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Abstract In this paper, we introduce the k-Horn’s hypergeometric function H9,k

and we investigate its limit formulas, integral representations, differentiation formulas,
infinite sums, recursion formulas, the Laplace, Mellin, fractional Fourier, double Laplace
and double Mellin transforms for the k-Horn’s hypergeometric function H9,k. Finally, we
discuss the fractional integration and the k-fractional differentiation .
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1 Introduction and Preliminaries

Recently, many functions are expanded by adding the k-parameter to their definitions using the k-
gamma function and the k- Pochhammer symbol, for example, see [11–14]. Our present attempt is one
more step in that direction.
The paper is organized as follows. In subsection 1.1, we recall some important definitions which are used
in this paper. In Section 2 we define the k- Horn’s hypergeometric function H9,k, with the enunciation
of the limit formulas for this function in Section 3. In Section 4 we establish the integral representations
for the introduced function. In Sections 5 and 6 we derive the differentiation formulas and the infinite
sums respectively. The recursion formulas are presented in Section 7, while the Laplace, Mellin and
fractional Fourier transforms for this function are explored in Section 8. The double Laplace and the
double Mellin transforms of the k- Horn’s hypergeometric function H9,k are established in Section 9.
Section 10 is devoted to the formulas of fractional integration and k-fractional differentiation of this
function. The concluding remarks in the last section finish the paper.
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1.1 Preliminaries
In this subsection below we recall some important definitions which are used in this paper.

Definition 1.1. For x ∈ C ,k ∈ R
+ and ℜ(x) > 0, the integral representation of k-gamma function is

defined as (see [3,8]),

Γk(x) =

∫ ∞

0

e−
tk

k tx−1dt,

Γk(x+ k) = xΓk(x),

Γk(x) = k
x
k
−1 Γ(

x

k
).

(1.1)

Definition 1.2. For x, y ∈ C ,k ∈ R
+ , ℜ(x) > 0 and ℜ(y) > 0, the integral representation of the

k-beta function is defined as (see [3]),

Bk(x, y) =
1

k

∫ 1

0

t
x
k
−1 (1− t)

y
k
−1dt, (1.2)

The relation between the k-beta and the k-gamma function is

Bk(x, y) =
Γk(x) Γk(y)

Γk(x+ y)

Definition 1.3. Let x ∈ C, k ∈ R
+ and m ∈ N, the k-Pochhammer symbol is defined as ( [3,8]),

(x)m,k =
Γk(x+mk)

Γk(x)
=

{

x(x+ k)(x+ 2k) . . . (x+ (m− 1)k), m ∈ N;
1, m = 0

,

(x)m−n,k = (x)m,k(x+mk)−n,k,

(x)−m,k =
(−1)−mk

(k − x)m,k

,

(x)2m,k = 22m (
x

2
)m,k (

x+ k

2
)m,k,

(x)m−n+1,k = x(x+ 1)m−n,k,

(x)m−n−1,k =
1

x− 1
(x− 1)m−n,k.

(1.3)

Definition 1.4. The Laplace transform of f(z), which is a particular case of the Upadhyaya transfrom
(see, Upadhyaya [17], Upadhyaya et al. [18]), is defined as (see, [7])

£{f(z) : s} =

∫ ∞

0

e−szf(z)dz,ℜ(s) > 0. (1.4)

Definition 1.5. The Mellin transform of f(z) is defined as ( see, [6])

M{f(z) : s} =

∫ ∞

0

zs−1f(z)dz. (1.5)

Definition 1.6. Let f be a function belonging to the Lizorkin space Φ(R) then the fractional Fourier
transform of f(x) of order α is defined as (see, [4])

ℑα[f(x) : ω] =

∫

R

eiω
1
α xf(x)dx, ω > 0, (1.6)

where 0 < α ≤ 1.

Definition 1.7. The double Laplace transform of a function (which is a special case of the double
Upadhyaya transform (see, Upadhyaya [17], Upadhyaya et al. [18]), f(x, y) of two variables x and y
defined in the first quadrant of the xy-plane is defined as (see, [9])

£2{ f(x, y) } =

∫ ∞

0

∫ ∞

0

f(x, y) e−(rx+sy)dxdy, ℜ(r, s) > 0. (1.7)
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Definition 1.8. The double Mellin transform of a function f(x, y) of two variables x and y is defined
as (see, [10])

Mxy{ f(x, y) : r, s } =

∫ ∞

0

∫ ∞

0

f(x, y)xrysdxdy. (1.8)

Definition 1.9. Let f be a sufficiently well behaved function which has its support in R
+ and let

α ≻ 0 be a real number. The k-Riemann-Liouville fractional integral is defined as (see, [15])

Iαk f(x) =
1

k Γk(α)

∫ x

0

(x− t)
α
k
−1 f(t) dt, x ∈ R

+, α ∈ C, ℜ(α) > 0. (1.9)

Definition 1.10. Let f be a sufficiently well behaved function which has its support in R
+ and let

α ≻ 0 be a real number. The k-Riemann-Liouville fractional derivative is defined as (see, [16])

Dα
k f(x) =

d

dx
I1−α
k f(x). (1.10)

2 The k-Horn’s hypergeometric function H9,k

In this section we define the k-Horn’s hypergeometric function H9,k

Definition 2.1. For k > 0, we define the k-Horn’s hypergeometric function H9,k as follows:

H9,k (α, β; γ;x, y) =

∞
∑

m,n=0

(α)2m−n,k(β)n,k

(γ)m,km!n!
xmyn; |x| <

1

4
, |y| < ∞, (2.1)

where (α)m,k is the k-Pochhammer symbol defined in (1.3).

Special Case: For k = 1, the result gives the conventional Horn’s hypergeometric function H9 defined
in [2], [1, p. 226, (37)].

H9,1(α, β; γ;x, y) = H9(α, β; γ;x, y).

3 Limit formulas

In this section we present some limit formulas for the k-Horn’s hypergeometric function H9,k.

Theorem 3.1. The limit formulas for H9,k hold true:

lim
α→∞

H9,k(α, β; γ;x/α
2 , αy) = 0F1,k

[

−
(γ, k)

;x

]

·1F0,k

[

(γ, k)
−

; y

]

, (3.1)

lim
β→∞

H9,k(α, β; γ;x;
y

β
) = H10,k(α; γ;x, y), (3.2)

where, (see also, Erdélyi et al. [1, (38), p. 226])

H10,k(α; γ;x, y) =
∞
∑

m,n=0

(α)2m−n,kx
myn

(γ)m,km!n!
, |x| <

1

4
, |y| < ∞,

lim
γ→∞

H9,k(α, β; γ; γx; y) = 2F0,k

[ (

α
2
, k

)

,
(

α+k
2

, k
)

−
; 4x

]

·1F1,k

[

(β, k)
(k − α− 2mk, k)

; (−1)−k y

]

,

(3.3)

lim
ε→0

H9,k (
α

ε
, β; γ; ε2x, y/ε) = 0F1,k

[

−
(γ, k)

;α2x

]

·1F0,k

[

(β, k)
−

; y/α

]

, (3.4)

lim
ε→0

H9,k(α,
β

ε
; γ;x, εy) = H10,k(α; γ;x, βy), (3.5)

 Bulletin of Pure and Applied Sciences Section E - Mathematics & Statistics, Vol. 42 E, No. 2, July-December, 2023



A study of the k-Horn’s hypergeometric function H9,k 129

lim
ε→0

H9,k(α, β;
γ

ε
;
x

ε
, y) = 2F0,k

[ (

α
2
, k

)

,
(

α+k
2

, k
)

−
;
4x

γ

]

·1F1,k

[

(β, k)
(k − α− 2mk, k)

; (−1)−k y

]

,

(3.6)

lim
ε→0

H9,k(α,
β

ε
;
γ

ε
;
x

ε
, εy) = 2F0,k

[ (

α
2
, k

)

,
(

α+k
2

, k
)

−
;
4x

γ

]

·0F1,k

[

−
(k − α− 2mk, k)

; (−1)−k βy

]

,

(3.7)

lim
ε→0

H9,k(
α

ε
,
β

ε
; γ; ε2 x, y) = exp(βy/α) ·0F1,k

[

−
(γ, k)

;α2x

]

, (3.8)

and
lim
ε→0

H9,k(
α

ε
,
β

ε
;
γ

ε
; ε x, y) = exp(βy/α) · exp(α2x/γ). (3.9)

Proof. We have

lim
α→∞

H9,k(α, β; γ;x/α
2 , αy) =

∞
∑

m,n=0

(β)n,k xmyn

(γ)m,k m!n!
· lim
α→∞

(α)2m−n,k

(α)2m−n
,

Since we have

lim
α→∞

(α)2m−n,k

(α)2m−n
= lim

α→∞

α

α

(α+ k)

α

(α+ 2k)

α
. . .

( α+ ((2m− n)− 1 )k)

α
= 1,

hence, we can write

lim
α→∞

H9,k(α, β; γ;x/α
2 , αy) =

∞
∑

m,n=0

(β)n,k xmyn

(γ)m,k m!n!
= 0F1,k

[

−
(γ, k)

;x

]

·1F0,k

[

(β, k)
−

; y

]

which the desired result (3.1).
Similarly, we write

lim
β→∞

H9,k(α, β; γ;x;
y

β
) =

∞
∑

m,n=0

(α)2m−n,k xmyn

(γ)m,km!n!
· lim
β→∞

(β)n,k

(β)n
= H10,k(α,−; γ;x; y) = H10,k(α; γ;x, y),

which produces (3.2),
and

lim
γ→∞

H9,k(α, β; γ; γx; y) = lim
γ→∞

∞
∑

m,n=0

(α)2m−n,k (β)n,k (γ x)myn

(γ)m,km!n!

=
∞
∑

m,n=0

(α)2m−n,k (β)n,k xmyn

m!n!
· lim
γ→∞

(γ)m

(γ)m,k

=
∞
∑

m,n=0

(α)2m−n,k (β)n,k xmyn

m!n!
,

Since we have

(α)2m−n,k = (α)2m,k(α+ 2mk)−n,k =
22m (−1)−nk (α

2
)m,k (α+k

2
)m,k

(k − α− 2mk)n,k

,

hence, we obtain

lim
γ→∞

H9,k(α, β; γ; γx; y) =
∞
∑

m,n=0

4m (−1)−nk (α
2
)
m,k

(α+k
2

)
m,k

(β)n,k xmyn

(k − α− 2mk)n,k m!n!

= 2F0,k

[ (

α
2
, k

)

,
(

α+k
2

, k
)

−
; 4x

]

·1F1,k

[

(β, k)
(k − α− 2mk, k)

; (−1)−k y

]

,
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which gives (3.3).
Also, we can write

lim
ε→0

H9,k(
α

ε
, β; γ; ε2x, y/ε) = lim

ε→0

∞
∑

m,n=0

(α
ε
)
2m−n,k

(β)n,k (ε2x)
m
( y
ε
)n

(γ)m,k m!n!
= lim

ε→0

∞
∑

m,n=0

(β)n,k xmyn

(γ)m,k m!n!
·
(α
ε
)
2m−n,k

( α
αε

)2m−n

=
∞
∑

m,n=0

(β)n,k(α
2x)

m
( y

α
)n

(γ)m,k m!n!
· lim
ε→0

(α
ε
)
2m−n,k

(α
ε
)2m−n

= 0F1,k

[

−
(γ, k)

;α2x

]

·1F0,k

[

(β, k)
−

; y/α

]

,

thus proving (3.4).
Similarly, we can write

lim
ε→0

H9,k(α,
β

ε
; γ;x, εy) = lim

ε→0

∞
∑

m,n=0

(α)2m−n,k (β
ε
)
n,k

xm(εy)n

(γ)m,k m!n!
=

∞
∑

m,n=0

(α)2m−n,k xm yn

(γ)m,k m!n!
· lim
ε→0

(β
ε
)
n,k

( β

β ε
)
n

=

∞
∑

m,n=0

(α)2m−n,k xm (β y)n

(γ)m,k m!n!
· lim
ε→0

(β
ε
)
n,k

( β

ε
)
n = H10,k(α; γ;x, βy),

thereby giving (3.5). Using the same technique we can prove (3.6), (3.7), (3.8) and (3.9) in a similar
fashion.

Theorem 3.2. The following limit formulas for H9,k hold good:

lim
α→∞

lim
β→∞

H9,k(α, β; γ;x/α
2, αy/β) = exp(y) · 0F1,k

[

−
(γ, k)

;x

]

, (3.10)

lim
α→∞

lim
γ→∞

H9,k(α, β; γ; γx/α
2, αy) = exp(x) · 1F0,k

[

(β, k)
−

; y

]

, (3.11)

lim
β→∞

lim
γ→∞

H9,k(α, β; γ; γx, y/β)

= 2F0,k

[ (

α
2
, k

)

,
(

α+k
2

, k
)

−
; 4x

]

· 0F1,k

[

−
(k − α− 2mk, k)

; (−1)−k y

]

,
(3.12)

and
lim

α→∞
lim

β→∞
lim

γ→∞
H9,k(α, β; γ; γx/α

2, αy/β) = exp(x) · exp(y). (3.13)

Proof. The proof of this theorem is parallel to that of the Theorem 3.1.

4 Integral representations

In this section,we establish several integral representations of the k- Horn’s hypergeometric function
H9,k.

Theorem 4.1. The following integral representations of the k- Horn’s hypergeometric function H9,k

hold true:

H9,k(α, β; γ;x, y) =
k

α
k
−1

Γk(α)

∫ ∞

0

t
α
k
−1 exp(−t) 0F1,k

[

−
(γ, k)

; k2 t2 x

]

·1F0,k

[

(β, k)
−

; y/kt

]

dt,

(4.1)

H9,k(α, β; γ;x, y) =
k

β
k
−1

Γk(β)

∫ ∞

0

t
β
k
−1 exp(−t) H10,k(α; γ;x, k t y) dt, (4.2)

H9,k(α, β; γ;x, y)

=
k

β
k
−1

Γk(β)

∫ ∞

0

t
β
k
−1 exp(−t) 2F1,k

[ (

α
2
, k

)

,
(

α+k
2

, k
)

(γ, k)
; 4x

]

×

0F1,k

[

−
(k − α− 2mk, k)

; (−1)−k k t y

]

dt,

(4.3)
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and
∫ ∞

0

ts−1 exp(−ρt) 2F1,k

[ (

α
2
, k

)

,
(

α+k
2

, k
)

(γ, k)
; 4x

]

× 0F1,k

[

−
(k − α− 2mk, k)

; (−1)−k k t y

]

dt

=
kΓk(ks)

(kρ)s
H9,k(α, ks; γ;x, y/ρ).

(4.4)

Proof. Using the integral formula of k-Pochhammer’s symbol (α)2m−n,k in the definition of the k-
Horn’s hypergeometric function H9,k, we can write

H9,k(α, β; γ;x, y) =

∞
∑

m,n=0

(α)2m−n,k(β)n,kx
myn

(γ)m,km!n!

=
1

Γk(α)

∫ ∞

0

t
α
k
+2m−n−1 exp(−t)

∞
∑

m,n=0

(β)n,kx
mynk

α
k
+2m−n−1

(γ)m,km!n!
dt

=
k

α
k
−1

Γk(α)

∫ ∞

0

t
α
k
−1 exp(−t) 0F1,k

[

−
(γ, k)

; k2 t2 x

]

· 1F0,k

[

(β, k)
−

; y/kt

]

dt,

which is the required result of (4.1).
Also using the integral formula of the k- Pochhammer symbol (β)n,k in the definition of the k-Horn’s
hypergeometric function H9,k, we can write

H9,k(α, β; γ;x, y) =
1

βk(α)

∫ ∞

0

t
β
k
+n−1 exp(−t)

∞
∑

m,n=0

(α)2m−n,k xm yn k
β
k
+n−1

(γ)m,km!n!
dt

=
k

β
k
−1

Γk(β)

∫ ∞

0

t
β
k
−1 exp(−t) H10,k(α; γ;x, k t y) dt.

thereby proving (4.2). The proof of (4.3) is parallel to (4.2).
From (4.3), we can obtain the equality

∫ ∞

0

ts−1 exp(−ρt) 2F1,k

[ (

α
2
, k

)

,
(

α+k
2

, k
)

(γ, k)
; 4x

]

×

0F1,k

[

−
(k − α− 2mk, k)

; (−1)−k k t y

]

dt =
kΓk(ks)

(kρ)s
H9,k(α, ks; γ;x, y/ρ),

which can be regarded as the Laplace transform

£{f(t) : ρ} =

∫ ∞

0

e−ρtf(t)dt

or, the Mellin transform
M{f(t) : s} =

∫ ∞

0

ts−1f(t)dt

of the functions ts−1
2F1,k

[ (

α
2
, k

)

,
(

α+k
2

, k
)

(γ, k)
; 4x

]

· 0F1,k

[

−
(k − α− 2mk, k)

; (−1)−k k t y

]

and exp(−ρt) 2F1,k

[ (

α
2
, k

)

,
(

α+k
2

, k
)

(γ, k)
; 4x

]

· 0F1,k

[

−
(k − α− 2mk, k)

; (−1)−k k t y

]

.

5 Differentiation formulas

In this section we give formulas for the differentiation of the k- Horn’s hypergeometric function H9,k.

Theorem 5.1. The following derivative formulas for H9,k hold true:

Dr
x[ H9,k(α, β; γ;x, y) ] =

(α)2r,k
(γ)r,k

H9,k(α+ 2rk, β; γ + rk;x, y), (5.1)
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Dr
y[H9,k(α, β, γ; δ;x, y) ] =

(−1)−rk(β)r,k
(k − α)r,k

H9,k(α− rk, β + rk; γ;x, y), (5.2)

and

D(r,s)
x,y [ H9,k(α, β; γ;x, y) ] =

(α)2r−s,k(β)s,k
(γ)r,k

H9,k(α+ 2rk − sk, β + sk; γ + rk;x, y). (5.3)

Proof. Differentiating (2.1) with respect to x yields

Dx[ H9,k(α, β; γ;x, y) ] =
∞
∑

m,n=0

(α)2m−n,k(β)n,k

(γ)m,k(m− 1)!n!
xm−1yn

=
∞
∑

m,n=0

(α)2m+2−n,k(β)n,k

(γ)m+1,km!n!
xmyn =

(α)2,k
(γ)1,k

H9,k(α+ 2k, β; γ + k;x, y).

Repeating this process, we obtain

Dr
x[ H9,k(α, β; γ;x, y) ] =

(α)2r,k
(γ)r,k

H9,k(α+ 2rk, β; γ + rk;x, y),

which is the desired result (5.1).
Differentiating (2.1) with respect to y yields

Dy[ H9,k(α, β; γ;x, y) ] =

∞
∑

m,n=0

(α)2m−n,k(β)n,k

(γ)m,km!(n− 1)!
xmyn−1

=
∞
∑

m,n=0

(α)2m−n−1,k(β)n+1,k

(γ)m,k(m)!n!
xmyn = (α)−1,k(β)1,k H9,k(α− k, β + k; γ;x, y).

Repeating this process, we obtain

Dr
y[ H9,k(α, β; γ;x, y) ] = (α)−r,k(β)r,k H9,k(α− rk, β + rk; γ;x, y)

=
(−1)−rk(β)r,k
(k − α)r,k

H9,k(α− rk, β + rk; γ;x, y)

which is the desired result (5.2).
Also differentiating (2.1) with respect to x and y, then repeating differentiation with respect to x and
y of orders r, s respectively and making some simple calculation yields (5.3).

Theorem 5.2. The following derivative formulas for (2.1) hold true:

Dr
y[y

β
k
+r−1

H9,k(α, β; γ;x, y) ] =
(β + nk)r,k y

β
k
−1

kr
H9,k(α, β + rk, γ; δ;x, y), (5.4)

and

Dr
x[x

γ
k
−1

H9,k(α, β; γ;x, y) ] =
(−1)rk (k − γ)r,k x

γ
k
−r−1

kr
H9,k(α, β; γ − rk;x, y). (5.5)

Proof. Multiplying (2.1) by y
β
k
+r−1 and taking the derivative of order r with respect to y, we have

Dr
y[y

β
k
+r−1

H9,k(α, β; γ;x, y) ] = Dr
y[ y

β
k
+r−1

∞
∑

m,n=0

(α)2m−n,k(β)n,k

(γ)m,km!n!
xmyn ]

=
∞
∑

m,n=0

(α)2m−n,k(β)n,k(
β

k
+ n)

r

(γ)m,km!n!
xmy

β
k
+n−1,
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Since we have
(
β

k
+ n)r =

(β + nk)r,k
kr

(5.6)
Then we obtain

Dr
y[y

β
k
+r−1

H9,k(α, β; γ;x, y) ] =

∞
∑

m,n=0

(α)2m−n,k(β)n,k(β + nk)r,k
kr (γ)m,km!n!

xmy
β
k
+n−1

= (β)r,k y
β
k
−1

∞
∑

m,n=0

(α)2m−n,k(β + rk)n,k

kr (γ)m,k m!n!
xmyn =

(β + nk)r,k y
β
k
−1

kr
H9,k(α, β + rk, γ; δ;x, y).

Thus, we obtain (5.4).
Multiplying (2.1) by x

γ
k
−1 and taking the derivative of order r with to x, we can write

Dr
x[x

γ
k
−1

H9,k(α, β; γ;x, y) ] = Dr
x[ x

γ
k
−1

∞
∑

m,n=0

(α)2m−n,k(β)n,k

(γ)m,km!n!
xmyn ]

=
∞
∑

m,n=0

(α)2m−n,k(β)n,k

(γ)m,k ( γ
k
+m)

−r,k
m!n!

x
γ
k
+m−r−1yn,

Since we have,

(
γ

k
+m)−r =

(γ +mk)−r,k

k−r
(5.7)

Then we obtain

Dr
x[x

γ
k
−1

H9,k(α, β; γ;x, y) ] =
∞
∑

m,n=0

k−r(α)2m−n,k(β)n,k

(γ)m,k (γ +mk)−r,km!n!
x

γ
k
+m−r−1yn

=
∞
∑

m,n=0

k−r(α)2m−n,k(β)n,k

(γ)−r,k (γ − rk)m,km!n!
x

γ
k
+m−r−1yn =

(−1)rk (k − γ)r,k x
γ
k
−r−1

kr
H9,k(α, β; γ − rk;x, y)

which gives (5.5).

6 Infinite sums

In this section we give some infinite sums formulas for the k- Horn’s hypergeometric function H9,k.
Theorem 6.1. For |t| < 1, the infinite summation formulas for the k- Horn’s hypergeometric function
H9,k hold true:

∞
∑

r=0

(α)r,k
r!

tr H9,k(α+ rk, β; γ;x, y) = (1− kt)−
α
k H9,k(α, β; γ;

x

(1− kt)2
, y(1− kt)) (6.1)

and
∞
∑

r=0

(β)r,k
r!

tr H9,k(α, β + rk; γ;x, y) = (1− kt)−
β
k H9,k( α, β; γ;x,

y

(1− kt)
). (6.2)

Proof. Using the fact that

(1− kt)−
α
k =

∞
∑

r=0

(α)r,k
k!

tr,

We can write

(1− kt)−
α
k H9,k(α, β; γ;

x

(1− kt)2
, y(1− kt)) =

∞
∑

m,n=0

(α)2m−n,k(β)n,k

(γ)m,k m!n!
xmyn(1− kt)−

α
k
+n−2m

=
∞
∑

r,m,n=0

(α)2m−n,k(α+ (2m− n)k)r,k(β)n,k

(γ)m,k r!m!n!
xmyntk =

∞
∑

r=0

(α)r,k
r!

tr
∞
∑

m,n=0

(α+ rk)2m−n,k(β)n,k

(γ)m,k m!n!
xmyn

=

∞
∑

r=0

(α)r,k
r!

tr H9,k(α+ rk, β; γ;x, y),
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which proves the desired result (6.1).
Also we can write

(1− kt)−
β
k H9,k( α, β; γ;x,

y

(1− kt)
) =

∞
∑

m,n=0

(α)2m−n,k(β)n,k

(γ)m,k m!n!
xmyn(1− kt)−

β
k
−n

=
∞
∑

r,m,n=0

(α)2m−n,k(β)n,k(β + nk)r,k
(γ)m,k r!m!n!

xmyntr =

∞
∑

r=0

(β)r,k
r!

tr
∞
∑

m,n=0

(α)2m−n,k(β + rk)n,k

(γ)m,k m!n!
xmyn

=
∞
∑

r=0

(β)r,k
r!

tr H9,k(α, β + rk; γ;x, y).

which proves (6.2).

7 Recursion formulas for the k- Horn’s function H9,k

In this section we present some recursion relations for the k- Horn’s function H9,k, let us start with
the following theorem.

Theorem 7.1. For n ∈ N and γ ̸= 0,−1,−2, ...., the following recursion formulas for the k- Horn’s
function H9,k hold:

H9,k(α+ n, β; γ;x, y) = H9,k(α, β; γ;x, y) +
2kx

γ

n
∑

r=1

(α+ r)H9,k(α+ r + 1, β; γ + 1;x, y)

−β ky
n
∑

r=1

H9,k(α+ r − 2, β + 1; γ;x, y)

(α+ r − 1)(α+ r − 2)
, α ̸= 1− r, α ̸= 2− r, r ∈ N,

(7.1)

and

H9,k(α− n, β; γ;x, y) = H9,k(α, β; γ;x, y)−
2kx

γ

n
∑

r=1

(α− r − 1)H9,k(α− r + 2, β; γ + 1;x, y)

+β ky
n
∑

r=1

H9,k(α− r − 1, β + 1; γ;x, y)

(α− r)(α− r − 1)
, α ̸= r, α ̸= r + 1, r ∈ N.

(7.2)

Proof. Applying the transformation formula (α+1)2m−n,k = (α)2m−n,k( 1+
(2m−n) k

α
)in the definition

of the k- Horn’s function H9,k , we get the contiguous formula:

H9,k(α+ 1, β; γ;x, y) = H9,k(α, β; γ;x, y) +
2k(α+ 1)x

γ
H9,k(α+ 2, β; γ + 1;x, y)

−β ky
H9,k(α− 1, β + 1; γ;x, y)

α(α− 1)
, γ ̸= 0, α ̸= 0, α ̸= 1.

(7.3)

Calculating the function H9,k with the parameter α + n by (7.3) for n times, we obtain the required
result (7.1). Replacing α by α− 1 in (7.3), we get

H9,k(α− 1, β; γ;x, y) = H9,k(α, β; γ;x, y)−
2 k α x

γ
H9,k(α+ 1, β; γ + 1;x, y)

+β ky
H9,k(α− 2, β + 1; γ;x, y)

(α− 1)(α− 2)
, γ ̸= 0, α ̸= 1, α ̸= 2.

(7.4)

Calculating the function H9,k with the parameter α−n by (7.4) for n times, obtain the required result
(7.2).

Theorem 7.2. For α ̸= 1 the following recursion relations hold good for the k- Horn’s function H9,k:

H9,k(α, β + n; γ;x, y) = H9,k(α, β; γ;x, y) +
k y

α− 1

n
∑

r=1

H9,k(α− 1, β + r; γ;x, y) (7.5)
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and

H9,k(α, β − n; γ;x, y) = H9,k(α, β; γ;x, y)−
k y

α− 1

n
∑

r=1

H9,k(α− 1, β − r + 1; γ;x, y). (7.6)

Proof. Applying the transformation formula (β + 1)n,k = (β)n,k(1 + n k
β
) in the definition of the

extension of the k- Horn’s function H9,k, we get the contiguous formula:

H9,k(α, β + 1; γ;x, y) = H9,k(α, β; γ;x, y) +
k y

α− 1
H9,k(α− 1, β + 1; γ;x, y). (7.7)

Calculating the function H9,k with the parameter β + n by (7.7) for n times, we obtain the required
result (7.5). Replacing β by β − 1 in (7.7), we get

H9,k(α, β − 1; γ;x, y) = H9,k(α, β; γ;x, y)−
k y

α− 1
H9,k(α− 1, β; γ;x, y). (7.8)

Calculating the function H9,k with the parameter β − n by (7.8) for (7.6) n times, we obtain the
required result.

Theorem 7.3. The k- Horn’s hypergeometric function H9,k satisfies the identity:

H9,k(α, β; γ − n;x, y) = H9,k(α, β; γ;x, y)

+α(α+ 1) k x

n
∑

r=1

H9,k(α+ 2, β; γ − r + 2;x, y)

(γ − r)(γ − r + 1)
, γ ̸= r − 1, γ ̸= r, r ∈ N,

(7.9)

and
H9,k(α, β; γ + n;x, y) = H9,k(α, β; γ;x, y)

−α(α+ 1) k x

n
∑

r=1

H9,k(α+ 2, β; γ + r + 1;x, y)

(γ + r)(γ + r − 1)
, γ ̸= −r, γ ̸= 1− r, r ∈ N.

(7.10)

Proof. From the relation
1

(γ − 1)m,k

=
1

(γ)m,k

+
m k

(γ − 1)(γ)m,k

,

we can write
H9,k(α, β; γ − 1;x, y) = H9,k(α, β; γ;x, y)

+
α(α+ 1) k x

(γ − 1)γ
H9,k(α+ 2, β; γ + 1;x, y), γ ̸= 0, 1.

(7.11)

Iterating this method on H9,k with the parameter γ − n for n times, we obtain (7.9). Replacing γ by
γ + 1 in (7.11), we obtain

H9,k(α, β; γ + 1;x, y) = H9,k(α, β; γ;x, y)

−
α(α+ 1) k x

γ(γ + 1)
H9,k(α+ 2, β; γ + 2;x, y), γ ̸= 0,−1.

(7.12)

Similarly iterating this method on H9,k with the parameter γ + n for n times, we obtain (7.10).

8 Laplace, Mellin and Fractional Fourier Transforms

In this section we obtain the Laplace, Mellin and Fractional Fourier transforms of H9,k. Before em-
barking upon that mission we find it very pertinent to remark here that the second author has recently
given the most versatile generalization of the celebrated Laplace transform and its numerous other
variants that are available in the mathematics research literature by the name Upadhyaya transform
(see, Upadhyaya [17] and Upadhyaya et al. [18]). Thus the expressions for the Laplace transform of
the function H9,k that we give below can also more efficiently be dealt with by taking the Upadhyaya
transform of the function H9,k, which can be a further interesting direction of research in this field.
Now we give below three theorems, one for each about the Laplace, Mellin and Fractional Fourier
transforms of H9,k.

 Bulletin of Pure and Applied Sciences Section E - Mathematics & Statistics, Vol. 42 E, No. 2, July-December, 2023



136 M. S. Metwally, Lalit Mohan Upadhyaya, S. Abo-Hasha and Karima Hamza

Theorem 8.1. The Laplace transform of H9,k is as follows :

£{x
a
k
−1

H9,k(α, β; γ;ωx, y) : s} =
k Γk(a)

(ks)
a
k

3F1,k

[ (

α
2
, k

)

,
(

α+k
2

, k
)

, (a, k)
(γ, k)

;
4ω

ks

]

×

1
F1,k

[

(β, k)
(k − α− 2mk, k)

; (−1)−k y

]

.

(8.1)

Proof. Taking the Laplace transform (see, (1.4)) of the function x
a
k
−1

H9,k(α, β; γ;ωx, y) with respect
to the parameter s, we have

£{x
a
k
−1

H9,k(α, β; γ;ωx, y) : s} =

∫ ∞

0

x
a
k
−1e−sx[

∞
∑

m,n=0

(α)2m−n,k(β)n,k(ωx)
myn

(γ)m,km!n!
]dx.

Putting sx = u, dx = du
s

, x = 0, u = 0 and x = ∞, u = ∞, we get

£{x
a
k
−1

H9,k(α, β; γ;ωx, y) : s} =
∞
∑

m,n=0

[

1

s
a
k
+m

(
∫ ∞

0

e−uu
a
k
+m−1du

)

(α)2m−n,k(β)n,kω
myn

(γ)m,km!n!

]

=
1

s
a
k

∞
∑

m,n=0

(α)2m−n,k(β)n,kΓ
(

a
k
+m

)

ωmyn

sm(γ)m,km!n!
,

Since we have

(α)2m−n,k = (α)2m,k(α+ 2mk)−n,k =
(−1)−nk 22m (α

2
)m,k (α+k

2
)m,k

(k − α− 2mk)n,k

,

and
Γ(

a

k
+m) = k1− a+mk

k Γk(a+mk),

Then, we can write

£{x
a
k
−1

H9,k(α, β; γ;ωx, y) : s} =
k Γk(a)

(ks)
a
k

∞
∑

m,n=0

(α)2m−n,k(β)n,k (a)m,k ωmyn

(ks)m (γ)m,km!n!

=
k Γk(a)

(ks)
a
k

∞
∑

m,n=0

4m (−1)−nk (α
2
)
m,k

(α+k
2

)
m,k

(β)n,k (a)m,k ωmyn

(ks)m (γ)m,k (k − α− 2mk)n,k m!n!

=
k Γk(a)

(ks)
a
k

3F1,k

[ (

α
2
, k

)

,
(

α+k
2

, k
)

, (a, k)
(γ, k)

;
4ω

ks

]

× 1F1,k

[

(β, k)
(k − α− 2mk, k)

; (−1)−k y

]

.

which is the desired result of (8.1).

Theorem 8.2. The Mellin transform of H9,k is as follows :

M{e−x
H9,k(α, β; γ;ωx, y) : s}

=
k Γk(ks)

ks 3F1,k

[ (

α
2
, k

)

,
(

α+k
2

, k
)

, (ks, k)
(γ, k)

;
4ω

k

]

× 1F1,k

[

(β, k)
(k − α− 2mk, k)

; (−1)−k y

]

.
(8.2)

Proof. Taking the Mellin transform (see, (1.5)) of the function e−x
H9,k(α, β; γ;ωx, y) with respect

to the parameter s, we have

M{e−x
H9,k(α, β; γ;ωx, y) : s} =

∞
∑

m,n=0

(α)2m−n,k (β)n,k ωmyn

(γ)m,km!n!

∫ ∞

0

xs−1e−xxmdx

=
∞
∑

m,n=0

4m (−1)−nk (α
2
)
m,k

(α+k
2

)
m,k

(β)n,k Γ(s+m) ωmyn

(γ)m,k (k − α− 2mk)n,k m!n!
,
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From the relation
Γ(s+m) = k1−s−m Γk(ks+mk),

we can write

M{e−x
H9,k(α, β; γ;ωx, y) : s} =

k Γk(ks)

ks

∞
∑

m,n=0

4m (−1)−nk (α
2
)
m,k

(α+k
2

)
m,k

(β)n,k (ks)m,k ωmyn

km (γ)m,k (k − α− 2mk)n,k m!n!

=
k Γk(ks)

ks 3F1,k

[ (

α
2
, k

)

,
(

α+k
2

, k
)

, (ks, k)
(γ, k)

;
4ω

k

]

× 1F1,k

[

(β, k)
(k − α− 2mk, k)

; (−1)−k y

]

.

which proves (8.2).

Theorem 8.3. The Fractional Fourier transform of H9,k of order v for x < 0 is given by:

ℑv[ H9,k(α, β; γ;x, y) ] = (iω
1
v )−1

3F1,k

[

(

α
2
, k

)

,
(

α+k
2

, k
)

, (k, k)
(γ, k)

;
−4 (iω

1
v )

−1

k

]

×

1F1,k

[

(β, k)
(k − α− 2mk, k)

; (−1)−k y

]

.

(8.3)

Proof. Since we have

H9,k(α, β; γ;x, y) =
∞
∑

m,n=0

(α)2m−n,k (β)n,k xmyn

(γ)m,km!n!
=

∞
∑

m,n=0

4m (−1)−nk (α
2
)
m,k

(α+k
2

)
m,k

(β)n,k xmyn

(γ)m,k (k − α− 2mk)n,k m!n!
,(8.4)

taking the Fractional Fourier transform (see, (1.6)) of (8.4), we have

ℑv[ H9,k(α, β; γ;x, y) ] =
∞
∑

m,n=0

4m (−1)−nk (α
2
)
m,k

(α+k
2

)
m,k

(β)n,k yn

(γ)m,k (k − α− 2mk)n,k m!n!

∫ 0

−∞

eiω
1
v x xmdx.

Putting t = −iω
1
v x, dt = −iω

1
v dx, x = −∞, t = ∞ and x = 0, t = 0, we get

ℑv[ H9,k(α, β; γ;x, y) ] =

∞
∑

m,n=0

4m (−1)−nk (α
2
)
m,k

(α+k
2

)
m,k

(β)n,k yn

(γ)m,k (k − α− 2mk)n,k m!n!

∫ ∞

0

e−t (−
t

iω
1
v

)m
dt

iω
1
v

=
∞
∑

m,n=0

4m (−1)−nk (α
2
)
m,k

(α+k
2

)
m,k

(β)n,k yn(−1)m(i)−(m+1)(ω)−
m+1

v Γ(m+ 1)

(γ)m,k (k − α− 2mk)n,k m!n!
.

From the relation
Γ(m+ 1) = k1−m−1 Γk(k +mk),

we can write

ℑv[ H9,k(α, β; γ;x, y) ] =
∞
∑

m,n=0

4m (−1)−nk (α
2
)
m,k

(α+k
2

)
m,k

(k)m,k(β)n,k yn(−1)m(i)−(m+1)(ω)−
m+1

v

km (γ)m,k (k − α− 2mk)n,k m!n!

= (iω
1
v )−1

3F1,k

[

(

α
2
, k

)

,
(

α+k
2

, k
)

, (k, k)
(γ, k)

;
−4 (iω

1
v )

−1

k

]

× 1F1,k

[

(β, k)
(k − α− 2mk, k)

; (−1)−k y

]

.

which establishes (8.3).
Special case: For v = 1 the result shows the conventional Fourier transform

ℑ[ H9,k(α, β; γ;x, y) ] = (iω)−1
3F1,k

[ (

α
2
, k

)

,
(

α+k
2

, k
)

, (k, k)
(γ, k)

;
−4 (iω)−1

k

]

× 1F1,k

[

(β, k)
(k − α− 2mk, k)

; (−1)−k y

]

.
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9 Double Laplace and double Mellin transforms

In this section we investigate the double Laplace and double Mellin transforms of H9,k. We mention
that the double Laplace transform is a special case of the more general double Upadhyaya transform
introduced by the second author in 2019 (see, Upadhyaya [17] and Upadhyaya et al. [18]), therefore,
the results of this section can also be further explored from the view point of the Double Upadhyaya
transform, which is an interesting open problem for further research in this direction. For the results
pertaining to the double Laplace and double Mellin transforms of the function H9,k we prove the
following two theorems:

Theorem 9.1. The double Laplace transform of the k- Horn’s function H9,k is as follows :

£2{ x
a
k
−1y

b
k
−1

H9,k(α, β; γ;ωx, ρy) } =
k2 Γk(a)Γk(b)

(kr)
a
k (ks)

b
k

3F1,k

[ (

α
2
, k

)

,
(

α+k
2

, k
)

, (a, k)
(γ, k)

;
4ω

kr

]

×

2F1,k

[

(β, k) , (b, k)
(k − α− 2mk, k)

;
(−1)−k ρ

ks

]

.

(9.1)

Proof. Taking the double Laplace transform (see, (1.7)) of the function x
a
k
−1y

b
k
−1

H9,k(α, β; γ;ωx, ρy)
we have,

£2{ x
a
k
−1y

b
k
−1

H9,k(α, β; γ;ωx, ρy) }

=
∞
∑

m,n=0

(α)2m−n,k (β)n,k ωmρn

(γ)m,km!n!
{ (

∫ ∞

0

x
a
k
+m−1e−rxdx )(

∫ ∞

0

y
b
k
+n−1e−sydy ) }.

Putting rx = u, dx = du
r

, x = 0, u = 0 , x = ∞, u = ∞ and sy = z,dy = dz
s

,y = 0 z = 0 , y = ∞,
z = ∞ in the above relation we get,

£2{ x
a
k
−1y

b
k
−1

H9,k(α, β; γ;ωx, ρy) }

=
1

r
a
k s

b
k

∞
∑

m,n=0

(α)2m−n,k (β)n,k ωmρn

rm sn (γ)m,km!n!
{ (

∫ ∞

0

u
a
k
+m−1e−udu )(

∫ ∞

0

z
b
k
+n−1e−zdz ) }

=
1

r
a
k s

b
k

∞
∑

m,n=0

(α)2m−n,k (β)n,k Γ( a
k
+m)Γ( b

k
+ n)ωmρn

rm sn (γ)m,km!n!

=
k2 Γk(a)Γk(b)

(kr)
a
k (ks)

b
k

∞
∑

m,n=0

4m (−1)−nk (α
2
)
m,k

(α+k
2

)
m,k

(β)n,k (a)m,k(b)n,k ωmρn

(kr)m(ks)n (γ)m,k (k − α− 2mk)n,k m!n!

=
k2 Γk(a)Γk(b)

(kr)
a
k (ks)

b
k

3F1,k

[ (

α
2
, k

)

,
(

α+k
2

, k
)

, (a, k)
(γ, k)

;
4ω

kr

]

×

2F1,k

[

(β, k) , (b, k)
(k − α− 2mk, k)

;
(−1)−k ρ

ks

]

which establishes the result of (9.1).

Theorem 9.2. The double Mellin transform of H9,k is as follows :

Mxy{e
−(x+y)

H9,k(α, β; γ;ωx, ρy) : r, s}

=
k2 Γk(kr)Γk(ks)

kr+s 3F1,k

[ (

α
2
, k

)

,
(

α+k
2

, k
)

, (kr, k)
(γ, k)

;
4ω

k

]

×

2F1,k

[

(β, k) , (ks, k)
(k − α− 2mk, k)

;
(−1)−k ρ

k

]

(9.2)
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Proof. Taking the double Mellin transform (see, (1.8)) of the function e−(x+y)
H9,k(α, β; γ;ωx, ρy)

w.r.t. the parameters r, s, we have

Mxy{e
−(x+y)

H9,k(α, β; γ;ωx, ρy) : r, s}

=
∞
∑

m,n=0

(α)2m−n,k (β)n,k ωmρn

(γ)m,km!n!
{ (

∫ ∞

0

xr−1e−xxmdx )(

∫ ∞

0

ys−1e−yyndy ) }

=
∞
∑

m,n=0

4m(−1)−nk (α
2
)
m,k

(α+k
2

)
m,k

(β)n,k Γ(r +m) Γ(s+ n) ωmρn

(γ)m,k (k − α− 2mk)n,k m!n!

=
k2 Γk(kr)Γk(ks)

kr+s

∞
∑

m,n=0

4m (−1)−nk (α
2
)
m,k

(α+k
2

)
m,k

(kr)m,k(β)n,k (b)n,k(ks)n,k ωmρn

km+n (γ)m,k (k − α− 2mk)n,k m!n!

=
k2 Γk(kr)Γk(ks)

kr+s 3F1,k

[ (

α
2
, k

)

,
(

α+k
2

, k
)

, (kr, k)
(γ, k)

;
4ω

k

]

×

2F1,k

[

(β, k) , (ks, k)
(k − α− 2mk, k)

;
(−1)−k ρ

k

]

.

which proves (9.2).

10 Fractional integration and k-Fractional differentiation

We investigate the fractional integration and k-fractional differentiation formulas of H9,k in this section.

Theorem 10.1. Let ξ, ϱ, η ∈ C with ℜ(ξ) > 0. Then the fractional integration of the k- Horn’s function
H9,k is as follows:

Iξ,ϱ,η0,x [x
ρ
k
−1

H9,k(α, β; γ;x, y) ]

= kξ x
ρ
k
−ϱ−1 Γk(ρ) Γk(ρ+ ηk − ϱk)

Γk(ρ− ϱk) Γk(ρ+ ηk + ξk)
4F3,k

[ (

α
2
, k

)

,
(

α+k
2

, k
)

, (ρ, k) , (ρ+ ηk − ϱk, k)
(γ, k) , (ρ− ϱk, k) , (ρ+ ηk + ξk, k)

; 4x

]

×

1F1,k

[

(β, k)
(k − α− 2mk, k)

; (−1)−k y

]

(10.1)

Proof. From Saigo and Maeda [5] we have,

Iξ,ϱ,η0,x xλ−1 = xλ−ϱ−1 Γ(λ)Γ(λ+ η − ϱ)

Γ(λ− ϱ)Γ(λ+ η + ξ)
.
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Then we can write

Iξ,ϱ,η0,x [x
ρ
k
−1

H9,k(α, β; γ;x, y) ] =
∞
∑

m,n=0

(α)2m−n,k (β)n,k yn

(γ)m,k m!n!
Iξ,ϱ,η0,x [x

ρ
k
+m−1]

=
∞
∑

m,n=0

(α)2m−n,k(β)n,k yn

(γ)m,k m!n!
[ x

ρ
k
−ϱ+m−1 Γ( ρ

k
+m)Γ( ρ

k
+ η − ϱ+m)

Γ( ρ

k
− ϱ+m)Γ( ρ

k
+ η + ξ +m)

]

= x
ρ
k
−ϱ−1

∞
∑

m,n=0

(α)2m−n,k(β)n,k xm yn

(γ)m,k m!n!
×

k1− ρ+mk
k Γk(ρ+mk)

k1− ρ−ϱk+mk
k Γk(ρ− ϱk +mk)

×
k1− ρ+ηk−ϱk+mk

k Γk(ρ+ ηk − ϱk +mk)

k1− ρ+ηk+ξk+mk
k Γk(ρ+ ηk + ξk +mk)

= kξ x
ρ
k
−ϱ−1 Γk(ρ) Γk(ρ+ ηk − ϱk)

Γk(ρ− ϱk) Γk(ρ+ ηk + ξk)
×

∞
∑

m,n=0

4m (−1)−nk (α
2
)
m,k

(α+k
2

)
m,k

(ρ)m,k (ρ+ ηk − ϱk)m,k (β)n,k xm yn

(γ)m,k (ρ− ϱk)m,k (ρ+ ηk + ξk)m,k (k − α− 2mk)n,k m!n!

= kξ x
ρ
k
−ϱ−1 Γk(ρ) Γk(ρ+ ηk − ϱk)

Γk(ρ− ϱk) Γk(ρ+ ηk + ξk)

× 4F3,k

[ (

α
2
, k

)

,
(

α+k
2

, k
)

, (ρ, k) , (ρ+ ηk − ϱk, k)
(γ, k) , (ρ− ϱk, k) , (ρ+ ηk + ξk, k)

; 4x

]

×

1F1,k

[

(β, k)
(k − α− 2mk, k)

; (−1)−k y

]

.

which gives the desired result of (10.1).

Theorem 10.2. Let µ be a real number and 0 ≺ µ ≼ 1. Then the k-Fractional differentiation of the
k- Horn’s function H9,k is as follows:

Dµ
k [x

λ
k H9,k(α, β; γ;x, y) ]

=
λ x

1−µ+λ
k

−1 Γk( λ )

k Γk( 1− µ+ λ)
3F2,k

[ (

α
2
, k

)

,
(

α+k
2

, k
)

, (λ+ k, k)
(γ, k) , (1− µ+ λ, k)

; 4x

]

× 1F1,k

[

(β, k)
(k − α− 2mk, k)

; (−1)−k y

]

.

(10.2)

Proof. Applying the k-Fractional differentiation (see, (1.10)), we have

Dµ
k [x

λ
k H9,k(α, β; γ;x, y) ] =

d

dx
[ I1−µ

k x
λ
k H9,k(α, β; γ;x, y) ]

=
d

dx

1

k Γk(1− µ)

∞
∑

m,n=0

(α)2m−n,k (β)n,k yn

(γ)m,k m!n!
[

∫ x

0

t
λ
k
+m (x− t)

1−µ
k

−1 dt ].
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Putting t = xz, dt = xdz, t = 0, z = 0 and t = x, z = 1, we get

Dµ
k [x

λ
k H9,k(α, β; γ;x, y) ]

=
d

dx

1

k Γk(1− µ)

∞
∑

m,n=0

(α)2m−n,k (β)n,k x
1−µ+λ+mk

k yn

(γ)m,k m!n!
[

∫ 1

0

z
λ
k
+m (1− z)

1−µ
k

−1 dz ]

=
1

k Γk(1− µ)

∞
∑

m,n=0

(α)2m−n,k (β)n,k ( 1−µ+λ+mk

k
) x

1−µ+λ+mk
k

−1 B( 1−µ

k
, λ
k
+m+ 1 )

(γ)m,k m!n!

=
1

k Γk(1− µ)

∞
∑

m,n=0

(α)2m−n,k (β)n,k ( 1−µ+λ+mk

k
) x

1−µ+λ+mk
k

−1 yn Γ( 1−µ

k
) Γ( λ+mk+k

k
)

(γ)m,k Γ( 1−µ+λ+mk

k
+ 1 )m!n!

=
1

k Γk(1− µ)

∞
∑

m,n=0

(α)2m−n,k (β)n,k ( 1−µ+λ+mk

k
) x

1−µ+λ+mk
k

−1 yn Γ( 1−µ

k
) Γ( λ+mk+k

k
)

(γ)m,k ( 1−µ+λ+mk

k
) Γ( 1−µ+λ+mk

k
)m!n!

=
1

k Γk(1− µ)

∞
∑

m,n=0

(α)2m−n,k (β)n,k x
1−µ+λ+mk

k
−1 yn k1− 1−µ

k k1−λ+mk+k
k Γk( 1− µ ) Γk( λ+mk + k )

(γ)m,k k1− 1−µ+λ+mk
k Γk( 1− µ+ λ+mk )m!n!

=
x

1−µ+λ
k

−1 Γk( λ+ k )

k Γk( 1− µ+ λ)

∞
∑

m,n=0

4m (−1)−nk (α
2
)
m,k

(α+k
2

)
m,k

(λ+ k)m,k (β)n,k xm yn

(γ)m,k (1− µ+ λ)m,k (k − α− 2mk)n,k m!n!

=
λ x

1−µ+λ
k

−1 Γk( λ )

k Γk( 1− µ+ λ)
3F2,k

[ (

α
2
, k

)

,
(

α+k
2

, k
)

, (λ+ k, k)
(γ, k) , (1− µ+ λ, k)

; 4x

]

×

1F1,k

[

(β, k)
(k − α− 2mk, k)

; (−1)−k y

]

.

which proves (10.2).

Special case: For k = 1 the result gives the fractional differentiation of the Horn’s hypergeometric
function H9

Dµ[xλ H9(α, β; γ;x, y) ]

=
λ Γ( λ ) xλ−µ

Γ( 1− µ+ λ)
3F2(

α

2
,
α+ 1

2
, λ+ 1; γ , 1− µ+ λ; 4x) 1F1(β ; 1− α− 2m ;−y).

11 Concluding remarks

In this paper we explored some interesting properties of the k- Horn’s hypergeometric function H9,k

which study can be extended to the other hypergeometric functions of this class.
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