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Abstract 
In this article we introduced partial square sum processes. Let {𝑋௡, 𝑛 = 1,2, . . } be a sequence of independent and non-
negative random variables and let G(x) be the distribution function of X. Then {X୬ , n = 1,2, … }  is called a partial square 

sum process, if the distribution function of 𝑋௡ାଵ is 𝐺(𝛽௡
ଶ𝑥) (𝑛 = 1,2, … )  where      β୬

ଶ > 0 are constants and 𝛽௡
ଶ = 𝛽ଵ

ଶ +

𝛽ଶ
ଶ + ⋯ + 𝛽௡ିଵ

ଶ .  We study some properties of partial square sum process.  
Keywords: geometric process, partial product process, partial square sum process. 
AMS Subject Classification: 60D05, 60G05. 
 

 
1 Introduction 
A stochastic process {𝑋௡, 𝑛 = 1,2, … }  is said to be a Geometric process, if there exists a real β଴ > 0  such that 

{𝛽଴
௡ିଵ𝑋௡, 𝑛 = 1,2, … } forms a renewal process. The positive number β଴ is called the ratio of the G.P. A Geometric process 

is stochastically increasing if the ratio 0 < β଴ ≤ 1. It is stochastically decreasing if the ratio β଴ > 1. A Geometric process 
will become a renewal process if the ratio            β଴ = 1. Therefore Geometric process is a simple monotone process and 
is a generalization of the renewal process. Assume that {𝑋௡, 𝑛 = 1,2, … } is a Geometric process with ratio β଴. Let the 
Distribution function and density function of Xଵ be G and g respectively and denote E(𝑋ଵ) = λ and Var(𝑋ଵ) = σଶ. Then 

E(𝑋௡) =
ఒ

ఉబ
మ೙షభ  and Var( 𝑋୬) =

ఙమ

ఉబ
మ೙ . Thus β଴, λ  and σଶ  are three important parameters of a Geometric process. Let 

{𝑋௡, 𝑛 = 1,2, . . } be a sequence of non-negative independent random variables and let G(x) be the distribution function of 
Xଵ. Then {𝑋௡ , 𝑛 = 1,2, … }  is called a partial product process, if the distribution function of 𝑋௜ାଵ is 𝐺(𝛽௞𝑥) (𝑘 = 1,2, … )  
where β୩ > 0 are constants and β୩ = β଴βଵβଶ … β୩ିଵ. 
 
2 Partial square sum process 
Let {X୬ , n = 1,2, . . } be a sequence of independent and non-negative random variables and let G(x) be the distribution 
function of X. Then {X୬ , n = 1,2, … }  is called a partial square sum process, if the distribution function of X୬ାଵ is 𝐺(𝛽௡

ଶ𝑥) 
(n = 1,2, … )  where β୬

ଶ > 0 are constants and β୬
ଶ = βଵ

ଶ + βଶ
ଶ + ⋯ + β୬ିଵ

ଶ . 
Lemma 2.1. 𝛽௡

ଶ = 𝛽଴
ଶ + 𝛽ଵ

ଶ + ⋯ + 𝛽௡ିଵ
ଶ  show that β୬

ଶ = 2୬ିଵ𝛽଴
ଶ 

Proof. When n = 1, βଵ
ଶ = β଴

ଶ. Thus, the result is true for n = 1.  
Assume that the result is true for 𝑛 = 𝑘.  

β௞
ଶ = 2௞ିଵ𝛽଴

ଶ … (1) 
Then we have to prove that the result is true for 𝑛 = 𝑘 + 1. 

β୩ାଵ
ଶ = β଴

ଶ + βଵ
ଶ + ⋯ + β୩ିଵ

ଶ + β୩
ଶ 

= β୩
ଶ + β୩

ଶ [From(1)] 

= 2 β୩
ଶ 

= 2 × 2୩ିଵβ଴
ଶ 

β୩ାଵ
ଶ = 2୩ାଵିଵ β଴

ଶ = 2୩β଴
ଶ  

Thus, the result is true for n = k + 1 also. 
β୬

ଶ = 2୬ିଵ𝛽଴
ଶ;  𝑛 = 1,2,3, … 
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Remark 2.2. By Lemma 2.1, the distribution function of X୩ାଵ  is 𝐺(2୬ିଵ𝛽଴
ଶ𝑥)  for 

 n = 1,2, … the term β଴
ଶ as the ratio of the partial square sum process. 

Lemma 2.3. The partial square sum process {X୬ , n = 1,2, … } is 
(i) Stochastically decreasing if β଴

ଶ > 1 
(ii) Stochastically increasing if 0 < β଴

ଶ < 1 . 
Proof. Let β଴

ଶ > 1. Note that for any γ ≥ 0 

𝐺(𝛾) ≤ 𝐺(2ଶ𝛽଴𝛾)) ≤ 𝐺((2ଶ)ଶ𝛽଴𝛾) ≤ ⋯ ≤ 𝐺((2ଶ)௡ିଵ𝛽଴𝛾) 
This implies 

𝑃(𝑋ଵ ≥ 𝛾) ≥ 𝑃(𝑋ଶ ≥ 𝛾) ≥ 𝑃(𝑋ଷ ≥ 𝛾) … ≥ 𝑃(𝑋௡ ≥ 𝛾) 

This implies that { X୬ , n = 1,2, … }  is Stochastically decreasing if β଴
ଶ > 1 

Similarly we can prove that it is Stochastically increasing if 0 < β଴
ଶ < 1. 

 
Lemma 2.4. Let 𝐸(Xଵ) = μ, Var(Xଵ) = σଶ. Then for n = 1,2, … 

𝐸(𝑋௡ାଵ) =
μ

2୬ିଵ β଴
ଶ 

, Var(𝑋௡ାଵ) =
σଶ

2ଶ(௡ିଵ) β଴
ସ 

 

Proof. By Lemma 2.3, for 𝑛 = 1,2,3, … the density function of 𝑋௡ାଵ is 2௡ିଵβ଴
ଶg(2୬ିଵ𝛽଴

ଶ𝑥) where g is the density function 
of Xଵ. 
Now 𝐸(𝑋௡ାଵ) = ∫ 𝑥 [2௡ିଵ 𝛽଴

ଶ𝑔(2୬ିଵ 𝛽଴
ଶ𝑥)]𝑑𝑥 

= 2௡ିଵ β଴
ଶ න 𝑥 [𝑔(2௡ିଵ 𝛽଴

ଶ𝑥)]𝑑𝑥 

= 2௡ିଵ β଴
ଶ ∫ ቀ

௬

ଶ೙షభ ఉబ
మቁ  𝑔(𝑦) 

ௗ௬

ଶ೙షభ ఉబ
మ                where 𝑦 = 2௡ିଵ 𝛽଴

ଶ  

=
1

2୬ିଵβ଴
ଶ  න 𝑦 𝑔(𝑦) 𝑑𝑦 

=
1

2୬ିଵβ଴
ଶ  E(Xଵ) 

Therefore 𝐸(𝑋௡ାଵ) =
ఓ

ଶ೙షభఉబ
మ       

Now 𝐸(𝑋௡ାଵ
ଶ ) = ∫ 𝑥ଶ [2௡ିଵ 𝛽଴

ଶ 𝑔(2୬ିଵ 𝛽଴
ଶ𝑥)]𝑑𝑥 

                      = 2௡ିଵ β଴
ଶ ∫ 𝑥ଶ 𝑔(2௡ିଵ 𝛽଴

ଶ𝑥)𝑑𝑥 

                      = 2௡ିଵ β଴
ଶ ∫ ቀ

௬

ଶ౤షభ ஒబ
మቁ

ଶ

 𝑔(𝑦)  
ௗ௬

ଶ೙షభ ఉబ
మ               where y = 2௡ିଵ β଴

ଶ  

=
1

(2௡ିଵ𝛽଴
ଶ)ଶ

 න 𝑦ଶ 𝑔(𝑦) 𝑑𝑦 

=
1

2ଶ(௡ିଵ)𝛽଴
ସ  𝐸(𝑋ଵ

ଶ) 

=
𝐸(𝑋ଵ

ଶ)

2ଶ(௡ିଵ)𝛽଴
ସ 

𝑉𝑎𝑟(𝑋௡ାଵ) = 𝐸(𝑋௞ାଵ
ଶ ) − [𝐸(𝑋௞ାଵ)]ଶ 

=
𝐸(𝑋ଵ

ଶ)

2ଶ(௡ିଵ)𝛽଴
ସ − ቈ

𝐸(𝑋ଵ)

2௡ିଵ𝛽଴
ଶ቉

ଶ

=  
𝐸(𝑋ଵ

ଶ)

2ଶ(௡ିଵ)𝛽଴
ସ −

[𝐸(𝑋ଵ)]ଶ

2ଶ(௡ିଵ)𝛽଴
ସ 

=
𝜎ଶ

2ଶ(௡ିଵ) 𝛽଴
ସ 

 

 
3 Properties of Partial Square Sum Process 
In this section we study some properties of partial square sum process. Let G and g be the distribution function and density 

function of Xଵ  respectively. and denote E(Xଵ) = μ,   and Var(Xଵ) = σଶ.  Then by Lemma 2.4, for i = 1,2, ….  We have 

E(X୧ାଵ) =
μ

2௜ିଵβ଴
ଶ 

and Var(X୧ାଵ) =
σଶ

2ଶ(௜ିଵ)β଴
ସ 

Thus  β଴
ଶ, μ and σଶ are important three parameters of partial square sum process. 

Define 𝑢଴ = 0 and 𝑢௡ = ∑ 𝑋௜
௡
௜ୀଵ   

Let 𝐺௡ = 𝜎 (𝑋ଵ, 𝑋ଶ, … , 𝑋௡) be the σ-algebra generated by {𝑋௜ , 𝑖 = 1,2, … 𝑛}.   
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Theorem 3.1. If β଴
ଶ > 1, the {U୬, n = 1,2, … } is a nonnegative submartingale with respect to G୬ = σ(Xଵ, Xଶ , … , X୬). 

Proof. Obviously {U୬ , n = 1,2, … }  is a sequence of increasing nonnegative random variables with 
𝐸[𝑈௡ାଵ|𝐺௡] = 𝑈௡ + 𝐸[𝑋௡ାଵ] ≥ 𝑈௡ … (1) 

              Also Sup
୬ஹ଴

𝐸[|𝑈௡|] = 𝑙𝑖𝑚
௡→ஶ

𝐸[𝑈௡] 

= 𝑙𝑖𝑚
௡→ஶ

𝐸 ൥෍ 𝑋௜

௡

௜ୀଵ

൩ 

= 𝑙𝑖𝑚
௡→ஶ

෍ 𝐸[𝑋௜]

௡

௜ୀଵ

 

= 𝑙𝑖𝑚
௡→ஶ

൥𝜇 + ෍
𝜇

2௜ିଵ𝛽଴
ଶ

௡

௜ୀଶ

൩ 

= 𝜇 ൥1 + ෍
1

2௜ିଵ𝛽଴
ଶ

௡

௜ୀଶ

൩ < ∞ … (2) 

Where eqn (2) is due to the fact that the series ∑
ଵ

ଶ೔షభఉబ
మ

௡
௜ୀଶ  is convergent by comparing it with geometric series if 

ଵ

ஒబ
మ < 1. 

Thus from eqn (1) and (2), by definition {U୬, n = 1,2, … } is a nonnegative submartingale with respect to {𝐺௡, 𝑛 = 1,2, … } 
if β଴

ଶ > 1. 
Theorem 3.2. If β଴

ଶ > 1, there exist a random variable U such that the sequence  {U୬} converges almost sure to U. 
 Proof. {U୬, n = 1,2, … }  is a nonnegative sub martingale with respect to               {G୬, n = 1,2, … }   
                                  Sup

ଵஸ୬ஸஶ
E[|U୬|] ≤ ∞ 

Then with probability 1, random variable 
                                     U = lim

୬→ஶ
U୬   and  E[|U|] < ∞ 

∴ the sequence {U୬} converges almost sure to U. 
Theorem 3.3. If 𝛽଴

ଶ > 1, {𝑈௡, 𝑛 = 1,2, … }  has a unique decomposition such that 
U୬ = 𝑀௡ − 𝐵௡ … (3) 

Where {𝑀௡ , 𝑛 = 1,2, … } is a martingale. {𝐵௡, 𝑛 = 1,2, … } is a decreasing with Bଵ = 0  
and 𝐵௡ ∈ 𝐺௡ିଵ. 
Proof. Let Mଵ = Uଵ and Bଵ = 0 for n ≥ 2 
We define 𝑀௡ = 𝑀௡ିଵ + (𝑈௡ − 𝐸[𝑈௡ | 𝐺௡ିଵ]) … (4)          

𝐵௡ = 𝐵௡ିଵ + (𝑈௡ିଵ − 𝐸[𝑈௡ | 𝐺௡ିଵ]) … (5) 
From eqn. (4) and (5) we have  

𝑀௡ − 𝐵௡ = ෍(𝑈௜ − 𝑈௜ିଵ) + 𝑈ଵ − 𝐵ଵ = 𝑈௡

௡

௜ୀଶ

 

and (3) follows. It checks  {M୬, n = 1,2, … }   and {B୬, n = 1,2, … }  satisfy the terms.  
Next to prove that a decomposition is unique. 
Suppose  U୬ = M୬

∗ − B୬
∗   is another decomposition. 

Then 𝑀௡ = 𝑀௡
∗ = 𝐵௡ − 𝐵௡

∗ 
Since 𝑀ଶ = 𝑀ଶ

∗ =  𝐵ଶ − 𝐵ଶ
∗  ∈ 𝐺ଵ 

implies that 𝑀ଶ = 𝑀ଶ
∗. Then by induction  

Hence 𝐵௡ = 𝐵௡
∗. 

Definition 3.4. Given a partial square sum process {X୨, j = 1,2,3, … } and if w(t) = sup
୨∈୞

{j: V୨  ≤ 1} , where V୨ = ∑ X୨
୨
୧ୀଵ  

the age at t is defined by A(t) = t − U୵(୲) the residual life at t is defined by 

𝐵(𝑡) = 𝑈௪(௧)ାଵ − 𝑡 

and the total life at t is defined by 
𝑋௪(௧)ାଵ =  𝑈௪(௧)ାଵ − 𝑈௪(௧) 

= 𝐴(𝑡) + 𝐵(𝑡) 
Let 𝐺௝ be the distribution function of U୨ and 𝐺௝(𝑥) = 1 − 𝑈௝(𝑥). 
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Theorem 3.5. If 𝐺 is the distribution function of Xଵ and  𝐺̅(𝑥) = 1 − 𝐺(𝑥).  
 Then 

 1. 𝑃(𝐴(𝑡) > 𝑥) = ቊ
𝐺̅(𝑡) + ∑ ∫ 𝐺̅(2௡ିଵ𝛽଴

ଶ(𝑡 − 𝑢)𝑑𝐺௡(𝑡), 0 < 𝑥 < 𝑡 
௧ି௫

଴
ஶ
௡ୀଵ

                                    0,                                𝑥 ≥ 𝑡
 

2. 𝑃(𝐵(𝑡) > 𝑥) = ቊ
𝐺̅(𝑡 + 𝑥) + ∑ ∫ 𝐺̅(2௡ିଵ𝛽଴

ଶ(𝑥 + 𝑡 − 𝑦) 𝑑𝐺௡(𝑦), 𝑥 > 0 
௧

଴
ஶ
௡ୀଵ

                                  1,                              𝑥 ≤ 0
 

3. P൫𝑋ௐ(௧)ାଵ > 𝑥൯ = ቊ
𝐺̅(𝑡 ∨ 𝑥) + ∑ ∫ 𝐺̅(2௡ିଵ𝛽଴

ଶ(𝑥 ∨ 𝑡 − 𝑦)𝑑𝐺௡(𝑦), 𝑥 > 0 
௧

଴
ஶ
௡ୀଵ

                      1,                               𝑥 ≤ 0
 

4. P൫𝑈ௐ(௧) ≤ 𝑥൯ = ቊ
𝐺̅(𝑡) + ∑ ∫ 𝐺̅(2௡ିଵ𝛽଴

ଶ(𝑡 − 𝑦)𝑑𝐺௡(𝑦), 0 ≤ 𝑥 ≤ 𝑡
௧ି௫

଴
ஶ
௡ୀଵ

                                1,                            𝑥 > 𝑡
 

Proof. 1. Assume 0 < x < t   

                P(A(t) > 𝑥) = 𝑃൫𝑈ௐ(௧) < 𝑡 − 𝑥൯ 

= ෍ 𝑃൫𝑈ௐ(௧) < 𝑡 − 𝑥, 𝑊(𝑡) = 𝑗൯

ஶ

௝ୀ଴

 

= ෍ 𝑃൫𝑈௝ < 𝑡 − 𝑥, 𝑈ௐାଵ > 𝑡൯

ஶ

௝ୀ଴

 

= Gഥ(t) + ෍ න  
௧ି௫

଴

𝑃൫𝑈௝ > 𝑡 ห 𝑈௝ = 𝑥

ஶ

௝ୀଵ

) 𝑑𝐺௝(𝑥) 

= Gഥ(t) + ෍ න  
௧ି௫

଴

𝑃(𝑋௝ାଵ > 𝑡 − 𝑥

ஶ

௝ୀଵ

) 𝑑𝐺௝(𝑥) 

= 𝐺̅(𝑡) + ෍ න 𝐺̅(2௝ିଵ𝛽଴
ଶ(𝑡 − 𝑢)𝑑𝐺௝(𝑢)

௧ି௫

଴

ஶ

௝ୀଵ

 

For x ≥ t, P(A(t) > x) = 0 is trivial. 
Part (i) proof is completed. 
 
2. Assume x > 0 

                𝑃(𝐵(𝑡) > 𝑥) = 𝑃൫𝑈ௐ(௧) > 𝑡 + 𝑥൯ 

= ෍ 𝑃൫𝑈ௐ(௧)ାଵ > 𝑡 + 𝑥, 𝑊(𝑡) = 𝑗൯

ஶ

௝ୀ଴

 

= ෍ 𝑃൫𝑈௝ାଵ > 𝑡 + 𝑥, 𝑈௝ ≤ 𝑡൯

ஶ

௝ୀ଴

 

= 𝐺̅(𝑡) + ෍ න  
௧

଴

𝑃൫𝑈௝∓ଵ > 𝑡 + 𝑥 ห 𝑈௝ = 𝑦

ஶ

௝ୀଵ

) 𝑑𝐺௝(𝑦) 

= 𝐺̅(𝑡 + 𝑥) + ෍ න  
௧

଴

𝑃(𝑋௝ାଵ > 𝑡 + 𝑥 − 𝑦

ஶ

௝ୀଵ

) 𝑑𝐺௝(𝑦) 

= 𝐺̅(𝑡 + 𝑥) + ෍ න 𝐺̅(2௝ିଵ𝛽଴
ଶ(𝑥 + 𝑡 − 𝑦)𝑑𝐺௝(𝑦)

௧

଴

ஶ

௝ୀଵ

 

For y ≤ 0,  P(B(t) > x) = 1 is trivial. 
Part (2) proof completed.  
3. Assume x > 0 

𝑃൫𝑋ௐ(௧)ାଵ > 𝑥൯ = ෍ 𝑃൫𝑋ௐ(௧)ାଵ > 𝑥, 𝑊(𝑡) = 𝑗൯

ஶ

௝ୀ଴

 

= ෍ න  
௧

଴

𝑃൫𝑋௝ାଵ > 𝑥, 𝑈௝  ≤ 𝑡 ≤ 𝑈௝ାଵห 𝑈௝ = 𝑦

ஶ

௝ୀଵ

) 𝑑𝐺௝(𝑦) 



C. Subet Selin, K. Chithamparathanu Pillai,A. Esakkimuthu  

 

Library Progress International| Vol.44 No.4 | Jul-Dec 2024 410 

= ෍ න  
௧

଴

𝑃(𝑋௝ାଵ > 𝑚𝑎𝑥 (𝑥, 𝑡 − 𝑦)

ஶ

௝ୀଵ

 𝑑𝐺௝(𝑦) … (6) 

= 𝐺̅(𝑡 ∨ 𝑥) + ෍ න 𝐺̅(2௝ିଵ𝛽଴
ଶ(𝑥 ∨ (𝑡 − 𝑦))𝑑𝐺௝(𝑦)

௧

଴

ஶ

௝ୀଵ

 

For 𝑥 ≤ 0,  𝑃൫𝑋ௐ(௧)ାଵ > 𝑥൯ = 1 is trivial. 

Part (3) proof completed.  
4. Assume 0 < 𝑥 ≤ 𝑡 

𝑃൫𝑈ௐ(௧)ାଵ ≤ 𝑥൯ = 𝑃൫𝑡 − 𝑈ௐ(௧) ≤ 𝑥൯ 

= 𝑃൫𝑈ௐ(௧) ≥ 𝑡 − 𝑥൯ 

= ෍ 𝑃൫𝑈ௐ(௧) ≥ 𝑡 − 𝑥, 𝑊(𝑡) = 𝑗൯

ஶ

௝ୀ଴

 

= ෍ 𝑃൫𝑈௝ାଵ > 𝑡 − 𝑥, 𝑈௝ାଵ > 𝑡൯

ஶ

௝ୀ଴

 

= 𝐺̅(𝑡) + ෍ න  
௧

଴

𝑃൫𝑈௝∓ଵ > 𝑡 ห 𝑈௝ = 𝑥

ஶ

௝ୀଵ

) 𝑑𝐺௝(𝑥) 

= 𝐺̅(𝑡) + ෍ න  
௧ିଶ

଴

𝑃(𝑋௝ାଵ > 𝑡 − 𝑥

ஶ

௝ୀଵ

) 𝑑𝐺௝(𝑥) 

= 𝐺̅(𝑡) + ෍ න 𝐺̅(2௝ିଵ𝛽଴
ଶ(𝑡 − 𝑢))𝑑𝐺௝(𝑢)

௧ି௫

଴

ஶ

௝ୀଵ

 

For 𝑥 ≥ 𝑡,  𝑃൫𝑈ௐ(௧) ≤ 𝑥൯ = 1 is trivial. 

Part (4) proof completed.  
Limit Theorems for partial square sum process 
Theorem 3.6. Weld’s Equation for partial square sum process 
Suppose {𝑋௡, 𝑛 = 1,2,3, … } forms a partial square sum process with ratio 𝛽଴

ଶ with 𝐸(𝑋ଵ) = 𝜇 < ∞ then for 𝑡 > 0, we 
have 

𝐸൫𝑈ௐ(௧)ାଵ൯ = 𝜇E ቎1 + ෍
1

2௡ିଶ𝛽଴
ଶ

ௐ(௧)ାଵ

௡ୀଶ

቏ 

Proof. Let 𝐼஺ be the indicator function of event A. Then 𝐼{௎೙షభರ೟} ୀ 𝐼{ௐ೙శభಱ೙}  and 𝑋௡ are independent. Consequently, for 

𝑡 > 0 we get 

𝐸൫𝑈ௐ(௧)ାଵ൯ = E ቎ ෍ 𝑋௡ 

ௐ(௧)ାଵ

௡ୀଵ

቏ 

= ෍ 𝐸ൣ𝑋௡𝐼{ௐ೙శభಱ೙}൧

ஶ

௡ୀଵ

 

= ෍ 𝐸(𝑋௡)𝑃(𝑊(௧)ାଵ ≥ 𝑛)

ஶ

௡ୀଵ

 

= ෍ ቌ෍ 𝐸(𝑋௡)

௝

௡ୀଵ

ቍ 𝑃(𝑊(௧)ାଵ = 𝑗)

ஶ

௝ୀଵ

 

= 𝐸 ቎𝐸(𝑋ଵ) + ෍ 𝐸(𝑋௡)

ௐ(௧)ାଵ

௡ୀଶ

቏ 

= 𝜇E ቎1 + ෍
1

2௡ିଶ𝛽଴
ଶ

ௐ(௧)ାଵ

௡ୀଶ

቏ 

 



C. Subet Selin, K. Chithamparathanu Pillai,A. Esakkimuthu  

 

Library Progress International| Vol.44 No.4 | Jul-Dec 2024 411 

Reference 
[1] A. J. Lotka, A Contribution to the Theory of Self-Renewing Aggregates, With Special Reference to 

Industrial replacement, The Annals of Mathematical Statistics, 110(1) (1939),1-25 DOI: 10.1214 / aoms 
/ 177732243 

[2] R.E Barlow and F. Proschan, Mathematical Theory of Reliability, John Wiley and Sons, New York (1965) 
[3] K.S. Park, Optimal number of minimal repairs before replacement, IEEE Transactions on Reliability, 28 

(1979), 137-140. DOI: 10.1109/TR.1979.5220523 
[4] S.M. Ross, Stochastic processes, Wiley, New York(1983) 
[5] Y. Lam, Geometric Processes and replacement problem, ActaMathematicaeApplicataeSinica, 4 (1988b), 

366-377 
[6] W.J. Braun and Li W, Y Q. Zhao, Properties of the geometric and related Processes Noval Research 

Logistics (NRL), (2005); 52(7): 607-616 DOI: 10.1002/nav.20099 
[7] A. Sridhar and R. Allah Pitchai, A Single and Batch Service Queueing System with Additional Service 

Station, International Journal of Advanced Computer and Mathematical Sciences ISSN 2230-9624, 
Vol.4, Issue3, 2013, pp.199-209. http://bipublication.com 

[8] A. Sridhar and R.AllahPitchai , Two Server Queueing System with Single and Batch Service, (2014), 
International Journal of Applied Operational Research, Vol.4,No.2,pp.15-26,Spring2014. 
https://www.academia.edu/26133023/Two_Server_Queueing_System_with_Single_and_Batch_Service 

[9] A. Sridhar and R. Allah Pitchai, Analysis of a Markovian Queue with Two Heterogeneous Servers and 
Working Vacation, International Journal of Applied Operational Research, Vol.5, No.4, pp.1-15, Autumn 
2015. https://ijorlu.liau.ac.ir/article-1-458-en.pdf 

[10]. D. Babu, C. Manigandan and R. Parvatham, A Deteriorating system maintenance model with imperfect 
delayed repair under Partial Sum Process, Stochastic Modeling and Applications, Vol.24, No. 2 (2020) 

 
 
 
 




