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Abstract This paper describes the theoretical analysis of unsteady non-linear con-
vection of magnetic field effect on Burgers’ fluid flow in the presence of Buongiorno nano
model. The flow is created by stretching the surface. Diffusion of thermal, concentration
levels and heat absorption/generation are examined. Suitable similarity transformations
are used to convert the nonlinear partial differential system into the nonlinear ordinary
differential system. The solutions of nonlinear systems are obtained from the convergent
approach. The profiles temperature, concentration and velocity are elaborated by various
physical flow parameters and these are investigated through the graphs. Local Nusselt
and Sherwood numbers numerical values are interpreted and discussed for various values
of physical parameters in the form of the table. In the following research we determine the
velocity, temperature, and concentration are extremely clear with the flow in non-linear
unsteady convection than in the non-linear steady convection and also observe that the
cooling process of non-linear unsteady convection is exceedingly beneficial.
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1 Introduction

The analysis of Nanofluids plays a major role in the research because the improvement of heat transfer
technique rate is needed for the industrial requirements. The reason behind the argument is that those
industrial manufacturing processes which need a higher rate of heat transfer, for them the normal heat
transfer techniques fail to yield the desired outcomes as per the industrial requirements. Nanofluids are
used for the progress of the physical properties particularly with regard to heat transfer. These fluids
are the combination of a base liquid and nanoparticles. Many researchers have studied the mixture
and the impact of liquid-solid for enhancing the heat transfer rate. Altiparmak and Turgut [1] found
out the numerical solution of Burgers’ fluid equation with the factorized diagonal calculation. Choi
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and Eastman [2] were the first to propose the word Nanofluid. They reported thermal conductivity
enhancement dramatically by scattering tiny sized solid particles in base liquids. Khan et al. [3]
investigated the fractional Burgers’ model in the viscoelastic fluid with an accelerated flow. The
unsteady flow of a viscoelastic fluid with fractional Burgers’ model was studied by Ali and Shah [4].
Shah and Ali [5] applied the fractional derivative technique to study the unsteady flows of a viscoelastic
fluid using Burgers’ model. Jamil and Fetecau [6] examined the exact solutions of a Burgers’ fluid over
a cylindrical domain of rotating flow.

The study of non-Newtonian fluids with boundary layer flows made by a constantly moving surface
is a great interest area of research for the researchers owing to their extensive attempts of concrete
applications in engineering and industry. In this aspect, the research has been going on for the past
many years due to the application of pharmaceutical, chemical, food and biological industries. Many
non-Newtonian fluids are used as industrial fluids such as polymers, ice creams, shampoos, paper pulp,
paints, ketchup, certain oils, colloidal fluids, cosmetic products etc. Khan et al. [7] analyzed the exact
solution for non-Newtonian fluid model of unsteady flow in motion of one the plates between couple of
sidewalls perpendicular to plate and found out this solution using the Fourier sine transforms. Liu et
al. [8] have discussed the thermal radiation and magnetic field effects influence on the Burgers’ fluid
flow in accelerating plate. Narayana and Sibanda [9] investigated two altered types of unsteady nano
liquids flow at stretching sheet. Dengke et al. [10] presented a fractional derivative based analysis of
the exact solutions for the non-Newtonian fluid model flow in an annular pipe. Xu et al. [11] studied
a thermal processing of unsteady film nano-fluid flow over an unsteady stretching sheet.

The occurrence of heat transfer takes place if there is variance in temperature between the components
or between the related bodies. This phenomenon is useful in industrial and technological procedures.
At present, the research is on Burgers’ fluid model because its application is involved in extensive
engineering and industrial applications, such as plastic manufacturing, thinning and annealing of copper
wires, drawing of the stretching sheet through the quiescent fluid and aerodynamic extrusion of the
plastic films etc. The famous Navier-Stokes equations are much more difficult in controlling the non-
Newtonian material flows. A distinct relation is not enough to depict the physical characteristics of all
non-Newtonian materials. Therefore, the following literature discusses different types of non-Newtonian
material relations. The Burgers’ expression has been studied comprehensively both numerically and
theoretically. The Burgers’ expression is a simple way to understand the important properties of
Navier-Stokes equations. Between these relations, Burgers’ fluid model [12] – [18] is the sub-class of
rate type fluids and it was proposed to expect the properties of retardation and relaxation time.

Recently, the researchers have been focusing on the study of magnetohydrodynamic flow persuading
heat transfer in different geometrical figures. The investigation of flow and heat transfer of the electri-
cally conducting fluids in numerous channels is of great theoretical interest because of its application
in astrophysical phenomena and a variety of geophysical situations. Seth and Mishra [19] investigated
the effects of thermal radiation and velocity slip of MHD nanofluid flow over the nonlinear stretching
sheet. Thumma et al. [20] presented the heat sink/source effects on MHD nanofluid flow from shrink-
ing/stretching sheet numerically. Nirmala et al. [21] analyzed the pressure and velocity of unsteady
magnetohydrodynamic flow among two parallel plates. Rashidi et al. [22] generalized the physical
characteristics of MHD Burgers’ fluid model flow. Nirmala et al. [23] investigated the heat and mass
transfer of MHD natural convection flow over the vertical surface in porous media. Adila et al. [24]
analyzed the boundary layer stagnation-point nanofluid flow with mixed convection over the vertical
shrinking/stretching surface.

Our aim here is to examine the characteristics of unsteady nonlinear convection in the MHD flow of
Burgers’ fluid over a stretching surface in the presence of Buongiorno nano model with the dissipation
effect. The Brownian motion and thermophoresis effects are also taken into consideration. The effects
of various parameters on fluid temperature, velocity and concentration are shown graphically. We hope
that our analysis will be useful for the purpose of various applications in this field and we also mention
that it gives an excellent agreement with the result of the previous studies.

2 Problem progresses

We study the time-dependent solutions of the equations governing the unsteady non-linear convection
in the magnetohydrodynamic flow of Burgers’ nanofluid and also consider the thermal effect and con-



572 P.H. Nirmala and A. Saila Kumari

centration effect stratifications with the generation or absorption of heat. Let Tw be the temperature
at a sheet and T∞ be the temperature away from the sheet. Similarly, let Cw be the concentrate at
the sheet and C∞be the concentrate away from the sheet.
Considering the stretching sheet velocity uw = ax

1−ct
, let a be the initial stretching rate and c be the

unsteadiness positive constant measuring the Brownian motion. The thermophoresis and dissipation
attributes are also taken into account. Here the stretching sheet is taken along the x− axis and
its normal along the y− axis. The governing equations of an incompressible Burgers’ fluid for two-
dimensional motion are

divV = 0 (2.1)

where V = V (u, v, w), w = 0, u = u(x, y), v = v(x, y)

dV

dt
=

1

ρ
divCT (2.2)

The Cauchy stress tensor (CT ) of Burgers’ fluid is

CT = −pI + ES (2.3)

and the extra stress tensor ES is

(

1 + t1
D

Dt
+ t2

D2

Dt2

)

ES = µ

(

1 + t3
D

Dt

)

A1 (2.4)

in which the operator D
Dt

denotes the upper convicted derivative defined by D
Dt

= ∂ai

∂t
+urai,r −ui,rai,

p is the pressure, the times relaxation and retardation parameters are t1and t3, the dynamic viscosity
parameter is µ and t2 is the Burgers’ fluid material parameter.
The Rivlin-Erickson tensor A1 is represented by

A1 = (∇V ) + (∇V )λ (2.5)

where λ is the matrix transpose, ∂ai

∂t
is defined as

∂ai

∂t
=

δai

δt
− urai,r + ui,rar (2.6)

The governing equations of the unsteady nonlinear Burgers’ fluid in the presence of magnetic field,
convection and dissipation, Brownian motion and thermophoresis attributes are taken into cosideration
in the energy equation.
Continuity

∂u

∂x
+

∂v

∂y
= 0 (2.7)
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(2.8)

Energy
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Concentration
∂C
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+ u
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∂C

∂y
=
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(
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(2.10)

The subjected flow model boundary conditions are

if y = 0 then u = Uw, v = 0, T = Tw, C = Cw;

if y → ∞ then u → 0, T → T∞, C → C∞.
(2.11)

where υ is the kinematic viscosity, TD = k
ρCp

thermal diffusivity, (DBr, DT ) the Brownian and ther-

mophoresis diffusion coefficient, k the thermal conductivity and Cp the specific heat.
The equations (2.7), (2.8), (2.9) and (2.10) are converted into dimensionless form by using the following
similarity variables

u = ax
1−ct

f1 (η) , v =
(

− aυ
1−ct

) 1

2

f (η) , η = y
(

a
υ(1−ct)

) 1

2

T = (Tw − T∞) θ (η) + T∞, C = (Cw − C∞)φ (η)
(2.12)

The continuity equation is satisfied and the other equations viz., momentum, energy and concentration
are in the following form

f iv =
(

1/
(

β2f
3 − β3f

))

[

Af ′ + 0.5Aηf ′′ + f ′2 − ff ′′ − β1f
2f ′′′ + 6β2f

2f ′f ′′′ −Mf ′

−f ′′′ − β3f
′′2 − S1 (θ +Nφ)− S2

(

θ2 +N2φ2
)

]

(2.13)

θ′′ = (0.5Pr ηAθ′ − Pr fθ′ − PrNbθ′φ′ − PrNtθ′2 − PrEcf ′′2) (2.14)

φ′′ =

(

0.5ηAScφ
′ − Scfφ

′ −
Nt

Nb
Scθ

′′

)

(2.15)

The transformed boundary conditions are as follows

f(0) = 0, f ′(0) = 1, θ(0) = 1, φ(0) = 1
f(∞) = 0, f ′(∞) = 0, θ(∞) = 0, φ(∞) = 0

(2.16)

where A is the unsteadiness parameter, M is the Magnetic parameter, (S1, S2, S3) is the buoyancy and
nonlinear convection parameter, N is the thermo buoyancy effect, (β1, β3) are Deborah numbers and
β2 is the viscoelastic fluid particle interaction parameter for temperature, Pr is the Prandtl number,
Nb is the Brownian motion parameter, Nt is the thermophoresis parameter, EC is the Eckert number.
The representations of the used parameters are:

A = c
a
,M =

σβ2

0
(1−ct)

aρ
, Rex = Uwx

υ
, EC =

U2

w

(Tw−T∞)Cp
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ρ
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α
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,
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υ
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2
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,
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βT (Tw−T∞)

, Grx = gβT (Tw−T∞)x3

υ2 , S1 = Grx
Re2x

, S2 = S1S3, S3 = βT (Tw−T∞)

β2

C

(2.17)

where Rex is the local Reynolds number and Grx is the local Grashoff number.
It observed that the results of the viscous fluid can be obtained by taking β1 = β2 = β3 = 0.
The heat and concentration rates are defined as follows:

Nux =
−x

(Tw − T0)

(

∂T

∂y

)

|y=0 (2.18)

Nux

/

Re0.5x = −θ1 (0) (2.19)

Shx =
−x

(Cw − C0)

(

∂C

∂y

)

|y=0 (2.20)

Shx

/

Re0.5x = −φ1 (0) (2.21)

Below we provide a consolidated complete list of the various symbols used by us in this work for a
ready reference of the interested reader:
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Nomenclature

a, Initial stretching rate;
A, unsteadiness parameter;
A1,Rivlin-Erickson tensor;
c, Unsteadiness positive constant measure;
C, Concentration;
Cw,Concentration at the wall;
C∞, Concentration at infinity;
CT ,Cauchy stress tensor;
Cp,Specific heat;
DBr, Brownian diffusion coefficient;
DT , thermophoresis diffusion coefficient;
EC ,the Eckert number;
ES ,Extra stress tensor;
g, Acceleration due to gravity;
Grx,Local Grashoff number ;
f , Dimensionless stream function;
k, Effective thermal conductivity;
N ,Buoyancy ratio;
Nb, Brownian motion parameter;

Nt,thermophoresis parameter;
Nu,Nusselt number;
M , Magnetic field;
p, Pressure;
Pr, Prandtl number;
Rex,Local Reynolds number;
(S1, S2, S3),Buoyancy and nonlinear convection

parameter;
Sh,Sherwood number;
t1, Time parameter relaxation;
t2, Time parameter retardation;
t3, Burgers’ fluid material parameter;
T , Temperature;
Tw,Temperature at the wall;
T∞, Temperature at infinity;
TD,Thermal diffusivity of porous medium;
u, velocity in the x− direction;
v, velocity in the y− direction.

Nomenclature Greek symbols

(β1, β3)Deborah number;
β2, Viscoelastic of fluid particle;
βC ,Coefficient of concentration expansion;
β, Coefficient of thermal expansion;
λ, The matrix transpose;
η, Independent similarity variable;
µ, The dynamic viscosity parameter;

υ, Kinematic viscosity of convective fluid;
θ, Dimensionless temperature;
φ , Dimensionless concentration;
ρ, Density of convective fluid;
σ, Electrical conductivity of the fluid;
β2
0 , Electromagnetic field.

Nomenclature Subscript

w, Condition at the wall; ∞, Condition at infinity.

3 Numerical, Graphical outcomes and discussion

The converted set of equations (2.13) to (2.15) are highly unsteady non-linear equations and subject
to a two-point boundary value problem. The equations (2.13) to (2.15) are solved numerically with
boundary conditions (2.16) using the shooting method in the MATLAB software. The flow and heat
transfer are analyzed graphically. The results of the present problem are understood based on the
tabular values and graphical representations. The previous publications [14,16,17] and [12] studied the
Burgers’ fluid in a steady flow, while in the present paper we analyze the Burgers’ fluid in unsteady flow
in the presence of magnetic field. The accuracy of the numerical computations of this study of ours is
repetitively confirmed with previous publications [12–16] and [17], which is the strength of this work.
We further compare below the unsteady non-linear flow with the steady non-linear flow graphically.
Table 1 (Fig. 1) and Table 2 ( Fig. 2) show the comparison of unsteady and steady non-linear Burgers’
fluid flow in the presence of magnetic field. In Table 1 ( Fig. 1) numerically we observe the Nusselt
number (denoted by the word ‘Nur’) and skin friction variation. We can also analyze the flow and the
time taken for execution in seconds. The time taken for the execution in unsteady flow is less than the
steady flow, which means that the flow is very smooth and numerically accurate in unsteady flow than
in the steady flow. In the same way, we present the comparison of the numerical values of skin friction
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Fig. 1: Table1: Distinction of friction factor and Nusselt number in un-
steady (A = 1) and steady (A = 0) non-linear flow.

and Sherwood number (denoted by the word ‘shr’) in Table 2 (Fig. 2) and observe that the steady flow
of skin friction and concentration is more than the unsteady flow and it takes more time.

Our primary goal, in this article, is to examine the characteristics of various sundry parameters on
temperature, velocity and concentration distributions in the presence of magnetic field. This goal is
achieved here by plotting the reults in Figs. 3 – 17. The influence of magnetic field parameter M of
unsteady non-linear Burgers’ fluid on f ′ (η), θ (η), φ (η) are explored in the Figs. 3 – 5. It shows that
the larger values of M cause a decrease in the dimensionless velocity (f ′ (η)) and rise in the temperature
and concentration. Consequently the Lorentz force exists and the impact of magnetic field on velocity,
both in the unsteady and the steady flows can be seen. Thermal boundary layer is enhanced for larger
value of M . But we observe that the flow is very smooth, accurate and consumes less time for execution
in unsteady flow than in the steady flow.

Figs. 6, 7 and 8 illustrate the influence of the Brownian motion parameter Nb on f ′ (η), θ (η), φ (η).
We see that the thermal boundary layer, temperature and concentration are enhanced for the higher
value of Nb and an exactly opposite trend is observed for the velocity.

The investigation for the effect of thermophoresis parameter Nt is shown in Figs. 9, 10 and 11.
Generally, thermophoresis is a mechanism of pulling little particles far away from the hot surface to a
reserved one. The temperature distribution enhances and the behavior of velocity and concentration
are opposite for higher values of thermophoresis parameter. Based on the graphs, we observe that the
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Fig. 2: Table 2: Distinction of friction factor and Sherwood number in
unsteady and steady non-linear flow.

error free values and behavior of fluid at boundary layer are in good agreement with the unsteady flow
than in the steady flow.

Figs. 12, 13 and 14 illustrate the buoyancy effect on f ′ (η), θ (η), φ (η) fields. Clearly, we see that
the heat and mass transfer rates raise and depreciate at the velocity field. The analysis of the effect
of Eckert number parameter EC on temperature field is displayed in the Fig. 15. Subsequently, the
temperature and boundary layer are boosted for larger EC .

The characteristic of the Deborah number β1 on velocity, temperature, and concentration fields are
explored in Figs. 16, 17 and 18. Fig. 19 and 20 illustrate the characteristics of Schmidt number on
temperature and concentration field. Thermal distribution is very accurate with smooth fluid flow in
the unsteady flow than that in the steady flow. The same way more flow fluctuations SC are seen in
the concentration field in the steady flow, but in unsteady flow, the fluid flow is very smooth and values
are accurate. Similar features are found existing at the temperature field in a steady flow and unsteady
flow with a proper fluid flow.

Theoretically, the influence of A = 1 value improves the thermal boundary layer and the temperature
distribution in the flow and velocity boundary layer are reduced compared to (A = 0) . Therefore, the
fluid flow in the unsteady flow condition (A = 1) is proper, smooth with an accurate value better than
the steady flow (A = 0).
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4 Conclusion

In the mainstream of the science, engineering and industrial process, convection is non-linear. It has
various applications such as high surface area, stability and electron mobility. In an assessment of this
in the present analysis, we compared the Burgers’ fluid flow in unsteady and steady convection in the
presence of magnetic field. The computational results for no dimensional velocity, temperature, and
concentration profiles are offered through graphs in the following casesA = 0 and A = 1. Moreover, the
numerical values of heat transfer and friction factor are compared in non-linear unsteady and steady
flows over a stretching sheet. Similarly the numerical values of mass transfer and friction factor are
calculated for the non-linear unsteady and the steady flows and they are tabulated numerically for
various physical parameters obtained. The highlights of this analysis are:

• The thermophoresis and Brownian motion parameter are to be separate for the different particles
in the field flow friction, we can highlight this in unsteady flow to control the flow.

• The time in use for the execution in the presence of non-linear unsteady convection is very less
compared to non-linear steady convection fluid flow.

• The velocity, temperature, and concentration are extremely clear with the flow in non-linear
unsteady convection than in the non-linear steady convection. With this, we determine that the
cooling process of non-linear unsteady convection is exceedingly beneficial.

• The heat transfer, skin friction, and mass transfer rate are found extremely minor in non-linear
unsteady convection compared to the non-linear steady convection.

 

Fig. 3: Effect of the Magnetic field M on temperature profiles θ (η) when
Pr = 0.3,M = 0.5, A = 0.2, β1 = β2 = β3 = 0.2, t1 = t2 = 0.2, Nt =
0.1, Nb = 0.3, Ec = 0.01, Sc = 0.3 and N = 2 are fixed.
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Fig. 4: Effect of the Magnetic field M on temperature profiles θ (η) when
Pr = 0.3,M = 0.5, A = 0.2, β1 = β2 = β3 = 0.2, t1 = t2 = 0.2, Nt =
0.1, Nb = 0.3, Ec = 0.01, Sc = 0.3 and N = 2 are fixed.
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[1] Altiparmak, Kemal and Turgut, Özis (2011), Numerical solution of Burgers’ equation with factor-
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Fig. 11: Effect of the Nton temperature profile φ (η) with the following
fixed values Pr = 0.2,M = 0.5, A = 0.2, β1 = β3 = 0.2, β2 = 0.3, t1 = t2 =
0.2, Nt = 0.1, Nb = 0.3, Ec = 0.01, Sc = 0.3 and N = 2.

 

Fig. 12: Effect of the N on velocity profile f1 (η) with the following fixed
values Pr = 0.3,M = 0.5, A = 0.2, β1 = β3 = 0.1, β2 = 0.2, t1 = t2 =
0.2, Nt = 0.1, Nb = 0.3, Ec = 0.01, Sc = 0.3 and N = 2.

 

Fig. 13: Effect of the N on temperature profile θ (η) with the following
fixed values Pr = 0.3,M = 0.5, A = 0.2, β1 = β3 = 0.1, β2 = 0.2, t1 = t2 =
0.2, Nt = 0.1, Nb = 0.3, Ec = 0.01, Sc = 0.3 and N = 2.
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Fig. 14: Effect of the N on temperature profile θ (η) with the following
fixed values Pr = 0.3,M = 0.5, A = 0.2, β1 = β3 = 0.1, β2 = 0.2, t1 = t2 =
0.2, Nt = 0.1, Nb = 0.3, Ec = 0.01, Sc = 0.3 and N = 2.

 

Fig. 15: Effect of the EC on temperature profile θ (η) with the following
fixed values Pr = 0.3,M = 0.5, A = 0.2, β1 = β3 = 0.2, β2 = 0.3, t1 = t2 =
0.2, Nt = 0.1, Nb = 0.3, Ec = 0.01, Sc = 0.3 and N = 2.

 

Fig. 16: Effect of the β1 on velocity profile f ′ (η) with the following fixed
values Pr = 0.3,M = 0.5, A = 0.2, β1 = β3 = 0.1, β2 = 0.2, t1 = t2 =
0.2, Nt = 0.1, Nb = 0.3, Ec = 0.01, Sc = 0.3 and N = 2.
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Fig. 17: Effect of the β1 on temperature profile θ (η) with the following
fixed values Pr = 0.3,M = 0.5, A = 0.2, β1 = β3 = 0.1, β2 = 0.2, t1 = t2 =
0.2, Nt = 0.1, Nb = 0.3, Ec = 0.01, Sc = 0.3 and N = 2.

 

Fig. 18: Effect of the β1 on concentration profile θ (η) with the following
fixed values Pr = 0.3,M = 0.5, A = 0.2, β1 = β3 = 0.1, β2 = 0.2, t1 = t2 =
0.2, Nt = 0.1, Nb = 0.3, Ec = 0.01, Sc = 0.3 and N = 2.
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Fig. 19: Effect of the SC on temperature profile θ (η) with the following
fixed values Pr = 0.3,M = 0.5, A = 0.2, β1 = β3 = 0.1, β2 = 0.2, t1 = t2 =
0.2, Nt = 0.1, Nb = 0.3, Ec = 0.01, Sc = 0.3 and N = 2.

 

Fig. 20: Effect of the SC on concentration profile θ (η) with the following
fixed values Pr = 0.3,M = 0.5, A = 0.2, β1 = β3 = 0.1, β2 = 0.2, t1 = t2 =
0.2, Nt = 0.1, Nb = 0.3, Ec = 0.01, Sc = 0.3 and N = 2.
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