ln(a)

√
µ A

)−ν

×H
(λ,ζ)
n+pν,m,p(x,A,B; a, µ), n+ pν ≥ 0, (3.1)

and

Iνζ{H(λ,ζ)
n,m,p} =

(−B ln(a))−ν

(n+ 1)mν
H

(λ,ζ)
n+mν,m,p(x,A,B; a, µ), n+mν ≥ 0. (3.2)

Proof. From (2.3) and (1.9), we have

Iνλ{H(λ,ζ)
n,m,p} =

1

Γ(ν)

∫ λ

0

(λ− t)ν−1H(t,ζ)
n,m,p(x,A,B; a, µ)dt

=
n!

Γ(ν)

[ n
m

]∑
k=0

(−ζB ln(a))k
(
x ln(a)

√
µA

)n−mk
p

k!Γ

(
n−mk

p
+ 1

) ∫ λ

0

(λ− t)ν−1t
n−mk

p dt.

Putting t = λu, dt = λdu, t = 0, u = 0 and t = λ, u = 1, we get

∫ λ

0

(λ− t)ν−1t
n−mk

p dt = λ
ν+n−mk

p

Γ(ν)Γ

(
n−mk

p
+ 1

)
Γ

(
ν + n−mk

p
+ 1

) ,

and we can write

Iνλ{H(λ,ζ)
n,m,p} = n!

[n+pν
m

]∑
k=0

(−ζB ln(a))k
(
x ln(a)

√
µA

)n−mk
p

k!Γ

(
ν + n−mk

p
+ 1

) λ
ν+n−mk

p

=

(
x ln(a)

√
µ A

)−ν

(n+ 1)pν
H

(λ,ζ)
n+pν,m,p(x,A,B; a, µ),

which gives (3.1). Also we have

Iνζ{H(λ,ζ)
n,m,p} =

1

Γ(ν)

∫ ζ

0

(ζ − t)ν−1H(λ,t)
n,m,p(x,A,B; a, µ)dt

=
n!

Γ(ν)

[ n
m

]∑
k=0

(−B ln(a))k
(
λx ln(a)

√
µA

)n−mk
p

k!Γ

(
n−mk

p
+ 1

) ∫ ζ

0

(ζ − t)ν−1ζkdt.
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Putting t = ζu, dt = ζdu, t = 0, u = 0 and t = ζ, u = 1, we get∫ ζ

0

(ζ − t)ν−1tkdt = ζk+ν Γ(ν)Γ(k + 1)

Γ(k + ν + 1)
.

Hence, we have

Iνζ{H(λ,ζ)
n,m,p} = n!

[ n
m

]∑
k=0

(−B ln(a))k
(
λx ln(a)

√
µA

)n−mk
p

Γ(k + ν + 1)Γ

(
n−mk

p
+ 1

) ζν+k

= (−B ln(a))−ν n!

[n+mν
m

]∑
k=0

(−ζB ln(a))k
(
λx ln(a)

√
µA

)n+mν−mk
p

k!Γ

(
n+mν−mk

p
+ 1

)
=

(−B ln(a))−ν

(n+ 1)mν
H

(λ,ζ)
n+mν,m,p(x,A,B; a, µ),

which gives (3.2).

Theorem 3.2. The modified Hermite-type matrix polynomials have the left-sided operator of Riemann-
Liouville fractional integral

bIαλ{H(λ−b,ζ)
n,m,p (x,A,B; a, µ)} =

1

(n+ 1)pα

(
x ln(a)

√
µ A

)−α

×H
(λ−b,ζ)
n+pα,m,p(x,A,B; a, µ), n+ pα ≥ 0, (3.3)

and

bIαζ {H(λ,ζ)
n,m,p(x,A,B; a, µ)} =

(−B ln(a))−α

(n+ 1)mµ
H

(λ,ζ−b)
n+mα,m,p(x,A,B; a, µ), n+mα ≥ 0. (3.4)

Proof. Using (2.3) in the right hand side of (1.10), we have

bIαλ{H(λ−b,ζ)
n,m,p (x,A,B; a, µ)} =

1

Γ(α)

∫ λ

b

(λ− t)α−1H(t−b,ζ)
n,m,p (x,A,B; a, µ)dt

=
n!

Γ(α)

[ n
m

]∑
k=0

(−ζB ln(a))k
(
x ln(a)

√
µA

)n−mk
p

k!Γ

(
n−mk

p
+ 1

) ∫ λ

b

(λ− t)α−1(t− b)
n−mk

p dt.

Putting u = t−b
λ−b

, t− b = (λ− b)u, dt = (λ− b)du, t = b, u = 0 and t = λ, u = 1, we get

∫ λ

b

(λ− t)α−1(t− b)
n−mk

p dt = (λ− b)
α+n−mk

p

Γ(α)Γ

(
n−mk

p
+ 1

)
Γ

(
α+ n−mk

p
+ 1

) ,

and we can write

bIαλ{H(λ−b,ζ)
n,m,p (x,A,B; a, µ)} = n!

[ n
m

]∑
k=0

(−ζB ln(a))k
(
x ln(a)

√
µA

)n−mk
p

k!Γ

(
α+ n−mk

p
+ 1

)

× (λ− b)
α+n−mk

p =

(
x ln(a)

√
µ A

)−α

(n+ 1)pα
H

(λ−b,ζ)
n+pα,m,p(x,A,B; a, µ).
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Thus, we get the desired result (3.3). Also we have

bIαζ {H(λ,ζ−b)
n,m,p (x,A,B; a, µ)} =

1

Γ(α)

∫ ζ

b

(ζ − t)α−1H(λ,t−b)
n,m,p (x,A,B; a, µ)dt

=
n!

Γ(α)

[ n
m

]∑
k=0

(−B ln(a))k
(
λx ln(a)

√
µA

)n−mk
p

k!Γ

(
n−mk

p
+ 1

) ∫ ζ

b

(ζ − t)α−1(t− b)kdt.

Putting u = t−b
ζ−b

, t− b = (ζ − b)u, dt = (ζ − b)du t = b, u = 0 and t = ζ, u = 1, we get∫ ζ

b

(ζ − t)α−1(t− b)
n−mk

p dt = (ζ − b)α+k Γ(α)Γ(k + 1)

Γ(α+ k + 1)
,

and we can write

bIαζ {H(λ,ζ−b)
n,m,p (x,A,B; a, µ)} = n!

[ n
m

]∑
k=0

(−B ln(a))k
(
λx ln(a)

√
µA

)n−mk
p

Γ(α+ k + 1)Γ

(
n−mk

p
+ 1

) (ζ − b)α+k

=
(−B ln(a))−α

(n+ 1)mα
H

(λ,ζ−b)
n+mα,m,p(x,A,B; a, µ).

Thus, we get the desired result (3.4).

Theorem 3.3. For the modified Hermite-type matrix polynomials we have the formula

cIαλ{H(c−λ,ζ)
n,m,p (x,A,B; a, µ)} =

1

(n+ 1)pα

(
x ln(a)

√
µ A

)−α

×H
(c−λ,ζ)
n+pα,m,p(x,A,B; a, µ), n+ pα ≥ 0, (3.5)

and

cIαζ {H(λ,c−ζ)
n,m,p (x,A,B; a, µ)} =

(−B ln(a))−α

(n+ 1)mα
H

(λ,c−ζ)
n+mα,m,p(x,A,B; a, µ), n+mα ≥ 0. (3.6)

Proof. With the help of (1.11) and (2.3), we obtain (3.5) and (3.6).

Theorem 3.4. The Weyl integral of the modified Hermite-type matrix polynomials of order α satisfy
the interesting formula

λW
α
∞{H(λ,ζ)

n,m,p(x,A,B; a, µ)} =
(−1)α

(n+ 1)pα

(
x ln(a)

√
µ A

)−α

×H
(λ,ζ)
n+pα,m,p(x,A,B; a, µ), n+ pα ≥ 0, (3.7)

and

ζW
α
∞{H(λ,ζ)

n,m,p(x,A,B; a, µ)} =
(−1)α(−B ln(a))−α

(n+ 1)mα
H

(λ,ζ)
n+mα,m,p(x,A,B; a, µ), n+mα ≥ 0. (3.8)

Proof. From (2.3) and (1.12), we have

λW
α
∞{H(λ,ζ)

n,m,p} =
1

Γ(α)

∫ ∞

λ

(t− λ)α−1H(t,ζ)
n,m,p(x,A,B; a, µ)dt

=
n!

Γ(α)

[ n
m

]∑
k=0

(−ζB ln(a))k
(
x ln(a)

√
µA

)n−mk
p

k!Γ

(
n−mk

p
+ 1

) ∫ ∞

λ

(t− λ)α−1t
n−mk

p dt.
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Putting u = λ
t
, t = λ

u
, dt = − λ

u2 du, t = ∞, u = 0 and t = λ, u = 1, we get∫ ∞

λ

(t− λ)α−1t
n−mk

p dt = λ
α+n−mk

p
Γ(α)Γ(mk−n

p
− α)

Γ(mk−n
p

)

=
(−1)αλ

α+n−mk
p Γ(α)Γ(n−mk

p
+ 1)

Γ(n−mk
p

+ α+ 1)

and we get

λW
α
∞{Hn,m,p} = n!

[ n
m

]∑
k=0

(−ζB ln(a))k
(
x ln(a)

√
µA

)n−mk
p

k!Γ

(
α+ n−mk

p
+ 1

) λ
α+n−mk

p

=

(−1)α
(
x ln(a)

√
µ A

)−α

(n+ 1)pα
H

(λ,ζ)
n+pα,m,p(x,A,B; a, µ).

which gives (3.7). Similarly, we have

ζW
α
∞{H(λ,ζ)

n,m,p} =
1

Γ(α)

∫ ∞

ζ

(t− ζ)α−1H(λ,t)
n,m,p(x,A,B; a, µ)dt

=
n!

Γ(α)

[ n
m

]∑
k=0

(−B ln(a))k
(
λx ln(a)

√
µA

)n−mk
p

k!Γ

(
n−mk

p
+ 1

) ∫ ∞

ζ

(t− ζ)α−1tkdt.

Putting u = ζ
t
, t = ζ

u
, dt = − ζ

u2 du, t = ∞, u = 0 and t = ζ, u = 1, we get∫ ∞

ζ

(t− ζ)α−1tkdt =
(−1)αζα+kΓ(α)Γ(k + 1)

Γ(k + α+ 1)

and we get

ζW
α
∞{Hn,m,p} = n!

[ n
m

]∑
k=0

(−B ln(a))k
(
λx ln(a)

√
µA

)n−mk
p

Γ

(
α+ k + 1

)
Γ

(
n−mk

p
+ 1

) ζα+k

=
(−1)α(−B ln(a))−α

(n+ 1)mα
H

(λ,ζ)
n+mα,m,p(x,A,B; a, µ).

which gives (3.8).

Theorem 3.5. Let α ∈ C, Re(α) ≥ 0 and n = [Re(α)] + 1, xD
α
c be the right sided Riemann-Liouville

fractional derivative. Then for the modified Hermite-type matrix polynomials holds the formula

λD
α
c {H(c−λ,ζ)

n,m,p (x,A,B; a, µ)} =
Γ(n+ 1)

Γ(n+ 1− pα)

(
x ln(a)

√
µ A

)α

×H
(c−λ,ζ)
n−pα,m,p(x,A,B; a, µ), n− pα ≥ 0, (3.9)

and

ζD
α
c {H(λ,c−ζ)

n,m,p (x,A,B; a, µ)} =
Γ(n+ 1)

Γ(n+ 1−mα)
(−B ln(a))α

×H
(λ,c−ζ)
n−mα,m,p(x,A,B; a, µ), n−mα ≥ 0. (3.10)
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Proof. Using (2.3) and (1.14) we have
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which gives (3.9). Also we have
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which is the desired result (3.10).

Theorem 3.6. The left-sided operator of Riemann-Liouville fractional derivative for Modified Hermite-
type matrix polynomials satisfy the interesting formula
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and
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Proof. With the help of (1.13) and (2.3), one can obtain (3.11) and (3.12).

Theorem 3.7. The Weyl fractional derivative of the modified Hermite-type matrix polynomials of order
α satisfy the interesting formula
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Proof. Using (2.3) and (1.15) we have
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which gives (3.13). Similarly, we have
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which is the desired result of (3.14).

4 Laplace, Mellin and Fractional Fourier transforms of the Modified Hermite-
type matrix polynomials

Theorem 4.1. The Laplace transform of the modified Hermite-type matrix polynomials is as follows :
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Proof. Taking the Laplace transform of the Modified Hermite-type matrix polynomials, we have
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Thus, we get the desired result (4.1). It is worth mentioning here that this result of Theorem 4.1 can
be further generalized by employing the properties of the Upadhyaya transform (see, Upadhyaya [36]),
which we propose to do in a future communication of ours.

Theorem 4.2. The Mellin transform of the modified Hermite-type matrix polynomials is given by :
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Proof. Taking the Mellin transform of the Modified Hermite-type matrix polynomials, we have
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which is the desired result (4.2).

Theorem 4.3. Fractional Fourier transform of the modified Hermite-type matrix polynomials for x < 0
is given by:
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Special case: For α = 1, the result shows the conventional Fourier transform
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5 Definitions of the Modified Chebyshev’s-type, the Modified Legendre’s-
type and the Modified Hermite-Hermite-type matrix polynomials

In this section, we introduce a matrix version of the Modified Chebyshev polynomials and investigate
its proof.

Theorem 5.1. Let A and B be commutative matrices in CN×N . For any complex number µ and let µA
be a positive stable matrix in CN×N satisfying the condition (1.3) and B be a matrix in CN×N satisfying
the condition (1.4), then the Modified Chebyshev-type matrix polynomials of second, third and first kinds
are given respectively by modifying the integral transforms involving the Modified Hermite-type matrix
polynomials as:
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Hence, the Modified Chebyshev-type matrix polynomials of the second kind can be defined by
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In a similar way, we define the Modified Chebyshev-type matrix polynomials of the first kind as follows
in the form
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and the Modified Chebyshev-type matrix polynomials of the third kind in the form
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Hence the proof is completed.
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Remark 5.2. On taking a = e, µ = 2, m = 2, λ = ζ = 1 and B = I in (5.1) it reduces to
U

(λ,ζ)
n,m,p(x;A,B; a, µ), the Chebyshev-type matrix polynomials defined in [14].

Here, we introduce a matrix version of the Modified Legendre-type polynomials and investigate its
proof.

Theorem 5.3. Let A and B be commutative matrices in CN×N . For any complex number µ let µA be a
positive stable matrix in CN×N satisfying the condition (1.3) and B be a matrix in CN×N satisfying the
condition (1.4), then the Modified Legendre-type matrix polynomials are given by modifying the integral
transforms involving modified Hermite-type matrix polynomials as:
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Hence, the Modified Legendre-type matrix polynomials can be defined by
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Remark 5.4. On taking a = e, µ = 2, m = 2 , λ = ζ = 1 and B = I in (5.4) it reduces to
P

(λ,ζ)
n,m,p(x;A,B; a, µ), the Legendre-type matrix polynomials defined in [26,27].

In terms of H(λ,ζ)
n,m,p(x;A,B; a, µ), the Modified Hermite-Hermite-type matrix polynomials can be written

as
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Proof. Using (2.1), we have

a(λxtp(
√
µA)p+1−ζBtm((

√
µA)m+I) = aλxtp(

√
µA)p+1−ζB(t

√
µA)m · a−ζBtm

=

∞∑
n=0

∞∑
r=0

(
√
µA)pn+mr(λx

√
µA)n(−ζB)r(ln(a))n+r

n!r!
tnp+mr · a−ζBtm

=
∞∑

n=0

[ n
m

]∑
r=0

(
√
µA)n(−ζB ln(a))r(λx

√
µA ln(a))

n−mr
p

Γ(n−mr
p

+ 1)r!
tn · a−ζBtm

=

∞∑
n=0

(
√
µA)nH

(λ,ζ)
n,m,p(x;A,B; a, µ)

n!
tn

∞∑
k=0

(−ζB ln(a))ktmk

k!

=

∞∑
n=0

[ n
m

]∑
k=0

(−ζB ln(a))k(
√
µA)n−mkH

(λ,ζ)
n−mk,m,p(x;A,B; a, µ)

k!(n−mk)!
tn

=

∞∑
n=0

HH(λ,ζ)
n,m,p(x;A,B; a, µ)

tn

n!
.

By comparing the coefficients of tn, we get (5.5).

Remark 5.5. On taking a = e, µ = 2,m = 2, λ = ζ = 1 and B = I in (5.5) it reduces to
HH

(λ,ζ)
n,m,p(x;A,B; a, µ), the Hermite-Hermite-type matrix polynomials defined in [18].

6 Concluding Remarks

In this paper we explored certain properties of the Modified Hermite-type matrix polynomials and
showed their relationship to the other similar matrix polynomials existing in the literature.
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