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Abstract

Let G = (V (G), E(G)) be a graph with g edges. A function f is called harmonious labeling of graph
G iff:V—{0,1,2,...,g-1} is injective and the induced function f*: E — {0,1,2,...,q} defined as f*(uv) =
(f(u) + f(v))(mod q) is bijective. A graph which admits harmonious labeling is called harmonious
graph. In this paper we prove that the jewel graph, triangular ladder graph, special flower graph,
duplicating all the vertex of mKj, in P+mKy, T(P,) ® K¢, are harmonious graphs.

Keywords: Labeling, Jewel graph, Triangular ladder, Helm, Special flower graph, Harmonious
labeling.

1. INTRODUCTION

A labeling or valuation or numbering of a simple graph G is a one to one mapping from its vertex
(edges) into a set of integers which induces an assignment of labels to the edges (vertices) of G. For all
terminology and notations in graph theory we follow Harary [3]. In 1980, Graham and Sloane
suggested a new labeling known as Harmonious labeling [6]. In this paper we shall mean a simple
finite graph without isolated vertices. Let G be a graph with g edges is said to be Harmonious if there
is an injection f from the vertex set of G to {0,1,2,...,g-1} such that each edge (xy) is assigned the label
(f(x) + f(y))(modq), the resulting edge labels are distinct.

Definition: 1.1
The Jewel graph J, is a graph with vertex set V(Jn) = {u,x,v,y,ui/ 1<i<n} and the edge set E(Jn) = {ux, vXx,
uy, vy, Xy, Uu;, vui/1<i<n}
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Theorem: 1.1
The Jewel graph Jn is harmonious for n > 1.

Proof
Let J, be a (p,q) graph. Let the vertices set of Jewel graph is
V(In) = {ux,v,y,ui/1<i <n} and the edge setis E(Jn) = {ux,vx,uy,xy,uu;vui/1<i<nj}
Thus J, has n+4 vertices and 2n+5 edges.
Define f : V(Jn) — {0,1,2,...,g-1) as follows

f(u)=1
f(v) =0
fly)=g-1
f(x) =2

f(uj) = 2i+2, 1<i<n

Then the function f induces the function f* on E(Jn) as follows.

fuy) =0
f(xy) =1
f*(xv) =2
f*(ux) =3
f(vy) =g-1

f*(uu)) =2i+3,1<i<n
f*(vui) =2i+2,1<i<n
Thus the edge labels are distinct.
Hence J, is Harmonious, for n>1

Illustration: 1.1
Js4 is Harmonious

(48]
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Definition: 1.2

A triangular ladder TLy, n =2 is a graph obtained from a ladder L, by adding the edges uivi.1 for 1< i
<n-1, where u; and v;, 1<i < n are the vertices of Ly, such that uiu....u, and viv,...v, are two paths of
length n.

Theorem: 1.2
The triangular ladder TL, is Harmonious for all n.

Proof:
Let TL, be a (p,q) graph. Let u;,vi, 1<1i < n be the vertices of Ln. Join u; to Vii1, 1 <i <n-1. The resultant
graph is TLh.

The edge set is E(TLn) = {Uili+1, ViVis1, UiVis/1<1i <n-1} U {uivi/1<i <n}

Thus TL, has 2n vertices and 4n-3 edges.
Define f: V(TLn) — {0,1,2,...,g-1}as follows.
f(u) =2i,1<i<n
f(vi) =2i-1,1<i<n.

Then the function f induces the function f* on E(TL,) as follows.
f*(unvn) =2

f*(Unaun) =1

f*(Unavn) =0

f*(Uilis1) =4i+2,1<i<n-2

fr(vivis) =4i,1<i<n-1

ff(uivis1) =4i+1,1<i<n-2

f*(uivi) =4i-1,1<i<n-1

Clearly all the edge labels are distinct.
~ TL, is Harmonious.

Illustration: 1.2

TLsg is Harmonious

il & % 8§ 5 8B ¢ 16 9 20 11 24 13 28 15

Definition: 1.3
A special flower (F#,) is a graph obtained from a Helm H, by joining each pendant vertex to the
central vertex of the helm.

Theorem: 1.3
The special Flower graph F£» is Harmonious for all odd n.

[49]
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Proof:
Let w be the central vertex of Hn and vi,v»,...,va be the rim vertices of the cycle. Let vi',v2',...,vi' be the
pendant vertices attached with v;, i=1.2,..,n

Now V(F£n) = {W,V1,V3,...,Vn,V1'V2',...,Vn'} and
E(F£n) = {wvi/1<i<n} U{wvi{/1<i<n} U {vivi'/1<i<n} U {vivi:a/1<i<n, where vp=Vi}

Note that F£, has 2n+1 vertices and 4n edges.
Define f:V(G) — {0,1,2,...,q-1} as follows
f(w) =0
f(vi) = 2i-1,1<i<n
f(v2') = f(vn)+2
f(vis1") = f(vi)+2, 2<i <n, where vp+1' = Vi

Then the function f induces the function f* on E(F#y,) as follows.
f*(WVi) =vj, 1<i<n
f*(WVi') =v{, 1<i<n
f*(Vivis1) = 4i, 1<i<n-1
f*(vnv1) = 2n
f*(V1V1') =0
f*(vav2') = 2n+4
f*(vivi)) = [f(vi1via)+4](modg), 3<i<n

Clearly all the edge labels are distinct.
~ F#, is Harmonious for all odd n.

Illustration: 1.3
F¢s is Harmonious

I5™ 5

Theorem: 1.4
The graph G* obtained by duplicating all the vertex of mK; in P+ mKj is a Harmonious graph.

Proof:
The vertex set is V(P2+mKi) = {v1, V2, Y1, Y2, Y3, cevreene , Ym}, Where V(P2) = {vi,vo} and V(mK;) =
{yl,yZ,---,ym}

Now duplicating all the vertex of mKj in P,»+mK;

[50]
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The resulting graph is G* and whose vertex set is
V(G*) = {Vi,V2,Y1,Y2,....Ym, Y1, Y2's e, Yim'}

The edge set of G* is
E(G*) = {(vaiv2)U (Viy))/1<i <m} U {(vayi) Z1<i<m} U {(vayi) 71 <i<m} U {(v2yi') /1 <i<m}
Note that G* has 2(m+1) vertices and 4m+1 edges.

Define f: V(G) — {0,1,2,...,q-1} as follows.
f(v1) =0
f(v2) =1
fly) =2i,1<i<m
f(yi) =2(m+i), 1<i<m

Then the function f induces the function * on E(G*) as follows.
f*(viyi) = 2i, 1<i<m
f*(vayi) = 2i+1,1<i<m
f(viy1") = f(Viym)+2
fr(vayirt) = f(viyi)+2,1 <i<m-1
F(vayr) = f(voym) + 2
r(Vayin) = f(Vayi) + 2, 1<i<m-1
f*(V1V2) =1

Here all the edge labels are distinct.
-~ The graph G* is Harmonious.

Ilustration: 1.4
Harmonious labeling of duplicating of all the vertices of 5K; in P, +5K;

Theorem: 1.5
The graph G = T(Pn) ® Kn¢ is a Harmonious graph for all mand n

Proof:
The vertexset of Gis V(G) ={ui/ 1<i<nj U {vi/1<i<n-1} U{u;/ 1<i<n, 1<j<m} U {v;/ 1<i<n-
1,1<j<m}

The edge set of G is

E(G) = {(uitix1) 7/ 1 <i<n-1} U {(Vivis1) 7 1 <1 <n-2} U {(uivi) / 1 <1 £ n-1} U {(Vilix1) /7 1<i< n-1}
U{(uiug)/1<j<m, I<i<n} U {(vivy) / 1 <i<n-1, 1<j<m}

[51]



Dr. J. Devaraj & M. Teffilia/ On Harmonious Graphs

Then V(G) = 2n(m+1) - m-1
E(G) = 2n(m+2)-m-5

Define f:V(G) — {0,1,2,...,q-1} as follows
f(vi)=2i,1<i<n-1

f(u) =2i-1,1<i<n

f(Vr-1) = f(Vn2) + 0

f(Viien-11) = f(V(inn) +1, 1<i<n-2

f(Viieny) = f(Veinyg)+n-1,1<i<n-1,2<j<m
f(un) = f(Vim)+1

f(Ucieny1) = f(UGien+n1)+1, 1 <i<n-1
f(Ucimn+1)gry = FUisns))+Nn,1<i<n,1<j <m-1

Then the function f induces the function f* on E(G) as follows.
f*(ViVis1) = 4i+2, 1<i <n-2
f*(Uilis1) = 4i, 1<i<n-1
f*(uivi) = 4i-1, 1<i<n-1
f*(Uinvi) = 4i+l,1<i<n-1
f*(vivi1) = f(Vnaun)+1
A (Vis1Viisn1) = f(vivi) + 1, 1<i<n-2
f*(Vivig+y) = f(vivi)+(n-1),1<i<n-1,1<j<m-1
f*(U1U11) = f(VnaVp-ym)+1
f*(UiraUgs1)1) = FUiuin)+1, 1<i<n-1
f*(Uilig+1)) = (f(uiuj)+n)modq,1<i<n,1<j<m-1

Hence the edge labels are distinct.
-~ The graph is Harmonious.

Illustration: 1.5
T4®Ks¢ is Harmonious.
Vit Vi .5 Vo1 Vo Vo vy Y32
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