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Abstract In this paper, we introduce the k-Horn’s hypergeometric function Hy
and we investigate its limit formulas, integral representations, differentiation formulas,
infinite sums, recursion formulas, the Laplace, Mellin, fractional Fourier, double Laplace
and double Mellin transforms for the k-Horn’s hypergeometric function Hyg ;. Finally, we
discuss the fractional integration and the k-fractional differentiation .
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1 Introduction and Preliminaries

Recently, many functions are expanded by adding the k-parameter to their definitions using the k-
gamma function and the k- Pochhammer symbol, for example, see [11-14]. Our present attempt is one
more step in that direction.

The paper is organized as follows. In subsection 1.1, we recall some important definitions which are used
in this paper. In Section 2 we define the k- Horn’s hypergeometric function Hg r, with the enunciation
of the limit formulas for this function in Section 3. In Section 4 we establish the integral representations
for the introduced function. In Sections 5 and 6 we derive the differentiation formulas and the infinite
sums respectively. The recursion formulas are presented in Section 7, while the Laplace, Mellin and
fractional Fourier transforms for this function are explored in Section 8. The double Laplace and the
double Mellin transforms of the k- Horn’s hypergeometric function Hy ; are established in Section 9.
Section 10 is devoted to the formulas of fractional integration and k-fractional differentiation of this
function. The concluding remarks in the last section finish the paper.
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1.1 Preliminaries
In this subsection below we recall some important definitions which are used in this paper.

Definition 1.1. For z € C ,k € Rt and R(z) > 0, the integral representation of k-gamma function is
defined as (see [3,8]),

Ti(x) = /00 eitkitmfldt,
Di(z + k) = 2Tk (z), (1.1)
Ty(z) =kt r(%).

Definition 1.2. For z,y € C ,k € RT, R(z) > 0and R(y) > 0, the integral representation of the
k-beta function is defined as (see [3]),

1 [ e
Bi(z.y) = ¢ / LRt (1 — )k lae, (1.2)
0
The relation between the k-beta and the k-gamma function is

_ To(2) Te(y)
BN = TGy

Definition 1.3. Let z € C, k € Rt and m € N, the k-Pochhammer symbol is defined as ( [3,8]),
(@)t = I'w(xz + mk) _ { z(x+k)(x+2k)...(x+ (m—1k), meN,;

Te(2) 1, m=0 °

(x)mfn,k = (-r)m,k(af + mk)—n,lﬁ

R e

(@)=t (k=) s (1.3)

m T x+k
(@)2mp = 2 (g)m,k (T)m’k’

({E)m,n+1,k = 517(33 + 1)m—n,k,

m—n— = _1 m—n.k-
(z) Lo = =7 (@ = Dmenik

-1
Definition 1.4. The Laplace transform of f(z), which is a particular case of the Upadhyaya transfrom
(see, Upadhyaya [17], Upadhyaya et al. [18]), is defined as (see, [7])

£{f(z): s} = /000 e f(z)dz,R(s) > 0. (1.4)
Definition 1.5. The Mellin transform of f(z) is defined as ( see, [6])
M{f(z):s}= /00 27 f(2)dz. (1.5)
0

Definition 1.6. Let f be a function belonging to the Lizorkin space ¢(R) then the fractional Fourier
transform of f(x) of order « is defined as (see, [4])

1

Sulf(z) o] = / 697 (@), w > 0, (1.6)
R
where 0 < a < 1.

Definition 1.7. The double Laplace transform of a function (which is a special case of the double
Upadhyaya transform (see, Upadhyaya [17], Upadhyaya et al. [18]), f(z,y) of two variables z and y
defined in the first quadrant of the zy-plane is defined as (see, [9])

£2{ flzyy) } = /000 /0oo fz,y) e_(”""sy)dxdy, R(r,s) > 0. (1.7)

Bulletin of Pure and Applied Sciences Section E - Mathematics € Statistics, Vol. 42 E, No. 2, July-December, 2023



128 M. S. Metwally, Lalit Mohan Upadhyaya, S. Abo-Hasha and Karima Hamza

Definition 1.8. The double Mellin transform of a function f(z,y) of two variables z and y is defined
as (see, [10])

Moy{ f(z,y) rys ) = / h / ” fla,y)a"y dudy, (18)

Definition 1.9. Let f be a sufficiently well behaved function which has its support in RT and let
a > 0 be a real number. The k-Riemann-Liouville fractional integral is defined as (see, [15])

1
k()

Iy f(z) = /02 (x—t)E ' ft)dt, zeR" aeC, Ra)>0. (1.9)

Definition 1.10. Let f be a sufficiently well behaved function which has its support in RT and let
a > 0 be a real number. The k-Riemann-Liouville fractional derivative is defined as (see, [16])

d

D f(2) = o I f(@)- (1.10)

2 The k-Horn’s hypergeometric function Hyj,
In this section we define the k-Horn’s hypergeometric function Hg

Definition 2.1. For k > 0, we define the k-Horn’s hypergeometric function Hy j, as follows:

oo

Q)2m—n, Bn, m n 1
Hox (0, B;vizy) = Y ()(27)%% Yy lel < 7, lyl < oo, (2.1)

m,n=0

where (@)m, i is the k-Pochhammer symbol defined in (1.3).

Special Case: For k = 1, the result gives the conventional Horn’s hypergeometric function Hg defined
in (2], [1, p. 226, (37)]

Ho 1 (a, B5v;x,y) = Ho(a, B;7; 2, y)-
3 Limit formulas

In this section we present some limit formulas for the k-Horn’s hypergeometric function Hg j.

Theorem 3.1. The limit formulas for Hg 1 hold true:

71@) ;x} 'lFO,k[ (?k) ;y} : (3.1)

)

Him Ho (o, B;7;7/0” ,ay) = oF
Jim  Ho,x(a, f;v; /a0’ ay) ouc[(7

lim Ho k0, 85757 2) = Hio k(057 3, 9), (3:2)
B—o0 /B
where, (see also, Erdélyi et al. [1, (38), p. 226])

= (O‘)men kxmyn 1
Hlo,k(ay%%y)*m;owy || < Z7|y| < 00,
- (5.k), (255, k) (B, k) x
e e a7 2R ) 2 . . ) s
Vh_}rgo Ho (o, B; 75723 y) = 2F0,k[ N Az | 1 F1k (k — a — 2mk, k) (D7 y,
(3.3)
. — Jk
tiy s (2o etn0fe) = o | (o sae] o | 09 sugal
lim oo, Z5v50,ep) = Huon(ivia, By), (3.5)
e—0 £
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. 2k), (k) 4 k -

Ehg}) H9,k(a75§g§§7y): 2Fo.k l: (2’ )7(_ 27 ) 771} 1 Fik |: (k*OEI%Q’)mk,kJ) i(=1) ky:| )
(3.6)

a+tk 4 _

gg% H9,k(a7§;g7§7€y)_2FOk|: (2 k)7(_ 2 ’k) 7l:| OFl’k|:(k‘fOé*2m]€,k‘) 7( 1)7k5y:|7

(3.7
hm Hy k(% 5;7;62 x,y) = exp(By/a) -oF1k { (ij) ;azx] , (3.8)
and
llm H, k(% g;g;ax7y) =exp(By/a) - exp(a’z/v). (3.9)

Proof. We have

Z (6)nkx y lim (OC)men,lc

M . . 2 —
ah~>n‘olo H97k(a7677’ $/OZ 704y) 'Y)m X m|n' 300 (0)2.m_.” )

m,n=0

Since we have

lim (a)m ko _ o @ (@tk) (@+2k) (ot (2m—n)—1)k)

=1,
a—o0 (Oc)

a—oo (Y « « «

hence, we can write

i s/ o) = 30 Om V[ ] e 09 )

a ot (V) e min!
which the desired result (3.1).
Similarly, we write
lim Hg (o, B;v;2; %) = ———————— lim - F—H a,—vry) =H YT, Y),
Aim - Ho k(v B;y 5) mzn::o (7) m,n, Aim (ﬂ) 10,k(a, =37 73y) = Hio k(s 75 2,9)

which produces (3.2),
and

m, n

a)men,k (6)77,,}9 (’Y £C) Y
(v)mykm!n!

hm Hy (o, B;v; vz y) = hm Z

m,n=0

)

= (@gpmn g By 2™y" " = (Vo g (B 2™y"

m!n! Y=o (V) mk m!n!

m,n=0 m,n=0

Since we have

2 () (e (s
m—n,k — m 2mk —n,k — 2 : 2 :
(@)2m—n,k = (@)2m, k(¢ + 2mk) _p k U —a— 2mhins ;

hence, we obtain

, AT (1) (5),0 (555 (B YT
vlgrolo Ho (o, ;73 9w39) = Z (k—a-— 2mk)n7k m!n!

(5.k), (2%, k) ;4m:| ~1F1,k~[ (8. 5) (=D gl

= 2Fok (k — o — 2mk, k)
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which gives (3.3).
Also, we can write

I - 2 my\n oo m, n o
. O o (D Bl ED" " (Bl 25" (St
lim Ho (2, 8;7;e e, y/e) = lim > = lim ;0 (V) s il (

m,n=0

R G L o I Y LA
N -

(r\/)m,k min! e—0 (%)27”*"

2m —
i)mn

(V) e min! o0

m,n=0

thus proving (3.4).
Similarly, we can write

: B
lim Ho(o 2352, e) = im Y (Do () 2™ ()" 3 @amne Y (D
e—0 9,k 75777 €Y e—0 (’}/) mln! ('Y) min! =0 (i)n
m,n=0 m,k o0 ok Z
n B
[0} _ ™ [3 (7)
Z ( )2m n,k '(' Y) i Sﬁn, _ 1.x(0sy; @, BYy),
=0 (V)i MmN Jm 2 H

thereby giving (3.5). Using the same technique we can prove (3.6), (3.7), (3.8) and (3.9) in a similar
fashion. O

Theorem 3.2. The following limit formulas for Hg j hold good:

lim lim Ho (o, B;y;z/a”, ay/B) = exp(y) - OFM[ (Jk) x:| (3.10)

a—o0 B—oo

lim  lim Ho(a, 8;7;72/0”, ay) = exp(z) - 1Fo,k-[ (ﬂ’_k) ;y]7 (3.11)

a—00 Y—00

lim lim Ho (o, B;7;v2,y/8)

B—o0 y—0o0

o o 3.12)
(3.8), (2£5,0) - (
_ 2 ) 2 . . S
= 2Fo N sdz| - oF1k (k — o — 2mik, k) (D7 y,
and
lim lim lim Ho (o, B;v;vz/o®, ay/B) = exp(z) - exp(y). (3.13)
a—00 =00 Y00
Proof. The proof of this theorem is parallel to that of the Theorem 3.1. O

4 Integral representations

In this section,we establish several integral representations of the k- Horn’s hypergeometric function
Hgy)g.

Theorem 4.1. The following integral representations of the k- Horn’s hypergeometric function Hg j
hold true:

Hox(c, B5vi2,y) = E/mlt%*lexp(*t) oFm[ Y x} '1F0k|: (B, k) ;y/kt} dt,
’ Fk(a) 0 ’ (’77]6) ’ -
(4.1)
EE-D e s
Hy i (a, B;7;2,y) = 7/ tF " exp(—t) Hiox(o;v; @, k t y) dt, (4.2)
Fk(ﬂ) 0
Ho (o, B;7; 2, y)
8
A (2.k), (22 k)
== Lx —t) oF 2:7) LT By
L, 0 [ (k) e (4.3)

-k
OFl,k|: (k — o — 2mk, k) ;(—1) kty} dt,
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and

1 exep(— (5.k), (255 k) (1)
/0 t°7 exp(—pt) 2F1k (. k) ;dz| X oF1 (k— o — 2mk, k) (=) " kty|dt

_ %’E;{j) Hoy (a0, ks;v;z,y/p). (4.4)

Proof. Using the integral formula of k-Pochhammer’s symbol (&)2m—n,r in the definition of the k-
Horn’s hypergeometric function Hg x, we can write

m, n

> (a)2m7n,k(6)n7}gx Yy
Z (V) !

oo (/6)n’kl,mynk%+2mfn—l

1 * & 4+2m—n—1
= — tk exp(—t
Li(e) /0 p(=1) Z (V) 0!

m,n=0

Ho (o, B57v52,y) =

m,n=0

dt

REL gt t) oF
= T(Oé) ) exp(— ) 01,k
which is the required result of (4.1).
Also using the integral formula of the k- Pochhammer symbol (3)n,% in the definition of the k-Horn’s
hypergeometric function Ho x, we can write

o K z] 1Fo,k[ (8, k) ;y/k:t] d,

oo Bin—1
1 0o 5 - (a)2 ok xrn yn kk‘+n
H ) = L oxp(—t m-n, dt
9,k (a7 57 v, y) /Bk (a) ‘/0 exp( ) m;:() ('y)m km'n'

k%71 [eS)

~ThB) Jo

thereby proving (4.2). The proof of (4.3) is parallel to (4.2).
From (4.3), we can obtain the equality

o0 a atk
/ t° L exp(—pt) oF1 [ (5:k). (23%.K) ;43:} X
0

(v, k)
— 1\ _ Eklg(ks) o
OFl,Ic |: (k*Othmk,k) a( 1) ]Cty:| dt = WHQ,k(aka7'77xvy/p)a

8
trt exp(—t) Hiok(a;v; 2z, k ty) di.

which can be regarded as the Laplace transform
LW = [ e s
0

or, the Mellin transform

M{f(t) : s} = /Om 1 p ()t

o atk
of the functions ¢! 3Fy { (z’k)(ly(k)Z k) ;44 - oFun {
a atk
and exp(—pt) 2F1Jc[ (Q’k)(zy(kg 7k)

(k—o—oamk k) DR y}

. . - (—1)"F
74:1}:| 0F171€|: (k—a—2mk,k) ,( 1) kty]. O

5 Differentiation formulas
In this section we give formulas for the differentiation of the k- Horn’s hypergeometric function Ho .

Theorem 5.1. The following derivative formulas for Hg r hold true:

(a)ZT,k
('Y)Tyk

D[ Hox(o, B;v52,9) | = Ho i (o + 27k, ;v + rk; z,y), (5.1)
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_ 1\~ Tk
(S RGPy Ho k(o =7k, B+ rk;v; 2, y), (5.2)

rk

and

(©ar—e 1 Bse

&) Hy i (a + 2rk — sk, B + sk;vy + rk; z,y). (5.3)
Y rk

DU [ Ho k(o Bivsa,y) | =

Proof. Differentiating (2.1) with respect to z yields

o Ao — — (Q)men,k(ﬁ)n,k m—1 n
DI[ Hg,k(()é7 ﬁv V3T, y) } = m;:(] ma)

= Ho r (o + 2k, 857 + k2, y).
Wy a il M oA )

_ i (a)2m+27n,k(6)n,kmm, n (a)Q,k
m,n=0

Repeating this process, we obtain

(a)Qr,k

H9,k(a + 27’]6, 57 v + Tk; Z, y):
(V)T,k

D[ Hok(a, B5v;2,y) | =

which is the desired result (5.1).
Differentiating (2.1) with respect to y yields

o (@B

Dy[Ho (o, B5v;2,y) ] = Z M), pml(n—1)!

m,n=0
(@ 1sBusrh m
= X Y = @)k Bk Hos(a— b 54K 2,0).
m,n=0 m,k o

Repeating this process, we obtain
Dy[ Ho x(a, B;7i2,y) | = (@) —rk(B)rk Hok(a — 1k, B + 1k 3 2, y)
_ DB
(k— a)r,k
which is the desired result (5.2).

Also differentiating (2.1) with respect to  and y, then repeating differentiation with respect to = and
y of orders 7, s respectively and making some simple calculation yields (5.3).

Hy (o — vk, B+ rk; v, 2,7)

O
Theorem 5.2. The following derivative formulas for (2.1) hold true:
B8
oo B (B+nk),, yr*
Dyly* """ Hox(a, Biyia,y) | = k—rk Ho k(o B+ 1k, 7;6;2,y), (5.4)
and . 5
%o (=1)" (k=7),, z* "}
Dyt~ Hog(a, B;viw,9) | = - Ho i (o, By — ks 2, y). (5.5)

k"

Proof. Multiplying (2.1) by y%""'_1 and taking the derivative of order r with respect to y, we have

T £+r—1 . _ T £+r—1 - (a)2m7n,k(6)n,k m_n
Dyly™ "™ Holo fiyimy) | = Dy[yF ¥ 3 —Zmrmta™y" |
m,n=0 m,
_ i (a)men,k(ﬁ)n,k(%+n)7‘xmy%+n—1
oo (V) pmIn! ’
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Since we have

B8 B+ nk)’r,k
(E +n)r = e (5.6)
Then we obtain
r £+r—1 . o = (a)2m nk(ﬁ)nk(6+nk)rk m é+n 1
Dy[yk Hg,k(a’57 ’vavy)} - m;:() kT ( ) km|n' y
8
51 o (Do BHTR) i o (BHnE),, Y
= @yt 30 DomcndlO By Ot VT g i1,
m,n=0 m,k o
Thus, we obtain (5.4).
Multiplying (2.1) by z% ! and taking the derivative of order r with to z, we can write
rr Y J_ > (Q)men,k:(ﬂ)n,k m_ n
Dife® ™" Hox(a, B;viw,y) | = Dyl a® Z ) omit Y ]
m,n=0 m,k
> (a)2m nk(lﬁ)’nk im—r—1 n
=2 it T v
P P e e
Since we have,
~ (v+mk)_,.
(E +m)-r = T (5.7)
Then we obtain
Drlet Hastapirin) | = 3 kOt ey
“ SR s o 0(7 7+mk) P pmin!
R @ik Bk vamrr (D (=), @
= T A T = Hy (o, ;7 — vk 2,y)
m;:O () ke (v = 1K), ymint kr (
which gives (5.5). O

6 Infinite sums

In this section we give some infinite sums formulas for the k- Horn’s hypergeometric function Hg .

Theorem 6.1. For |t| < 1, the infinite summation formulas for the k- Horn’s hypergeometric function
Hy 1. hold true:

Z( )Tk t" Hoi(a + 7k, B;v;2,y) = (1*“)7% Ho 1 (v, B; %WJJ( — kt)) (6.1)

and
(,3)% s
Z t" Hox(a, B+ rk;v;w,y) = (1 — kt)” F How( a, 875,
r=0
Proof. Using the fact that

(1%’“) ). (6.2)

_a = (a)rk T
(1—kt) % = T

r=0
We can write

_a T > (a) nz—nA'(/B)n m n —E4+n—2m
(U= k)% Ho(on iy e vl —k0) = 3 —R i ay" (1 —kt) £
- m,k s

m,n=0

i (a)men,k(a + (2m B n)k)r,k(ﬁ)n,k LEmyntk — i (a)r,k r i (a + Tk)2m7n,k (B)R,k m

t
(V) g, Tmin! 7! (V) . min!

r,m,n=0 r=0 m,n=0

:Z (a)Tk t" Ho x(a + 7k, B;7; 2, 9),

r=0
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which proves the desired result (6.1).
Also we can write

> (Do (B)ni ey (1= kt)"FT

_B Yy
1—-kt)"* H Ho'H
( ) 9,76( , 67 V3T (V)m"k min

(l—kt)):

m,n=0

i (a)szn,)c(ﬂ)n,k(ﬁ'i'nk)ﬁk :Umyntr . s (Bjr,k " i (a)men,k(ﬂ_'_rk)n,k myn

(V) g, Tmin! (V) . min!

r,m,n=0 m,n=0

() .
=> Tk t" Ho k(o B +rk;v; 2, y).
r=0 '
which proves (6.2). O

7 Recursion formulas for the k- Horn’s function Hy

In this section we present some recursion relations for the k- Horn’s function Hy i, let us start with
the following theorem.

Theorem 7.1. Forn € N and v # 0,—1,—2,...., the following recursion formulas for the k- Horn’s
function Hg 1, hold:

2kz <
How(a+n, B;v;2,y) = How(a, By v; 2,y) + - > (a4 r)Hok(a+r+ 1,87+ 1;2,y)

T (7.1)
-B kyZHg ka_:;r__l)z(f::j’; y),a7£1—r,a7é2—r,r eN,
and
Ho 1 (v =, B;7i2,y) = How(a, 85732, 9) — 21«793 zn: (a—r—1DHop(a—r+2,87+Lz,y)
! (7.2)

Hox(a—7—1,8+1;7;2,y)
+Bkyz Oé*?")(afrfl) 705#7‘7&3&"""'1,7”61\].

Proof. Applying the transformation formula (a41)2m—n,k = (@)2m—n,k( 1+M )in the definition
of the k- Horn’s function Hy ; , we get the contiguous formula:

2k(a+ 1)x
Hy x(a+1,8;v;2,y) = Hox(a, B;7; 2, y) + 2klat e

Ho (o — 1,84 1;7;1,9)
a(a—1)

Hg,k(a + 27/877 + 17$7y)
(7.3)

—B ky Y F#0,a# 0, # 1.

Calculating the function Hg j with the parameter o + n by (7.3) for n times, we obtain the required
result (7.1). Replacing a by a — 1 in (7.3), we get

2ka

x
Ho i (o — 1, 8;7;%,y) = Hox(a, 877, y) — Hox(a+ 1,67+ 1;2,9)

How(a—2,8+1;7;7,9)
(a—1)(a—2)

Calculating the function Hg j with the parameter o —n by (7.4) for n times, obtain the required result
(7.2). O

(7.4)

+B8 ky Y F 0 aFlLa#2

Theorem 7.2. For a # 1 the following recursion relations hold good for the k- Horn’s function Hg i :

k n
Ho (o, 8+ n;y32,y) = Ho k(o 8575 2,9) + aifl > Hok(a—1,8+7;7;2,y) (7.5)
r=1
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and
k n
Ho k(o B — 5732, y) = Hok(a, B57;2,9) — af_yl > Hor(a—1,8—r+1Ly;z,y). (7.6)
r=1

Proof. Applying the transformation formula (8 + 1)nx = (B)nk(1l + %) in the definition of the
extension of the k- Horn’s function Hyg 1, we get the contiguous formula:

k
Ho x(a, B+ Liy;2,y) = Ho k(o B3 2,9) + T_yl Ho k(o — 1,8+ 1;72,9). (7.7)

Calculating the function Hg j with the parameter 3 + n by (7.7) for n times, we obtain the required
result (7.5). Replacing 8 by 8 — 1 in (7.7), we get

k
Ho x(o, 8 — Liyi2,y) = Ho(a, 85732, 9) — T_yl Ho k(o — 1,872, 9). (7.8)

Calculating the function Hg  with the parameter 8 — n by (7.8) for (7.6) n times, we obtain the
required result. OJ

Theorem 7.3. The k- Horn’s hypergeometric function Hg i satisfies the identity:
Ho r(a, 857 — ny2,y) = Ho k(e B; 732, 9)

“Hox(a+2,8;7—r+2a,y (7.9)
+a(o¢+1)kmz Qk((vir)(wir+1) )77757“—1,W757“7T€N»
r=1

and
Ho i (o, 857 + n;x,y) = Ho i (o, B;7; 7, y)

““Hyi(a+2,6;y+r+1;z,y) (7.10)
a+1)k g : y#E-—ry#F1 - N.
a( ) xv‘*l (fy T)() r ]-) ’ n nr <

Proof. From the relation
1 1 mk

(Y =Dmr Mmr (=D mp’

we can write
Ho k(o 857 — Liw,y) = How(a, 85737, y)

0k 7.11
et DRT g 02, 8y + L)y £ 0,1 (7.11)
(y=1v

Tterating this method on Hy j with the parameter v — n for n times, we obtain (7.9). Replacing v by
v+ 1in (7.11), we obtain

Hoy (o, B;7 + L z,y) = Ho (e, B;7; %, y)

ala+1)kx (7.12)
-————— H 27 ) 21 ) ) 07_1
SO D) ok(a+2, 8,74+ 2;2,9),7 #

Similarly iterating this method on Hy ; with the parameter v + n for n times, we obtain (7.10). O

8 Laplace, Mellin and Fractional Fourier Transforms

In this section we obtain the Laplace, Mellin and Fractional Fourier transforms of Hg ;. Before em-
barking upon that mission we find it very pertinent to remark here that the second author has recently
given the most versatile generalization of the celebrated Laplace transform and its numerous other
variants that are available in the mathematics research literature by the name Upadhyaya transform
(see, Upadhyaya [17] and Upadhyaya et al. [18]). Thus the expressions for the Laplace transform of
the function Hog i that we give below can also more efficiently be dealt with by taking the Upadhyaya
transform of the function Hy x, which can be a further interesting direction of research in this field.
Now we give below three theorems, one for each about the Laplace, Mellin and Fractional Fourier
transforms of Hg .
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Theorem 8.1. The Laplace transform of Hg i is as follows :

a_q o 1 _ kTy(a) (%,k) , ( —a;k,kz) ,(a, k) 4Aw

£{z* " Ho (e, B;v;wz,y) : s} = = 3P & F T

(5 Hox (o i) o) = LG [ 2y = o
(B, k)

1P [ (k — a — 2mk, k) D y} '

Proof. Taking the Laplace transform (see, (1.4)) of the function z% ~! Hg 1 (a, 8; v; wz, y) with respect
to the parameter s, we have

. o 2 (@ (B g (wm) "y
L{z*¥ " Hy (e, B;7;w,9) : 5 :/ xk leT® Ul LA dz.
{ ( )ish= | [ m;:O () el ]
Putting sz = u, do = dS“,J::O,uanndwzoo,uzoo,weget
o > 1 ® L ayme ()2 1 (B) 0™ y"
£ a 1 H L. . _ _ w, Gt+m 1d m—n, n,
{z ok(a, B;y;wa,y) « s} m;:o Lk+m (/0 e u u (), it
_ 1 i (a)Qm—n,k(ﬂ)n,kF (% + m) w™y"
sk 8™ (Y)  pmiIN! ’

m,n=0
Since we have

(_1)—nk 22m (%)m,k (QTM)m,k

m—n,k — m 2mk —n,k = )
(W2m—nk = (@)2m k(@ + 2mk) —p == 2mk)un

and a at+mk
—4+m)=k'""% Ti(a+mk),

k

I

Then, we can write

k Fk(a) i (a)men,k(IB)nyk (a)ch wmyn
(ks) (ks)™ (7),, pminl

£{2F 7 Hy (0, B s wm,y) : s} =
m,n=0
e 5 A D () (5D @i 0
 (ks) )™ (N s (& — 0 — 2mhk),, , min!

S

e

m,n=0

_ kTk(a) (5.k), (=5, k), (a, k) 4w (B, k) ok
| (. B) ) R U I
which is the desired result of (8.1). O

Theorem 8.2. The Mellin transform of Ho 1, is as follows :

M{e " Hok(a, B;v;wz,y) : s}

_ kTk(ks) (2,k), (2tE k), (ks, k) 4w (B k) . —k

T ks bk (v, k) Tk X 1Lk (k— a—2mk, k) =Dy
Proof. Taking the Mellin transform (see, (1.5)) of the function e™* Hy x(«, 5;v; wx,y) with respect
to the parameter s, we have

oo a ﬁ WMy co
M{e™ Hok(a, B;v;wz,y) : s} = Z ( )2m7n’k ( )n’k 4 / e T ™ de
0

In!
oo (’y)m,km.n.

)

B i 4m (—1)7"k ($) i (HT“C)M(/B)”& (s +m) w™y"
et (Ve (k== 2mk),, | mln!
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From the relation
L(s+m)=k'""™ Ty(ks+ mk),

we can write

kTi(ks) <= 47 (D7 (8),,, (*F5), (), 4 (ks),, 0 0™y"

M{e™ Hox(a, By yiwa,y) s} = = mzn::() 7 () (F— a— 2mk),,  min]
 kTy(ks) (2,k), (2£E k), (ks, k) 4w (8, k) ek
=g o (7, k) ) B em o amk ) DY)

which proves (8.2). O

Theorem 8.3. The Fractional Fourier transform of Hg 1, of order v for x < 0 is given by:

1

I k), (R k), (k k) —4 (iwb
So[ How(o, B;vim,y) | = (iw?) ™ aFip | V2 ) (%5 k) (k) A (wy)

; X
(7, k) k } (8.3)

1F1,k{ (k,ﬁg)mk,k) (=D y}'

Proof. Since we have

Ho 4(0, 8 ) i (O gpmpie B 2™y i 4™ (1) (G) 0 (5 (B 2"
(0% M - xr = =
.6\ P s Y L () et e (Vi (k= a —2mk), , min!

taking the Fractional Fourier transform (see, (1.6)) of (8.4), we have

o gm (1) "k (2 atk m 1
So[Hok(a, Bivimy) ] = U B 5 s e ¥ /0 e

Do (k= — 2mk),, , min!

m,n=0 S}
Putting t = fiw%x, dt = fiw%dm, r=—00,t=o00and r =0,t=0, we get
A (=) (9), (B LBy t dt
(\}v Hg,k(avﬂ; v $,y) = ok mk : / e_t (_ )m
oo m —nk [« a n m\—(m —mtl
A (=) 7T(G) 0 (B (B v (=D (@) T ()T Tm+ 1)

-

m,n=0

(v)m’k (k—a— ka)n’k m!n!

From the relation
Dim+1)=k'"™ Tr(k+mk),
we can write

m+1

x4 (“)7T(E),, () (R), (8, v (=)™ ()T ()

1 (8:4)

m,n=0
1. —1
s % -1 %’k)7(aT+k7k)7(k7k) 74 (Zw;) (57k) L(_1\Fk
_(lw ) JFl,Ic (%k) 3 A X 1F1J€ (k—a—2mk:,k) 7( 1) yl-

which establishes (8.3).
Special case: For v = 1 the result shows the conventional Fourier transform

S Hoi(a, B5v;2,9) | = (iaI)_l 3F1k { (%7]{) ’ ( ﬁsk) > (k. k) ;7_4 (wa }

X IF“‘[ (k—a(/igznk,k) D y]
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9 Double Laplace and double Mellin transforms

In this section we investigate the double Laplace and double Mellin transforms of Hyg ;. We mention
that the double Laplace transform is a special case of the more general double Upadhyaya transform
introduced by the second author in 2019 (see, Upadhyaya [17] and Upadhyaya et al. [18]), therefore,
the results of this section can also be further explored from the view point of the Double Upadhyaya
transform, which is an interesting open problem for further research in this direction. For the results
pertaining to the double Laplace and double Mellin transforms of the function Hg i we prove the
following two theorems:

Theorem 9.1. The double Laplace transform of the k- Horn’s function Ho i is as follows :

a 2 o atk
£t B i) ) = EEHODD [ (30 (P50 (00 e

(kr) % (ks)® (7, k) " kr o)
F (B, (0,k)  (=)7"p '
LR (k—a—2mk,k) 0 ks :

Proof. Taking the double Laplace transform (see, (1.7)) of the function x%_ly%_l Hy . (a, B;v; wz, py)
we have,

a _ b _
Lo{ 2% 'y* T Hok(a, B; v wa, py)

oo o B B wm T o0 o N oo )
_ ( )2m n,k ( )n,k p { ( mz-%—?n—le—Tzdx )( y%‘FTL—le_L"ydy) }
( In!
0 Y emin! 0 0
Puttingm::u,d:r:dT“,x:O,u:O,x:oo,u:ooandsy:z,dy:% y=02z2=0,y =00,

z = oo in the above relation we get,

a_q b_
Lo{ 2 yF T Ho k(e B s wa, py) }

[eS]

- > @amni D wmp"{ ( /Oo wk et gy )( /<><> SRl ) )
0

T 8" (), pmin! o

m,n=0

1 i (@ (B P(F +m)L(Z +n)w™p"
™8™ (), min!

m,n=0

_ K Tr(@)lx(b) i 4" (=17 (G), (O (B (@), (D), 00"

(kr) % (ks $ Bl (kr)™ (k)™ (V)i (B — @ —2mk),, , min!
_ k? T (a)Tx(b) P { (5,k), (225 k), (a, k) 4w
(k) (ks)® ’ (v, k) " kr
LR (k—a—2mk,k) 7 ks
which establishes the result of (9.1). O

Theorem 9.2. The double Mellin transform of Hg . is as follows :

My {e™ @) Hy (o, B;v;wz, py) : 7, 8}

_ K Dw(kr)T(ks) {(%,k),(%wk),(kr,k) dw
o . o 02)
Frp|  (BR) (ks k) wﬂ}

LR (k- a—2mk, k) k
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Proof. Taking the double Mellin transform (see, (1.8)) of the function e™@+¥) Hg 4 (a, B;7v; we, py)
w.r.t. the parameters r, s, we have

sz{ef(m+y) HQ,k(av /By V5 W, py) °T S}

= > (a)2min’k (ﬁ)n,k wmpn 00 r—1 —x _m e s—1 —y n
—m%::() (V) ! {(/0 T ez dx)(/o v le Vydy ) }

_ i A=) (9)k (58 1 (8)p T 4+ m) T(s + n) 0™ p"

m,n=0

('y)m’k (k—a-— 2mk)n’k min!

a atk

K Tw(kr)Di(ks) i ey (2)m,k (%3 )m,k(kr)myk(ﬁ)mk (O o (K)o ™ "
- krts fkmtn ('Y)m,k (k—a-— ka)n),c m!n!

m,n=0

:ﬁmwwmwﬁm{gwy@#MJMM.@

krts (v, k) Tk
F (ﬁvk)v(k57k) . (71)_kp
LR (k—a—2mk, k) 7T k& ‘
which proves (9.2). O

10 Fractional integration and k-Fractional differentiation

We investigate the fractional integration and k-fractional differentiation formulas of Hg j in this section.

Theorem 10.1. Let &, p,n € C with R(§) > 0. Then the fractional integration of the k- Horn’s function
Ho i is as follows:

19"~ Ho (e, ;75 2, y) |
:k_5 :L,fkifgfl Fk(P)Fk(p+nk—Qk) AP |: (%7k)7(aTMak)7(p7k) ) (P+77k—9k7k) “Ax
Li(p — ok) Tw(p +nk +&k) 7 (v,k), (p — ok, k) , (p+nk + &k, k) ’

1F1k (k:—a(ﬁ—vlz)mk,k) %(*1)7k y:|

(10.1)

Proof. From Saigo and Maeda [5] we have,

JSemnp A=l _ Al FTA+n—0)
o FA=olA+n+&)
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Then we can write

= (a)2 —n,k (B) sy o
IE e g m-—n, n, IE’Q’W F+m—1
[ o.k(a, B;v;2,y) ] = mznio (7)m,k min! 0,z [z ]
_ i (Oé)Qm—n,k(B)n,k y" [ £ gtm—1 D2 +m)T(2+n—o0+m) |
woto (W mint I(E - 9+m)T(§ +n+&+m)
m,n=0 (’y)m,k mlin! k- ﬂ Fk(p — .Qk + mk)
- P
PR L T ek mi)
R Lx(p) Tk(p +nk — ok)

Tro(p — 0k) Ti(p + nk + €k)
X AT ()T (8),0 0 (B, (0)k (0K = 0, (B) 2T Y
Vmr (0= 0K),y x (p+ 1k +EK),, 4 (K — a —2mk),, , min!
N Tik(p) Tr(p + nk — ok)
Ci(p — ok) Tr(p + nk + £K)

(5:5) . (*F5.K) (o k) (p+nk — ok, k)
XF{ (1K), (p— ok k) » (p+mk+ ek k)

(B, k) 1)
lFl’k{ (k — a—2mk, k) (=D

which gives the desired result of (10.1). O

Theorem 10.2. Let pu be a real number and 0 < p <X 1. Then the k-Fractional differentiation of the
k- Horn’s function Ho i is as follows:

PN
Dy[z* Ho (e, B;7:2,9) ]

DY S YTEY) (3.K), (=55 0), A+ ko k)
Te(l—p+AN) SF“[ (v, k), (1= i+ X k) 4z (10.2)
X1 (k—ofﬁl];)mk,k) ;(‘1)_%]

Proof. Applying the k-Fractional differentiation (see, (1.10)), we have

A d L, A
DY [a? Hopla, Biviz,y) ] = — (11" o® Hox(a, Biyia,y)]

dx
d L o @amn (Bni V" C Aim R
v mzn::() (1), ] [/0 tRET (- 1) ).
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Putting t = z2,dt =xdz,t =0,z=0and t =z, z = 1, we get

2
Dilz® Ho (o, 8575 2,9) ]

1 1—ptrtmk
d 1 2 (@ (ﬁ) K y" +m BT |
- = : & — 3
& as o - 2% d]
_ 5 (Wanon Ds Lopbhmb ) SRS B A 1)
T ETy( 1 — ) (V) e min!

m,n=0

_ loptddmk g _
(@) g (B (R )% Lyt D) D)

( 1—u+k/\+mk 41 )

T RTk( 1—#) Z

m,n=0 (’Y)myk r m!n!

— m 1—pdAdmk _ m
(@) g (B) e (FHFE2E) % Dyt D( k) T( Atk )

1
SR 2,

— A tmk —ptAtmk
(V) (2R ) D720 ) min!

= S Danons Ol TR e B S D () Te(A ikt k)
kTk(l—p) 4= Vs BT 0L = g+ A+ mk ) min!
I (At k) i A" (1) (8) 0k (T AR (B, @™ "
krk( 1- #‘+ /\ m,n=0 ’y)m,k (1 - :U‘+ )‘)m,k (k —a— ka)n,k m!n!
l-pt+A g - -
Az ok rk(A)SFM (3,k), (45 k), (A + kK, k) Az x
krk(lfru+>‘) (77k)7(1_ﬂ+)‘7k)
(8,k) ok
N N A AR
which proves (10.2). O

Special case: For k = 1 the result gives the fractional differentiation of the Horn’s hypergeometric
function Hy
D"[z* Hy(a, B;7; 2, y) ]
CAD(X) a a+1
D(1—p+A)

32( A+ Ly, l—p+Xdx) 1 Fi(B;1 —a—2m;—y).

11 Concluding remarks

In this paper we explored some interesting properties of the k- Horn’s hypergeometric function Hg s
which study can be extended to the other hypergeometric functions of this class.
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